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Introduction 

The IB Mathematical Studies student 
We are aware that students working from this book will have begun full-time 
education in the twenty-first century. IB students come from many cultures and 
have many different frst languages. Sometimes, cultural and linguistic differences 
can be an obstacle to understanding. However, mathematics is largely free from 
cultural bias. Indeed, mathematics is considered by many to be a universal language. 
Even aJapanese algebra text book with Japanese characters will include 
recognisable equations using xand y. We are also very aware of the major and often 
fundamental contributions made to mathematics by non-western cultures, especially 
those of India, China and Ambia. 

The syllabus 
“This textbook covers fully the IB Mathematical Studies syllabus. The topics 
covered are in the same order as they appear in the syllabus. However, the IB 
Diploma Mathematical Studies syllabus is not designed as a teaching syllabus and 
the orderin which the syllabus is presented is not necessarly the order in which it 
should be taught. 

The graphic display calculator 
The syllabus places great emphasis on the use of the graphic display calculator 
(GDC), 50 many teachers will wish to start with Topic 1. This gives a general 
overview of the use of the graphic display calculator, which will assist students who 
may be unfamiliar with its use. Throughout the book we have bult upon this 
foundation work and provided very clear and concise llustrations of exactly how 
such a calculator is sed (ot merely showing how a graph might look.) We also 
refer to other computer software (Autograph and GeoGebra) where appropriate. 

Each topic also has explanations, examples, exercises and, at the end of the topic, 
anumber of Student assessments to reinforce learning and to point out areas of 
weakness. 

Presumed knowledge 
We are aware of the difficulties presented to teachers by students who are taking 
this course and come from a variety of backgrounds and with widely differing levels 
of previous mathematical knowledge. The syllabus refers to presumed knowledge. 
As revision, in each area of study  number, algebra, geometry, trigonometry and 
statistics — we have included Presumed knowledge assessments which can be used to 
identify areas of weakness. These areas can then be studied in more detail with 
reference to our IGCSE text book.
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Multi-cultural and historical references 
As mentioned earlier, many cultures have made great contributions to our present 
understanding of mathematics. Arabic, Indian, Greek and Chinese scholars have 
leamed from each other and provided a basis for the work of later mathematicians. 
We have tried in our introduction to each topic to make reference to the history of 
mathematics to give a context to the work which follows. 

The people who extended the boundaries of mathematical knowledge are many. 
Where possible we have referred to the major contributors by name, often with a 
photograph or other image. 

Discussion and theory of knowledge 
‘This should form a vital part of the course. The textbook therefore has a section at 
the end of each topic for ‘Discussion points, project ideas and theory of knowledge'. 
Students should not underestimate the importance of this facet of the course which 
s why we have given it a dedicated section at the end of each topic; all too often 
this information is given in boxes in the main text which, in our experience, are 
read briefly but often not followed up in depth. 

CD-ROM 
The material on the accompanying CD-ROM is indicated by a coloured CD icon 
in the text. There are: 

powerpoints, 

spreadsheets, 

GeoGebra files, 

Personal Tutor presentations, step-by-step audio-visual explanations of the harder 
concepts. 

We hope that providing a free copy in every book will enable all students to 
access this invaluable material. A copy of the GeoGebra instller is also available 
on the disc. 

Internal assessment 
A project is chosen by the student and is assessed by their teacher before being 
externally moderated using assessment criteria that relate to objectives for Group 5 
Mathematics and Computer Science. Teachers need to explain these criteria clearly 
0 sudents.
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Project ideas 
These can be found at the end of the topics. They are only ideas and are not 
intended to be project titles. Where it is suggested that students extend their 
mathematical knowledge as parc of the projectit is important to discuss this 
thoroughly with their teacher, both before starting and as the project progresses. 

Choice of project 
Many teachers feel that too many students choose scatistics projects which are too 
limited in the scope of the mathematics used. Students can look outside the 
syllabus; it may be advantageous to look at areas of mathematics such as symmetry, 
topology, optimization, matrices, advanced probability, calculus, linear 
programming and even mathematics as it applies to art, music and architecture (but 
be sure that maths is the emphasis). Teachers are allowed to give help and 
guidance, so students should discuss their ideas before starting their project to be 
sure that they are feasible. 
A textbook is used primarily as preparation for an examination. We have written a 

book which follows the syllabus and will provide excellent preparation. However, 
we have also tried to make the book more interesting than that limited aim. We 
have written a twenty-first century book for students who vill probably be alive in 
the twenty-second century. 

Revision exercises 
At the end of the book is a revision section, with exercises covering the whole 
course. It is expected that students will also have access to previous examination 
papers. 
Ric Pimentel and Terry Wall 

The authors are both experienced classroom teachers with experience of education 
in Europe, Turkey, the Far East and the USA. They have also both been teacher 
tmainers and have run courses for English teachers and those from many other 
countries.





Presumed knowledge 
assessments 

These assessments are intended to identify those concepts from your previous 
course which may need to be revised. Your teacher will instruct you how these are 
o be completed. 

You may take all the Presumed knowledge assesments 1-8 before you start the 
course, or it may be better to do assessments 14 before Topic 2, assessments 5-7 
before Topic 4 and asessment 8 before Topic 5. Your teacher will then, if 
necessary, refer you to an IGCSE or other textbook. 

Student assessment 1: Ordering 
1 Copy each of the following statements, and insert one of the symbols =, >, < 

into the space to make a true statement. 
a4x2.2 b 62..2¢ 
¢ 850ml ... 05 litres d number of days in May ... 30 days 

2 Iilustrate the information in each of the following statements on a number line. 
a The temperature during the day reached a maximum of 35°C. 
b There were between 20 and 25 students in a class. 
¢ The world record for the 100 metre sprinc is under 10 seconds. 
d Doubling a number and subtracting 4 gives an answer greater than 16. 

3 Wite the information on the following number lines as inequalities. 

4 Tllustrate each of the following inequalities on a number line. 
ax=3 bx<4 
c0<x<4 d -3sx<1 

5 Wite the following fractions in order of magnitude, starting with the smallest. 

71410725
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Student assessment 2: The four rules 
of number 
1 Evaluate these. 
a5+8x3-6 b15+45+3-12 

2 The sum of two numbers is 21 and their product is 90, What are the numbers? 
3 How many seconds are there in 25 hours? 

4 Work out 851 x 27. 

5 Work out 6843 + 19 giving your answer to one decimal place. 

6 Copy these equivalent fractions and fll in the blanks. 

  

B 
18 9 

7 Evaluate the following. 
3 n L a 33—l b lg+5 

8 Change the following fractions to decimals. 
2 b 12 3 d12 

28 4 € 11 3 

9 Change the following decimals to fractions. Give each fraction in its simplest form. 
a 42 b 0.06 c 185 d 2.005 

Student assessment 3: Ratio and 
proportion 
1 A piece of wood is cut in the ratio 3: 7. 

a What fraction of the whole is the longer piece? 
b If the wood is 1.5m long, how long is the shorter piece? 

2 A recipe for two people requires tg of rice to 150¢ of meat. 
a How much meat would be needed for five people? 
b How much rice would there be in 1kg of the final dish? 

3 The scale of a mapis 1:10000. 
a Two rivers are 4.5 cm apart on the map. How far apart are they in real life? 

Give your answer in metres. 
b Two towns are 8km apart in real life. How far apart are they on the map? 

Give your answer in centimetres. 

4 a A model tmain is a 35 scale model. Express this as a ratio. 
b If the length of the model engine is 7cm, whatis the true length of the 

engine? 

5 Divide 3 tonnes in the ratio 2:5:13. 

6 The ratio of the angles of a quadrilateral is 2:3:3:4. Calculate the size of each of 
the angles.
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7 The ratio of the interior angles of a pentagon is 2:3:4:4: 5. Calculate the size 
of the largest angle. 

8 A large swimming pool takes 36 hours to ill using three identical pumps. 
a How long would i take to ill using cight identical pumps? 
b If the pool needs to be filled in nine hours, how many pumps will be needed? 

9 The first triangle is an enlargement of the second. Calculate the size of the 
missing sides and angles. 

5om a 5om 

10 A tap issuing water at a rate of 1.2 litres per minute fills a container in 
4 minutes. 
a How long would it take to fill the same container if the rate was decreased 

to 1 litre per minute? Give your answer in minutes and seconds. 
b If the containeris to be filled in 3 minutes, calculate the rate at which the 

‘water should flow. 

Student assessment 4: Percentages 
1 Copy the table below and fill in the missing values. 

Fraction Decimal | Percentage 
  

025 
  

  

        7 
% 

2 Find 30% of 2500 metres. 

3 Ina sale a shop reduces its prices by 12.5%. What is the sale price of a desk 
previously costing 600€? 

4 In the Last sx years the value of a house has increased by 35%. If it cost 
£72000 six years ago, what is its value now? 

5 Express the first quantity as a percentage of the second. 
a 35 minutes, 2 hours b 650g, 3kg 
¢ 5m4m d 15seconds, 3 minutes 
¢ 600kg, 3 tonnes £ 35c,351 

6 Shares in a company are bought for $600. After a year the same shares are sold 
for $550. Calculate the percentage depreciation.
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7 Inasale, the price of a jacket originally costing 17000 Japanese yen (¥) is 
reduced by ¥4000. Any item not sold by the Last day of the sale is reduced by a 
furcher 50%. If the jacket is sold on the last day of the sale, calculate: 
a the price itis finally sold for 
b the overall percentage reduction in price. 

8 Calculate the original price of each of the following. 
Selling price _ Profit 
$224 12% 
$62.50 150% 
$660.24 26% 
$38.50 285% 

9 Calculate the original price of each of the following. 
Selling price ~ Loss 
$392.70 15% 
$2480 38% 
$3937.50 12.5% 

$4675 15% 
10 In an examination Sarah obtained 87.5% by gaining 105 marks. How many 

marks did she lose? 
11 A the end of a year, a factory has produced 38 500 television sets. I this 

represents a 10% increase in productivity on last year, calculate the number of 
sets that were made last year. 

12 A computer manufacturer is expected to have produced 24000 units by the end 
of this year. Ifthis represents a 4% decrease on last year's output, calculate the 
number of units produced last year. 

13 A famer increased his yield by 5% each year over the last five years. If he 
produced 600 tonnes this year, calculate to the nearest tonne his yield five 
years ago. 

Student assessment 5: Algebraic 
manipulation 
1 Expand the following and simplify where possible. 

a 3(2x—3y+57) b 4p(2m - 1) 
¢ —4m(2mn — n?) d 4pX(5pq — 24* - 2p) 
e 4x—203x+1) £ 4x(3x —2) + 2(5¢* - 3x) 
g $(15x - 10) - 3(9x - 12) h %(4:( -6+ %(Zx +8) 

2 Factorize each of the following. 
a 16p -8 b p?—6pq 
< 5p'q ~ 10pg" d 9pq — 6% + 124p 

3 Ifa=4,b=3andc = ~2, evaluate the following. 
a 3a-2b+3c b 5a - 3b* 
cRd+B+0 d (a+b)(a-b) 
ead - -3
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4 Rearmange the following formulae to make the bold letter the subject. 
ap=dm+n b 4x—3y =5 
cz,=5lyp d mx+3) =3w 

:%‘i=$ ‘Ltq=m—n 

5 Factorise each of the following fully. 
a pg—3rq +pr—3r bil-¢ 
¢ 8757 — 125 dk7s2 =75t 

6 Expand the following and simplify where possible. 
a (x—4)(x+2) b (x-8) 
e (x+y)? d (x— 11)(x+ 11) 
e (3x-2)(2x-3) £(5-3x72 

7 Factorize each of the following. 
ax—d4x—T17 b2 6x+9 
o - 144 d 32 +3x- 18 
e 24 55— 12 £ 42— 20x+ 25 

8 Make the letter in bold the subject of the formula. 
amf=p b m=5¢2 
cA=ar[p+q 

  

9 Simplify the following algebraic fractions. 
X RiL g 
@ ? Sm 

Loy 4 20 
oy g 

Student assessment 6: Equations and 
inequalities 
For questions 14, solve the equations. 
lax+7=16 

¢ 8-4x=24 

e 
o 

f
o
 

A
o
 

  

b 4(x=3)=7(x+2) 
d 3x-1)=30x-4) 
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5 Solve the following simultaneous equations. 

    
alx+dy=16 bax+2y=22 

2x-3 “2x+2y 
cx+y=9 d2x-3y=1 
Lt dy =126 x4+ dy=-11 

6 The angles of a triangle are x, 2x and (x + 40) degrees. 
a Construct an equation in terms of x. 
b Solve the equation. 
¢ Calculate the size of each of the three angles. 

7 Seven is added to three times a number. The result s then doubled. If the 
answeris 68, calculate the number. 

8 A decagon has six equal exterior angles. Each of the remaining four is fifteen 
degrees larger than these six angles. Construct an equation and then solve it to 
find the sizes of the angles. 

9 A rectangle s xcm long, The length is 3 cm more than the width. The 
perimeter of the rectangle is 54 cm. 
a Draw a diagram 1 illuscrate the above information. 
b Construct an equation in terms of x. 
¢ Solve the equation and hence calculate the length and width of the 

rectangle. 
10 At the end of a football season, the leading goal scorer in a league has scored 

eight more goals than the second leading goal scorer. The second has scored 
fifteen more than the third. The total number of goals scored by all three 
playersis 134. 
a Write an expression for each of the three scores. 
b Form an equation and then solve it to find the number of goals scored by 

each player. 

Student assessment 7: Indices 
1 Simplify the following by using indices. 
a2x2x2x5x5 b2x2x3x3x3x3x3 

2 Wite the following out in full. 
a4 b6t 

3 Work out the value of the following without using a calculator. 
a Bx 10 b14x ¥ 

4 Find the value of x in each of the following. 
a 2623 h%=16 

e 5D =125 dg==1 
5 Using indices, simplify the following. 
a3x2x2x3x27 b2x2x4x4x4x2x32 

6 Wiite the following out in full. 
a6 b2
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Student assessment 8: Geometry of 
plane shapes 
1 Calculate the circumference and area of each of the following circles. Give your 

answers to one decimal place. 

| l h. 

2 A semicircular shape is cut out of the side of a rectangle as shown. Calculate the 
shaded area to one decimal place. 

4cm 

| 
P Dl et Y 

3 For the diagram below, calculate the area of: 
a the semi-circle 
b the trapezium 
¢ the whole shape. 
——T7om——> 

» 
> 

  

o 
g 

i
<
g
 
>
 

4 Calculate the circumference and area of each of these circles. Give your answers 
o one decimal place. 
a 

‘
B
r
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5 A rectangle of length 32.cm and width 20cm has a semicircle cut out of two of 
its sides as shown. Calculate the shaded area to one decimal place. 
———32cm——> _    

6 Calculate the area of: 
a the semi-circle 
b the parallelogram 
¢ the whole shape. 

£ 
Ze 
e
l
 

———18cm—>



  

1.1 

Introduction to the graphic 
display calculator 

Syllabus content 
.1 Atithmetic calculations, use of the GDC to graph a variety of functions. 

Appropriate choice of ‘window’; use of ‘zoom’ and ‘trace’ (or equivalent) to 
locate points to a given accuracy. 
Explanation of commonly used buttons. 
Entering data in lists. 

Introduction 
People have always used devices to help them calculate. Today, basic calculators, 
scientific calculators and graphic display calculators are all available; they have a 
long history. 

  

an early abacus an early slide rule an early calculator 

Using a graphic display calculator 
Graphic display calculators (GDC) are a powerful tool used for the study of 
‘mathematics in the modern classroom. However, as with all tools, their 
effectiveness is only apparent when used properly. This section will ook at some of 
the key features of the GDC, so that you start to understand some of its potential. 
‘The two models used are the Casio fx-9860G and the Texas TI-84 Plus. Many 
GDCs have similar capabilities to the ones shown. However, if your calculator is 
different, it is important that you take the time to familiarize yourself with it.
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Here is the home screen (menu/applications) for each calculator. 

  

Casio Texas 
  

    
STAT 

      
The modes are selected by 
using the arrows key and then 
pressing EXE, or by typing the 
number/letter that appears in 
the bottom right-hand corner 
of each square representing a 
mode. Brief descriptions of the 
seven most relevant modes are 

given below. 

MATH MERU 7277777          

The main features are accessed 
by pressing the appropriate key. 
Some are explained below. 

  

1 RUN.MAT is used for 
arithmetic calculations. 

is used for statistical 
calculations and for 
drawing graphs of 
the data entered. 

  

2 STAT is used for statistical 
calculations and for drawing 
graphs. 

is used to access 
Bl numerical operations. 

  

be used for calculations and 
graphs. 

3 SSHTis a spreadsheet and can | # . is used for entering the 
“—) equations of graphs. 

  

equations of graphs and 
plotting them. 

4 GRAPH is used for entering the| .+~ is used for graphing 
s/ functions. 

  

that enables a family of curves 
be graphed simultaneously. 

5 DYNA is a dynamic graph mode 
tol 

  

6 TABLE is used to generate a 
table of results from an 
equation. 
  

types of equation.   7 EQUA is used to solve different   
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Basic calculations 

Casio 

  

  

The aim of the following exercise is to familiarize you with some of the buttons on 
your calculator dealing with basic mathematical operations. It is assumed that you 
will already be familiar with the mathematical content. 

Exercise 1.1.1 
Using your GDC, evaluate the following. 
  

  

  

  

  

    

  

          

Casio | Texas L N‘E 
— b 324 

=2 - c 20/8x5V2 
3 

Casio Texas Za V1B 

g m m b 41296 

o « V315 

Casio | Texas 3a 1y 

— - b8+ 4 

9 e 5+ 127 

3
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Casio | Texas # 

o B 
- 5 

Casio Texas 

  

  

a 6 

b oH+272 

e 

a (2.3 x 10%) + (12.1 x 10%) 

b (403 x 10°) + (156 x 10%) — (1.05 x 10%) 

e BEAE_9x10) 

GDCs also have a large number of memory channels. Use these to store answers 
which are needed for subsequent calculations. This will minimise rounding errors. 
  

Casio Texas 
      

a w00 followed by a letter followed by a letter 
@D of the alphabet L] of the alphabet   
  

W Exercise 1.1.2 
1 In the following expressions, a = 5b=4andc=2. 

Enter each of these values in memory channels A, B and C of your GDC 
respectively, and evaluate the foll 
aa+b+c 

ba-(b+0o 
c@+b)?-c 
g Wbt}   

(a—c) 

  

(ac)? + ba? 
Caidie 

lowing. 
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2 Gircles A, B, Cand D have radii 10cm, 6cm, 4cm and 1cm respectively. 

  

a Calculate the area of ircle A and store your answer in memory channel A. 
b Calculae the area of circle B and store your answer in memory channel B. 
¢ Calculate the area of each of the circles C and D, storing the answers in 

memory channels C and D respectively. 
d Using your calculator evaluate A + B + 2C + 2D. 
e What does the answer to part d represent? 

3 A child's shape-sorting toy is shown in the diagram. The top consists of a 
rectangular piece of wood of dimension 30em x 12cm. Four shapes W, X, Y and 
Z are cut out of it. 

  

a Calculate the area of the triangle X. Store the answer in your calculator's 
memory. 

b Calculate the area of the trapezium Z. Store the answer in your calculator's 
memory. 

¢ Calculate the total area of the shapes W, X, Y and Z. 
d Calculate the area of the rectangular piece of wood lefc once the shapes 

have been cut out.
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4 Three balls just fit inside a cylindrical tube as shown. The radius (r) of each ball 
is5cm. 

  

a Using the formula for the volume of a sphere, V = %7, calculate the 
volume of one of the balls. Store the answer in the memory of your 
calculator. 

b Calculate the volume of the cylinder. 
¢ Calculate the volume of the cylinder not occupied by the three balls. 

Plotting graphs 
One of a GDC’s principal features is to plot graphs of functions. This helps to 
visualize what the function looks like and, later on, it will help solve a number of 
different types of problem. This section aims to show how to graph a variety of 
different functions. For example, to plot a graph of the function y = 2x + 3, use the 
following functions on your calculator. 

  

Casio 
  

  

   
  

  

  

  

  

ol |olols I           
  

Occasionally, it may be necessary to change the scale on the axes to change how 
much of the graph, or what part of the graph, can be seen. This can be done in 
several ways, two of which are described here.
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By using the zo0m facility 
  

Casio 
    

B A B ozomon 
/ 

It is possible to reposition the graph by using the @ key 

Texas 

— B0 
L =ol | 

It is possible to reposition the centre of enlargement by using the 

.g keys before pressing u 

= By changing the scale manually 

    
    

  

  

  

  
  

  

  

  

  

Wfi% 
£t oarcasos o aftervalues | vein it 

rape—— T 

Xmin: minimum value on the x-axis, Xmax: maximum value on the 

x-axis, Xscale: spacing of the x-axis increments, Xdot: value that 

  

    
  

    

      
  

  

  

  

relates to one x-axis dot (this is set automatically). 

Texas 

s 2 Anine -3 il 

on aftervalues | imin=:3 
/) areentered | Yaclcf 7     
  

  

Xmin: minimum value on the x-axis, Xmax: maximum value on the 
x-axis, Xscl: spacing of the x-axis increments.     
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B Exercise 1.1.3 

In the following questions, the axes have been set to their default settings, i.c. 
imin = — 10, Xmax = 10, Xscale = 1, Ymin = —10, Ymax = 10, Yscale 

  

  
  | PN T 

  
  

  
  

    

  
  

v) v) 

i) _J iv) A 

?Wfi 

  
  

  
  

vii) viii) 

  
  

  
  

B e 

1 By using your GDC to graph the following functions, match each of them to the 

            
  

  

  

correct graph. 
ay=2x+6 by=3x-2 

_s cy=-x+5 dy=- 

ey=2-6 £ y= (=4 

  

(x+4)2+4     

 



Worked example 

Using a graphic display calculator 

2 In cach of the following, a function and its graph are given. Using your GDC, 
enter a function that produces a reflection of the original function in the x-axis. 
ay=x+5 by=-2x+4 

    

  

    

(x+ 57 

%7 

3 Using your GDC, enter a function that produces a reflection in the y-axis of 
cach of the original functions in question 2. 

  

    

  

      
    

4 By entering appropriate functions into your calculator: 
i) make your GDC screen look like the ones shown 
ii) write down the functions you used. 

N b 
  

  
    

  

  

        
  

Intersections 
‘When graphing a function it is often necessary to find where it intersects one or 
both of the axes. If more than one function is graphed simultaneously, it may also 
be necessary to find where the graphs intersect each other. GDCs have a ‘Trace’ 
facility which gives an approximate coordinate of a cursor on the screen. More 
accurate methods are available and will be introduced in the topics as appropriate. 

Find where the graph of y = 1x + 3)° + 2 intersects both the x- and y-axes. 
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The graph shows thaty = 2(x + 3" + 2 intersects each of the axes once. 

To find the approximate coordinates of the points of intersection: 
  

Casio 
  

P WI=LLSH3)7342 @ S 

5SS ToR.2NIEESEE   
  

  

Because of the pixels on the screen, the ‘Trace’ facility will usually 
only give an approximate value. The y-coordinate of the point of 
intersection with the x-axis will always be zero. However, the 
calculator’s closest result is result is y = 0.202. The x-value of -5.079 

will also therefore be only an approximation. By moving the cursor 
1o the point of intersection with the x-axis, values of x= 0 and y = 7.4 
are obtained. 
  

Texas 
  

TR 

     we-sauem fresnomsws   
        See above comment about accuracy of answers. 
  

W Exercise 1.1.4 

1 Find an approximate solution to where the following graphs intersect both the x- 
and y-axes using your GDC. 
ay=2-3 

e y=iP-224x+1 

  

2 Find the coordinates of the point(s) of intersection of each of the following pairs 
of equations using your GDC. 

a y=x+3andy=-2x-2 
by=—x+landy=1(2-3) 

e y=—x+landy =4(2 - 3) 
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Tables of results 

Afunction such s y = 2 + 2 impliesthar thee is  relationship betweeny and = 
o plot the graph manmally, the coordinates of several points on the graph need to 
be calcaulated and then plotted. GDCs have the facility to produce a table of values 
giving the coondinates of some of the points on the line. 

Tp— Fo: the function y = % +2, complete the following table of values using the table 

facility of your GDC. 
  

x -3 2 & 0 1 2 3 

y 
  

                  
  

  

Casio 
  

e u’ Enter function y = 3 42 

DODODODH         
  

Teble Settim 
The screen shows that the x-values range from -3 to 3 in increments of 1. 

= 
Once the table is displayed, the remaining results can be viewed by using @ 

   

  

  

  

  

      
Texas 

\_J' Enter function y = ;», 2 

EIeImns o 
" 

The screen 
] 

Once the table is displayed, further results can be viewed by using E 
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B Exercise 1.1.5 

1 Copy and complete the tables of values for the following functions using the 
table facility of your GDC. 
ay=R+x-4 
  k L ‘N L : Z 

  

  

  

  

  

  

  

  

  

  

                        
  

2 A caraccelerates from rest. Its speed, y ms”!, x seconds after starting, is given by 
the equation y = 18x. 

a Using the table facility of your GDC, calculate the speed of the car every 
2 seconds for the first 20 seconds. 

b How fast was the car travelling after 10 seconds? 
3 Aball is thrown vertically upwards. Iis height y metres, x seconds after launch, is 

given by the equation y = 15x — 5:%. 
a Using the tble facility of your GDC, calculate the height of the 

ball each § second during the first 4 seconds. 
b What is the greatest height reached by the ball? 
¢ How many seconds after its launch did the ball reach its highest point? 
d After how many seconds did the ball hit the ground? 
e In the context of this question, why can the values for x = 3.5 and x = 4 

be ignored? 

Lists 
Datais often collected and then analyzed so that observations and conclusions can 
be made. GDCs have the facility for storing data as lists. Once stored as a list, many 
different types of calculations can be carried out. This section will explain how to 
enter data as a list and then how to carry out some simple calculations.
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An athlete records her time (seconds) in ten races for running 100m. These are 
shown below. 

124 127 126 129 124 123 127 124 125 131 

Calculate the mean, median and mode for this set of data using the list facility of 
your GDC. 
  

Casio 
  

  

wre o  Enter the data in List 1.   

  

      
  

to specify which list the data is 
in and its frequency. 

to scroll through the full 
o @ list, 

> 

  

  

  

  
    

  

The screen displays various statistical measures. 
X is the mean, n is the number of data items, Med is the median, 

Mod is the modal value, Mod: F is the frequency of the modal values. 
  

Texas 
  

- m Enter the data in List 1. 
star 

  

  

- ]10lo|w|o]e | 
to apply calculations to the data in List 1. 

=1 to scroll through the full list. §::?5§     
    The screen displays various statistical measures. 

X is the mean, n is the number of data items, Med is the median. The 

T1-84 does not display the modal value.   
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e 

  

Ifalot of data s collected, itis often presented in a frequency table. 
  The numbers of pupils Number of pupils 
  

  

  

  

  

        
  

Frequen: 
in 30 maths classes are ey 
shown in the frequency 27 4 

table. % 5 

29 o 

Calculate the mean, 20 7 
median and mode for this 3 3 
set of data using the list 5 T 
facility of your GDC. 

Casio 
  

i _ Enter the number of pupils in List 
@O e frequency in List 2. 

  

- to specify which lists the 
@ & @ data and the frequency 

  
  
  

  

o R E IR 

    

|ar Fren il 

  

  

  

  

  
  

  

    

arein. | 

to scroll through the full list. 
C5i ) 

Texas 

Enter the number of pupils in List [[[__J& o 
1 and the frequency in List 2. Tl 

: |3 # |t 

1-Var Stats Li.L 
a a2 

m n to specify that the data is in L1 
and the frequency in L2. 

to scroll through the full set of 
results.       
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I Exercise 1.1.6 

1 Find the mean, the median and, if possible, the mode of these sets of numbers 
using the list facility of your GDC. 

a 3,6,10,8,9,10,12,4,6,10,9,4 
b 125,136, 122, 144, 17.1, 148,209, 12.2 

2 During a board game, a player makes a note of the numbers he rolls on the dice. 
These are shown in the frequency table below. 

            

  

              
  

  

  

  

  

  

  

  

Number on dice 1 2 3 4 B 6 

Frequency 3 8 5 2 5 7 

Find the mean, the median and, if possible, the modal dice roll using the list 
facility of your GDC. 

3 A class of 30 pupils sat two maths tests. Their scores out of 10 are recorded in 
the frequency tables below. 

TestA 

Score 1 2 & 4 5 6 7 8 9 10 

Frequency | 3 2 4 3 1 8 3 1 3 2 

TestB 

Score 1 2 8 4 5 3 7 8 9 10 

Frequency | 4 1 o o o | 2] o o o 1                           
a Find the mean, the median and, if possible, the mode for each test using 

the lisfacility of your GDC. 
b Comment on any similarities or differences in your answers to part a. 
 Which test did the class find easiest? Give reasons for your answer.



Discussion points, project ideas 

and theory of knowledge 

  

2 You may be aple to 
& sa"c::ss 70 an abacusz:d 

ile. How 

t{ e nx:m:fim ey ey * tables has 
ent of 

    
     hat an 4 investigate W 
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Number and algebra 

Syllabus content 
2.1 The sets of natural numbers, N; integers, Z; rational number, Q; 

and real numbers, R. 

2.2 Approximation: decimal places; significant figures. Percentage errors. 
Estimation. 

2.3 Expressing numbers in the form a x 10 where 1 < a < 10and k € Z. 
Operations with numbers expressed in the form a x 10t where 1 < a < 10 
andk € Z. 

2.4 SI (Systéme Intemational) and other basic units of measurement: for 
example, gram (g), metre (i), second (s), ltre (1), metre per second 
(ms1), Celsius and Fahrenheit scales. 

2.5 Asithmetic sequence and series, and their applications. 
Use of the formulae for the nth term and the sum of n terms. 

2.6 Geometric sequences and series, and their applications. 
Use of the formulae for the nth term and the sum of n terms. 

2.7 Solutions of pairs of linear equations in two variables by use of a GDC. 
Solutions of quadratic equations: by factorising; by use o a GDC. 

Introduction 
The firsc written records showing the origin and development of the use of money 
were found in the city of Eridu in Mesopotamia (modem Iraq). The records were on 
tablers like the one shown below. 
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Set of numbers 19 

The Sumerians, as the people of this region were known, used a system of recording 
value, known as ‘Cuneiform’,five thousand years ago. This writing is now believed 
o be simply accounts of grain surpluses. This may sound insignificant now, but the 
change from a hunter—gatherer society to a farming-based society led directly to 
the kind of sophisticated way of life we have today. 

Our present number system has a long history, originating from the Indian 
Brahmi numerals around 300 Bc. 
  

—==% h$ 752 | mrmaswme 

1238‘4'47\@«3:;3:1‘%500 

|a&-=$|s7xe o 

|?,';;.£<th83 e 

1z;+5lsvsa-ffi?;§""""" 

12345|S7890PW"‘Y 

  

  

  

  

  

  

  

  

  

      
  

Abu Ja'far Muhammad Tbn Musa Al-Khwarizmi is called ‘the father of algebra’. He 
was bomn in Baghdad in 790 AD and wrote the book Hisab al-jabr w'l-mugabala in 
830 AD from which the word algebra (aljabr) is taken. 

Sets of numbers 
Natural numbers 
Achild leams to count: ‘one, two, three, fout, -..". These are sometimes called the 
counting numbers or whole numbers. 

The child will say T am three’, or T live at number 73" 
I we include the number 0, then we have the set of numbers called the natural 

numbers. The set of natural numbers N = (0, 1,2, 3, 4, ...} 

Integers 
On acold day, the temperature may be 4 °C at 10p.m. If the temperature drops by a 
further 6 °C, then the temperature is ‘below zero’ itis —2°C. 

1f you are overdrawn at the bank by £200, this could be shown as —£200. 
The set of integers Z = {...=3, -2, =1,0,1,2,3, ..} 
Zis therefore an extension of N. Every natural number is an integer.
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Rational numbers 
A child may say ‘] am three’; she may also say ‘l am three and a half’, or even ‘three 
and a quarter’. 33 and 3} are rational numbers. Al rational numbers can be written 
as a fraction whose denominator is not zero. All terminating and recurring decimals 
are mational numbers as they can be written asfractions o0, e.g. 

1 3 1 153 52 02=% o03=% 7=1 13-4 o02=% 
The set of rational numbers @ is an extension of the set of inegers. 

Real numbers 
Numbers which cannot be expressed as a fraction are not rational numbers; they are 
irrational numbers. 

For example, using Pythagoras’ rule in the triangle shown below, the length of 
the hypotenuse AC is found as 4/2: 

A AC=1+ 12 
AC =2 
AC=12 

1 

B c 
1 

42 = 1.41421356... . The digits in this number do not recur or repeat. This is a 
property of all irrational numbers. Another example of an irrational number which 
you will come across is 7t (pi) = 3.141592 654... . The set of rational and irrational 
numbers together form the set of real numbers R. There are also numbers, called 
imaginary numbers, which are not real, but all the numbers that you will come 
across in this textbook are real numbers. 

B Exercise 2.1.1 

1 State to which of the sets N, Z, @ and R these numbers belong. 
a3 b -5 e V3 d 13 

In questions 26, state, giving reasons, whether cach numberis rational or 
irrational. 

2a 13 b 06 e V3 

302 b 425 < 8



2.2 

Approximation 21 

4a 47 b 0625 coi 

5a V2x43 b V2443 e (V2x 3y 

P W25 c4+(/o-4) 
V2 V20 

In questions 7— 10, state, giving reasons, whether the quantity required is rational or 
irrational. 

2 The length of 8 i . ‘The ciroumference 

E o = 

3om 

4em 

  

      

; 
Vi 

V72om / 

el 

Approximation 
In many instances exact numbers are not necessary or even desirable. In those 
circumstances, approximations are given. The approximations can take several 
forms. The common types of approximation are explained below. 

Rounding 
128617 people attend a gymnastics competition, this number can be reported to 
various levels of accuracy. 

To the nearest 10 000 the number would be rounded up to 30 000. 
To the nearest 1000 the number would be rounded up to 29 000. 
To the nearest 100 the number would be rounded down to 28 600. 

I this type of situation it is unlikely that the exact number would be reported. 

Exercise 2.2.1 

1 Round the following numbers to the nearest 1000. 
a 68786 b 74245 < 89000 

d 4020 e 99500 f 999999
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Worked examples 

2 Round the following numbers to the nearest 100. 
a 78540 b 6858 c 14099 
d 8084 e 950 f 2984 

3 Round the following numbers to the nearest 10. 
a 485 b 692 c 8847 
d 83 e 4 £ 997 

Decimal places 
A number can also be approximated to a given number of decimal places (d.p.). 
This refers to the number of digits written after a decimal point. 

1 Write 7.864 to one decimal place. 

The answer needs to be written with one digit after the decimal point. 
However, to do this, the second digit after the decimal point needs to be 
considered. If it is 5 or more then the first digit is rounded up. In this case it s 
6,50 the 815 rounded up t0 9, i.c. 
7.864iis wiitten as 7.9 to 1 d.p. 

2 Wite 5574 to two decimal places. 
The answer here is to be given with two digits after the decimal point. In this 
case the third digit after the decimal point needs to be considered. As the 
third digit after the decimal point s less than 5, the second digitis not 
rounded up,i.e. 
5.574is written as 5.57 to 2 dp. 

Exercise 2.2.2 

1 Give the following to one decimal place. 
a 558 b 073 c 11.86 

d 157.39 e 404 f 15045 

g 295 h 098 i 12049 

2 Give the following to two decimal places. 
a 6473 b 9.587 c 16476 

d 0088 e 0014 £ 93048 

g 99.99 h 0.0048 i 3.0037 

Significant figures 
Numbers can also be approximated o a given number of significant figures (s£.). In 
the number 43.25, the 4 is the most significant figure as it has a value of 40. In 
contrast, the 5 is the least significant as it has a value of only 5 hundredths. If you 
are not told otherwise, you are expected to round any answers that are not exact to 
three significant figures.
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Worked examples 

Approximation 23 

1 Wite 43.25 to three significant figures. 
Only the three most significant figures are written, but the fourth figure needs 
to be considered to see whether the third figure is to be rounded up or not. 
Since the fourth figure is 5, the third figure is rounded up, i.e. 
43.25 is written as 433 to three significant figures. 

2 Write 0.0043 to one significant figure. 
In this example only two figures have any significance, the 4 and the 3. The 4 
s the most significant and therefore is the only one of the two to be written 
in the answer, i.e. 

0.0043 is written as 0.004 to one significant figure. 

Exercise 2.2.3 

1 Write the following to the number of significant figures written in brackets. 
a 48599 (1sf) b 4859 (3s£) c 6841 (1sf) 
d 7538 (2sf) e 4837(1sf)  f 25728(3sf) 
g 990 (1sf) h 2045 (2sf) i 14952(3sf) 

2 Write the following to the number of significant figures written in brackets. 
a 008562(Isf) b 05932(Isf) c 0942(2sf) 
d 0954 (Isf) e 0954(2sf) £ 0.00305(1sf) 
g 000305(2sf) h 0.00973 (2sf) i 0.00973 (1sf) 

3 Calculate the following, giving your answer to three significant figures. 
a 23456 x 17.89 b 04 x 12.62 c 18 x9.24 

  

d 7624 + 32 e 1.6 f 1642° 
e 2 13.37 h go; i02+4 

Estimating answers to calculations 
Even though many calculations can be done quickly and effectively on a calculator, 
an estimate for an answer is often a useful check. This is done by rounding each of 
the numbers in a way that makes the calculation relatively straightforward. 

1 Estimate the answer to 57 x 246. 
Here are two possibilities: 
i) 60 x 200 = 12000 

i) 50 x 250 = 12500. 

2 Estimate the answer to 6386 + 27. 

6000 + 30 = 200.
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B Exercise 2.2.4 

1 Without using a calculator, estimate the answers to the following. 
a 62x19 b 270 x 12 e 55 x 60 

d 4950 x 28 e 0.8 x095 £ 0.184 x 475 

2 Without using a calculator, estimate the answers to the following. 
a 3946 + 18 b 8287 +42 c 906 +27 

d 5520 +13 e 48 +012 f 610 +0.22 

3 Without using a calculator, estimate the answers to the following. 
a 7845 +51.02 b 1683-8709 ¢ 293 +3.14 

. 43x 752 ©sp dszens e BEBL ¢ B8 

4 Using estimation, identify which of the following are definitely incorrect. 
Explain your reasoning clearly. 

a 95 x 212 = 20140 b 44 x 17 = 748 
© 680 x 413 = 28457 d 142656 + 8 = 17832 
e 779 x22.6= 251254 g 84X46_ 19360   

5 Estimate the shaded areas of the following shapes. Do not work outan exact 
answer. 

a o 172m > 
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6 Estimate the volume of each of the solids below. Do not work out an exact 
answer. 

a o <——10.50m—> 
o i E}W 

b 

aa} i 

= an 1 
<8 [ 

Percentage error 
Towo golfers are trying to hit a ball o a lag in a hole. The first golferis 100m from 
the hole and lands the ball 4m short. The second golfer is 20m from the hole and 
Iands the ball 4m pastit. They have both made a 4m error. 

However, pethaps the fist golfer would be happier with his result if the 
percentage error was calculated. 

The percentage error is calculated as follows: 

Percentage error for golfer 1: 1 = 4% 

  

Percentage error for golfer 2: 

The firsc golfer's result now looks much betrer.
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When you are dealing with approximate and exact values you can use this formula. 
absolute error 

x 100 
total amount 

Percentage error = 

  

i 
or Percentage error, v = | 2   

  
x 100 

B 

where v is the exact value and v, is the approximate value. 

[P Two children estimated their heights. The first child estimated her height at 168cm, 
when in fact she was 160cm tall. The second child estimated her height at 112cm 
when in fact she was 120cm tall. 

By calculating the percentage error for each child, calculate which child was better 
at estimating their height. 

    First child’s percentage error = 

_|160 - 168 
160 

= 155 % 100 = 5% 

       Second child’s percentage error = x 100 
U 

_|120-112 
120 

=35 % 100 = 63% 

Therefore the first child was better at estimating her height. 

‘xlOO 

B Exercise 2.2.5 
1 Round the following numbers to two significant figures and calculate the 

percentage error in doing so. 
a 984 b 2450 e 504 

2 Two golfers hit drives. Both estimate that they have hit the ball 250m. If the 
first drive is 240m and the second is 258 m, which player had the smaller 
percentage error? 

3 A planc s flying at 9500m. If the percentage error is +2.5%, calculate: 
a the maximum possible height thatitis flying 
b the minimum possible height that it is flying. 

4 a On the motorway my speedometer reads 120kmh", but it has an error of 
+1.5%. Whatis my actual speed? 

b Aca higher speed, the car shows a speedometer reading of 180kmhL. What is 
its percentage error if my true speed is 175kmh-1?
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2.3 

¢ 

Galileo Galilei 
(1564-1642) 

Worked examples 

Standard form 
Galileo was an Italian astronomer and physicist. He was the first person accredited 
with having used a telescope to study the stars. In 1610 Galileo and a German 
astronomer, Marius, independently discovered Jupiters four largest moons: lo, 
Europa, Ganymede and Callisto. At that time it was believed that the Sun revolved 
around the Earth. Galileo was one of the few people who believed that the Earth 
revolved around the Sun. As a result of this, the Church declared that he was a 
heretic and imprisoned him. It took the Church a further 350 years to officially 
accept that he was correct; he was pardoned only in 1992. 
Facts about Jupiter: 
It has a mass of 1900000000000 000000000 000000 kg 
It has a diameter of 142 800000 m 
It has a mean distance from the Sun of 778 000000 km 

If numbers are written in the normal way, as here, they become increasingly 
difficult to read and laborious to wite the larger they become. Wee can write very 
large numbers or very small numbers in the form a x 10 where a lies in the range 
1= a< 10 and the index is a positive or negative integer, which can be expressed 
as k € Z. This is known as writing a number in standard form or scientific notation. 

A positive index 
100 = 1 x 102 

1000 = 1 x 10% 

10000 = 1 x 10* 

3000 =3 x 10° 

The number 3100 can be written in many different ways, for examples 
31x10°  31x 102 031 x 10* etc. 

However, only 3.1 x 107 s written in the form a x 10%, where 1 < a < 10and k € Z. 

1 Write 72000 in the form a x 10% where 1 <a < 10andk € Z. 

7.2 x 10% 

2 Of the numbers below, ring those which are written in the form a x 10% 
wherel sa< 10andk € Z. 

QT@ 035x 100 18x10° @7103 001 x 10! 
3 Muliply the following and write the answer in the form a x 10% 

wherel sa< 10andk € Z. 
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4 Multiply the following and write the answer in the form a x 10%, where 1 < a < 10 
andk € Z. 

(24 x 10%) x (5 x 107) 
(24 x 10) x (5 x 107) 

(2.4 5) x 1047 
=12 x 101 

12 x 102 
5 Divide the following and write the answer in the form a x 10%, where 1 < a < 10 

andk €Z. 
(64 x 107) + (16 x 10) 

(64 x 107) + (1.6 x 10°) 
(6.4+1.6) x 1073 
4x 10 

6 Add the following and write the answer in the form a x 10% where 1 <a < 10 
andk€Z. 

(3.8 x 10°) + (8.7 x 10) 
Change the indices to the same value, giving the sum: 
(380 x 10%) + (8.7 x 10%) 
= 3887 x 10 

3.887 x 10° 
7 Subtract the following and write the answer in the form a x 10% where 1 < a < 10 

andk €Z. 
(65 x 107) - (9.2 x 10°) 

Change the indices to the same value, giving: 
(650 x 10°) — (9.2 x 10%) 
= 6408 x 10° 
= 6.408 x 107 

      

  
GDCs have a button which allows you to enter a number in the form a x 10, 
where 1 = a < 10 and k € Z and they will also give answers in this form if the 
answwer is very large. 
For example, enter the number 8 x 10 into the calculator: 
  

  

   
  

Casio Texas 

Note: A number such as Note: A number such as 
1000 000 000 000 000 1000 000000 000 000 
would appear on the screen as | would appear on the screen as 
1E+15 1E15 
You should write this as 1 x 105, | You should write this as 1 x 10'5, 
not as your calculator displays not as your calculator displays it.     
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(T m beercise 231 
1 Which of the following are not in the form a x 10% where 1 <a < 10and k€ Z? 

a 62x10° b 7.834 x 10" c 80x 10° 
d 046 x 107 e 823 x 10° £ 675 x 10! 

2 Write the following numbers in the form a x 10% where 1 <a < 10andk € Z. 
a 600000 b 48000000 c 784000000000 
d 534000 e 7 million £ 8.5 million 

3 Write the following in the form a x 10", where I sa <10 and k€ Z. 
a 68 x 10° b 720 x 10° c 8x10° 
d 0.75 x 108 e 04 x10° £ 50 x 10° 

4 Multiply the following and write your answers in the form a x 10% where 
1sa<10andke€Z 

a 200 x 3000 b 6000 x 4000 
¢ 7million x 20 d 500 x 6million 
e 3 million x 4 million £ 4500 x 4000 

5 Light from the Sun takes approximately 8 minutes to reach Earth, I light ravels 
ata speed of 3 x 10°ms, calculate to three significant figures (s.) the distance 
from the Sun to the Earth. 

6 Find the value of the following and write your answers in the form a x 10%, 
where 1 <a<10andk € Z. 

a (44 x 10%) x (2 x 109 b (6.8 x 107) x (3 x 107) 
¢ (4x 10 x (83 x 109 d (5% 10°) x (8.4 x 10) 
e (85 x 109 x (6 x 10%) £ (5.0 1027 

7 Find the value of the following and write your answers in the form a x 10%, 
where1 sa< 10andk € Z. 

a (38 x 109 + (19 x 109 b (675 x 10°) + (2.25 x 10) 
2 

© (96 x 1011) + (24 x 10°) d % 

23x 101 ¢ 24x10° 
€ 97x107 SOXI0 

8 Find the value of the following and write your answers in the form a x 10%, 
where 1 <a<10andk € Z. 

(38 x 10°) + (4.6 x 109 b (719x 10°) + (5.8 x 10%) 
(63 x 107) + (8.8 x 10°) d (315 x 10°) + (7.0 x 10°) 
(5.3 x 109) - (8.0 x 107) £ (65 % 107) — (49 x 109) 
(893 x 1019) — (7.8 x10°) h (407 x 107) - (5.1 x 10°) 

& 
R
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Worked examples 

9 The following list shows the distance of the planets of the Solar System from the 
Sun. 
Jupiter 778 million kilometres 
Mercury 58 million kilometres 
Mars 228 million kilometres 
Umnus 2870 million kilometres 
Venus 108 million kilometres 
Neptune 4500 million kilometres 

Earth 150 million kilometres 
Saturn 1430 million kilometres 

‘Write each of the distances in the form a x 10%, where 1 sa < 10and k€ Z 

and then arrange them in order of magnitude, starting with the distance of the 
planet closest to the Sun. 

A negative index 
A negative index is used when writing a number between 0 and 1 in the form a x 

105, where 1 < a < 10 and k € Z. 
eg 100 =1x10    

10 x 10 
i x 10° 
0.1 x 10-! 
001 x 102 
0.001 x 10-3 
0.0001 =1 x 10-* 

Note that a must sl lie within the range 1 < a < 10. 

1 Write 0.0032 in the form a x 10%, where 1 sa < 10 and k€ Z. 

32x 10 

2 Write these numbers in order of magnitude, starting with the largest. 
3.6x 1073 52x10-° 1x 102 835 x 10-2 6.08 x 10-8 

835x10-2 1x10°2 3.6x 103 52 x 10-5 6.08 x 10-8 

Exercise 2.3.2 

1 Write the following numbers in the form a x 10% where 1 < a < 10and k € Z. 
a 0.0006 b 0.000053 < 0.000864 
d 0000000088 e 0.0000007 £ 0.0004145 

2 Write the following numbers in the form a x 10% where 1 <a < 10and k € Z. 
a 68 x10-° b 750 x 10~ c 42x10°1 
d 0.08 x 10-7 e 0.057 x 10-? f 04x10-°
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3 Deduce the value of k in each of the following cases. 
a 0.00025 =25 x 10+ b 0.00357 = 3.57 x 10+ 

¢ 0.00000006 = 6 x 10+ d 00042 = 1.6 x 10¢ 

e 0.000652 = 4.225 x 10¢ 

4 Wiite these numbers in order of magnitude, starting with the largest. 
32x 10 6.8 x 10° 557 x 10- 62 x 10° 

58x 1077 6.741 x 10+ 8.414 x 102 

Sl units of measurement 
A soldier in Julius Caesar's amy could comfortably march 20 miles in one day, 
wearing full kit, and then help to build a defensive blockade. 

“The mile was a unit of length based on 1000 strides of a Roman legionary. The 
measurement was sufficiently accurate for its purpose but only an approximate 
distance. 

Most measures started as rough estimates. The yard 
(3 feet or 36 inches) was said to be the distance from the 
king’s nose (reputed to be Henry I of England) to the tip of 
his extended finger. As it became necessary to have 
standardization in measurement, the measures themselves 
became more exact. 

In 1791 during the French Revolution, a new unit of 
measurement, the metre, was defined in France. Originally it 
was defined as ‘one ten-millionth of the length of the 
quadrant of the Earch's meridian through Pars'. This use of 
this unit of measurement became law in France in 1795. 

However, this measurement was not considered 
sifficiently accurate and further definitions were required. 

In 1927 a metre was defined as the distance between two marks on a given 
platinum—iridium bar. This bar is kept in Paris. 

In 1960 the definition was based on the emission of a krypton-86 lamp. 
At the 1983 General Conference on Weights and Measures, the metre was 

redefined as the length of the path travelled by light in a vacuum in m 
second. This definition, although ot very neat, can be considered one of the few 
‘accurate’ measures. Most measures are only to a degree of accuracy. 

Slis an abbreviation of Systéme International d'Unités. Its seven base units are listed 

below. 

Quantity Uni ‘symbol 
Distace  mee  m 
Mass kilogram kg 
Tme  seond s 
Hectrical curent _ampee A 
Temperature kelvin K 
Substance  moe  mol 
Intensiy of light candela d
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‘The S has other derived units. The following questions highlight some of the more 
common derived units and their relationship to the base units. 

B Exercise 2.4.1 

1 Copy and complete the sentences below. 
  

  

  

  

  

  

  

  

  

  

a There are centimetres in one metre. 

b A centimetreis part of a metre. 
¢ There are ‘metres in one kilometre. 
d Ameteis part of a kilometre. 
e There are grams in one kilogram. 
£ Agmis part of a kilogram. 
g Alilogramis___part of a tonne. 
b There are millilieres in one litre. 
i One thousandth of a litre is : 
j There are grams in one tonne. 

2 Which of the units below would be used to measure each of the following? 
millimetre centimetre metre kilometre 
milligram gram kilogram tonne 

  

millilitre litre 

a Yourmass (weight) 
b The length of your foot 
¢ Your height 
d The amount of water in a glass 
e The mass of a ship 
£ The height of a bus 
g The capacity of a swimming pool 
h The length of a road 
i The capacity of the fuel tank of a truck 
j Thesize of your waist 

3 Draw five lines of different lengehs. 
a Estimate the length of each line in millimetres. 
b Measure the length of each line to the nearest millimetre. 

4 Write an estimate for each of the following using the correct unit. 
a Your height 
b Your weight (mass) 
¢ The capacity of a cup 
d The distance to the nearest town 
e The mass of an orange 
£ The quantity of blood in the human body 
g The depth of the Pacific Ocean 
h The distance to the moon 
i The massof acar 
j The capacity of a swimming pool
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Worked examples 

Worked examples 

Converting from one unit to another 
Length 
Tkm is 1000m, so: 

to change from kilometres to metres, multiply by 1000 
to change from metres to kilometres, divide by 1000. 

1 Change 5.84km to metres. 

1km = 1000m so multiply by 1000 
5.84 x 1000 = 5840m 

2 Change 3640mm to metres. 
1m = 1000mm so divide by 1000 
3640 + 1000 = 3.64m 

Exercise 2.4.2 

1 Convert these to millimetres. 
a 4em b 6.2cm € 28cm d12m 
e 0.88m f 3.65m g 0.008m h 023em 

2 Convert these to metres. 
a 260cm b 8900cm ¢ 23km d 0.75km 
e 250cm f 04km g 38km h 25km 

3 Convert these to kilometres. 
a 2000m b 26500m ¢ 200m d 750m 
e 100m £ 5000m g 15000m h 75600m 

Mass 
1 tonne is 1000kg, so: 
to change from tonnes to kilograms multiply by 1000 
to change from kilograms to tonnes divide by 1000. 

1 Change 0.872 tonne to kilograms. 
1 tonne is 1000kg so multiply by 1000. 
0872 x 1000 = 872kg 

2 Change 4200kg to tonnes. 
1 tonne = 1000kg so divide by 1000. 
4200 + 1000 = 4.2 tonnes 

Capacity 
Llige is 1000ml, so: 
to change from litres to milllitres multiply by 1000 
to change from milliltes to licres divide by 1000.
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Worked examples 1 Change 24¢ to millilitres. 
1€ s 1000m! so muliply by 1000. 
2.4 % 1000 = 2400ml 

2 Change 4500ml o litres. 
1£ = 1000ml so divide by 1000 

4500 + 1000 = 4.5¢ 

Exercise 2.4.3 

1 Convert these to kilograms. 
a 2 tonne b 7.2 tonne  2800g d 750g 
¢ 045wonne  f 0003 ronne g 6500g h 7000000g 

2 Convert these to millilitres. 
a 26€ b 07¢ c 004¢ d 0.008¢ 

3 Convert these to litres. 
a 1500ml b 5280ml ¢ 750ml d 25ml 

4 The masses of four containers loaded on a ship are 28 tonnes, 45 tonnes, 168 
tonnes and 48500kg. 

a What is the total massin tonnes? 
b What is the total mass in kilograms? Write your answer in the form 

ax 10% where 1 < a < 10and k € Z. 
5 Three test tubes contain 0.08¢,0.42 € and 220ml. 

a Whatis the total in millilitres? 
b How many lcres of water need to be added to make the solution up to 1.25.¢7 

Temperature scales 
You will have come across three temperature scales in science lessons. 

Fahrenheit °F Celsius °C kelvin K 

The kelvin s the official SI unit of temperature. It i identical to the Celsius scale 
(in thata 1 °C change is equivalent o a 1K change, except that it starts at OK, 
which is equivalent to —273 °C. This temperature is known as absolute zero. 
Absolute zero = 0K = -273°C 

The table shows the conversion between Fahrenheit, Celsius and kelvin scales of 
temperature. 

  

scale Freezing point of water point of water 
Fahrenheit 2 212 
Celius o 100 
Kelvin 273 373
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Worked example 

The number of graduations (scale points of 1 degree) between the freczing and 
boiling points of water in the Celsius and Fahrenheit scales is 100 and 180 
respectively. Therefore: 
a change of 100 °C represents a change of 180°F 
a change of 1°C represents a change of 150 = 2°F. 

Because we know that the freezing point of wateris 0°C and 32°F, it s possible to 
derive a formula for converting between Celsius and Fahrenheit. 

Ty = 2T, + 32 which rearranged gives T, = (T, - 32) 

where T, represents the temperature in degrees Fahrenheitand T, represents the 
temperature in degrees Celsius. 

An approximate conversion from degrees Celsius to degrees Fahrenheit can be 
obtained from the formula: 
T= 2T, + 30 

Similarly, because we know that a change on the Celsius scale represents the same 
change on the kelvin scale and that the frezing point of wateris 0°C and 273K, it 
i possible to derive a formula to convert between degrees Celsius and kelvin. 
T, =T, + 273, which rearranged gives T_ = T, — 273 
where T, represents the temperature in kelvin. 

Convert 40 °C into: 

a degrees Fahrenheit 
b kelvin. 

a T,=3T,+32 
Ty=$x40+32 
T,=104 
40°Cis 104°F. 

b T,=T,+213 
T, =40+213 
T, =313 
40°Cis 33K, 

  

Exercise 2.4.4 

1 Convert the following to degrees Fahrenheit. 
a20°C b80°C €200°C 

2 Convert the following to degrees Celsius. 
a 50°F b275°F < 887°F 

3 Convere the following to kelvin. 
a30°C b-120°C ¢ 95F
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@ 2s 

4 Using the approximate conversion formla, convert the following to degrees 
Fahrenheit. 

a 20°C b80°C €200°C 

5 Calculate the percentage error in your answers to question 4 above compared 
with your answers to question 1. 

6 Atwhat temperature in degrees Celsius and degrees Fahrenheit does the 
approximate formula give the same answer as the accurate formula? 

Arithmetic sequences and series 
A sequence is  collection of terms aranged in a specific order, where each tem is 
obtained according to a rule. Examples of some simple sequences are given below. 
2,4,6,8,10 1,4,9,16,25 1,2,4,8,16 

1,1,2,3;5,8 1,8,27,64,125 10,5333 

Discuss with another the student the rules involved in producing the sequences 
above. 

The terms of a sequence can be expressed as 1y, ty, - . w, where 
uyis the first term. 
uyis the second term 
u,is the nth term 
Thercfore in the sequence 2, 4, 6, 8, 10, u, = 2, u, = 4, etc. 

Arithmetic sequences 
In an arithmetic sequence there is a common difference (d) between successive 
terms, e.g. 

eg3 6 9 12 15 
N AN N N 

+3 +3 +3 +3 d=3 

7 2 -3 -8 -13 
N A v 

-5 -5 -5 -5 d=-5 

Formulae for the terms of an arithmetic sequence 
There are two main ways to describe a sequence. 

1 A term-to-term rule, known as a recurrence relation. 
In the following sequence, 
71 o2 27 
N Ay 

45 45 45 45 
  the recurrence relation is +5, i.e.u, = u, + 5,u, = u, + 5, etc.
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The general form is therefore written as t, , = 1, + 5, u, = 7, where u,_ is the 
nth term and u,,, is the term after the nth term. 
Note: It is important to give the value of one of the terms, e.g. uy, o that the 
exact sequence can be generated. 
A formula for the nth term of a sequence. 
This type of rule links each term to its position in the sequence, e.g. 

Position 1 2 3 4 5 n 
Term 7 2 uon o 
We can deduce from the figures above that cach term can be calculated by 
‘multiplying its position number by 5 and adding 2. Algebraically this can be 
written as the formula for the nth term: 

uy=5n+2 
AGDC can be used to generate the tems of a sequence from the recurrence 
relation. For example, to calculate 1y, u, and u, for the sequence ,, = 2u, - 5, 
uy = 1, the following can be dones 
  

Casio 
  

A m This enters the first term. 1 

.' 2fns=5 > = 

D000 D 
This fetches the previous answer and 
substitutes it into the equation. 

oo awes 
This enters the previous answer back into 
the original recurrence relation and L 
generates the required terms. 

  

  

. 
  

  

Texas 
  

  
  

m u This enters the first term. ;ms‘s .1 

olwlo|olole JiU : 
This fetches the previous answer and 
substitutes it into the equation. 

Caca wan 
This enters the previous answer back into g 
the original recurrence relation and 
generates the required terms. 
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Worked examples 

Therefore w, = -3, u, = ~11 and u, = ~21. 
Note: This sequence is not arithmetic as the difference between successive terms 

is not constant. 

With an arithmetic sequence, the rule for the nth term can be easily deduced by 
Iooking at the common difference, e.g. 
Position 1 2 3 4 5 

Term 1 5 9 13 17 u,=4n-3 

S WA A 

4 +4 44 44 

Position 1 2 3 4 5 
Tem 7 9 B 15 w=2n+5 

N MR N 

2 2 2 8 

Position 1 2 
Term 12 9 6 3 0 u=-3n+15 

B N N S 

5 & F o 
The common difference is the coefficient of n (i.e. the number by which n is 
multiplied). The constant is then worked out by calculating the number needed to 
make the term. 

1 A sequence is described by the following recurrence relations 
Uy =4u —3,u, =2 

Calculate wy w, and t, and state whether the sequence is arithmetic or nor. 
1, = 4uy — 3 thereforeu, = 4x 2 -3 =5 

4u, — 3 therefore uy = 4 x 5 =3 =17 
u, = 4u, - 3 thercfore , = 4 x 17 -3 = 65 
The sequence is not arithmetic as the difference between terms s not constant. 

2 Find the rule for the nth term of the sequence 12, 7,2, =3, =8.... 

      

  
  

Posion 1 2 3 4 5 
Term 12 7 2 3 8 w=-5n+17 

A Ay 
I 

Exercise 2.5.1 
1 For each of the following sequences, the recurrence relation and u, are given. 

Calculate ty, , and , and state whether or not the sequence is arithmetic. 

  

       

    

au, =u+5u=3 bu, =2u-4u=1 
€ Uy =~ + Ly dug=3-u,u 
€ Uy = —4+u,u =8 f i =6t =29
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2 For each of the following sequences: 
) deduce the formula for the nth term 
i) calculate the 10th term. 

a 58,11,14,17 b0,4,8,12,16 
e dods4 d 6,3,0,-3, -6 

e =7,-4,-1,2,5 £ -9, -13,-17, =21, =25 
3 Copy and complete each of the following tables showing arithmeric sequences. 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

Position | 1 2 5 s0 | n 
Term a5 an-3 

b [position | 1 5 5 n 
Term ss | a1 | 6n-1 

< Position | 1 00 | n 
Term o [ s | n+3 

d [position | 1 5 5 n 

Term 3 o | 3 | e | 

€ | position 5 7 n 

Term 1 0 [ 16 | 5 | s 

£ [position | 1 2 5 s0 | n 
Term 55 | 3                 
  

4 For cach of the following arithmetic sequences: 
i) deduce the common difference d 
ii) give the formula for the nth term 
iii) calculate the 50th term. 

a 5,9,13,17,21 b0y i3 
dow = 6,u, 
£ uy = 60, u, =39 

5 Judi invests £200 in a bond which pays simple interest of 12.5% per year. She 
receives a cheque each year for the interest. How many years is it before the 
bond pays for itself? 

    

Series 
When the terms of a sequence are added together, the sum is called a series. There 
s specific notation associated with series, with which you will need to be familiar.
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Consider the arithmetic sequence 3, 6,9, 12, 15, ... 
S, is used to describe the sum of the first n terms of a sequence. 
S, therefore denotes the sum of the fist four terms of the sequence, i.c. 

$,=3+6+9+12=30 

The Greek letter X is also used to indicate that the terms of a sequence are to be 
added. In the sequence above, the formula for the nth term isu, = 3n. 

$3n denctes that the fis to the fourth terma of the sequence u, = Inare to be 
added: 

:23n=3+6+9+12 =30 

Similarly £3n denotes that the sxth to the eight tems of the sequence u, = In are 
to beadded: 
)::3n=18+21+24=63 

Yp— 1 Wit in ull the terms of the seres 320 — 6. 

Stn-6=—4+-24042+4 

2 Evnl.meé(—nu). 

Sn+4)=14+0+-1+-2+-3=-5 

3 Wite the series 0 + } + 1 + 1 + 2 + 23 using the T notation. 

The formula for the nth term is u, = n — 4 
1 

1 
n 
(L 
-3 Therefore the series can be written as 

Do 
Consider the sum of the first 100 positive integers,i.e. 1 +2 + 3+ ...+ 98 + 99 

+ 100. There is an efficient way of calculating the sum of the numbers without 
having to add them all one by one. 
14243 444546+...495+96+97+98+9 +100 

N 

The terms of the series can be paired up as shown above. The sum of each pairis 
101 and there are 50 pairs. Therefore the sum of the series is 50 x 101 = 5050. 

This can be generalized for any arithmetic series as 

R
 

  

  

whete w i the first term, u, the last tem in this case and n is the number of terms.
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‘The nth term 1, can also be written in terms of ,, n and d (the common 
difference). 

Consider the sequence 2, 5, 8, 11, ... To calculate the 20th term, we can use 
the formula for the nth term, , = 31 — 1, or we can consider how many times the 
common difference d needs to be added to the first term in order to reach the 
20th term: 
2 5 8 Hoves 
S A Nl N 

+3 +3 +3 

To get to the 2nd tem, +3 is added once to the 1t term (2). To get to the 3nd 
term, +3 is added twice to the 1st term. Therefore to get to the 20th term, +3 will 
be added 19 times. 
up=2+(19%3) = 

In general terms u, = u + (n — 1)d 
If this is substituted for u, in the formula S, 

S, is derived. 

  

  

%(u‘ +u,), then another formula for   

(uy +uy + (n - 1)d) 

  

(2, + (0 1)d) 

For the sequence 2, 5,8, 11, ... the value of S, = 22 (2 x 2 + (20 - 1)3) = 610. 

You can also use your GDC to calculate the sum of an arithmetic sequence. Although 
you will be expected to show your working in an exam, the GDC villallow you to 
quickly check your answer. 
For cxample, to evaluate 5(3n - 1) 
  

Casio 

méém B et 
o access the ‘sum’ function wit! 
‘List’ menu. 

B 188 o seect sequencer. S Y 0 B 

To define the sequence, type 3X-1, X, | [ Seacvet, i 1,20,1 
1,20, 1). This means (nth term, variable, | | bl 
starting position, finishing position, 
increment). 
m VR [0 Y 0 R 
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Texas 
  

  oEDoa [~ 
o access the ‘sum’ function within the 

‘MATH’ menu. 

SEnc 
o select ‘sequence’ from the OPS menu. 
To define the sequence, type (3X - 1, _ 
X, 1, 20, 1). This means (nth term, By ’2‘; 
variable, starting position, finishing 
position, increment). 

  

  

  

    
        

  

@ 
[T 1 Evaluate $20: 

This s the sum of the first 100 even numbers. 
S =22 x 2+ (100 - 1)2) = 10100 

2 Bvaluate £(2n - 8). 
This is the sum of the 50th to 100th terms of the sequence u, = 2n — 8. 
For this sequence the common difference d = 2. 
The sum can be calculated in two ways. 

i) Ig(Zn -8 mfinzn -8 - :‘Z:(zn -8 
9300 - 2058 

=742 

g+ gy o+ Uy 
=92+ 94+ ..+ 192 

ieu =92,n=51d= 
Therefore = 5(2n — 8) = 342 x 92 + (51 - 1)2) = 242 

3 Four consecutive terms of an arithmetic sequence are x + 8, 2x + 6, 4x — 8 and 
3x+ 14, 

a Calculate the sum of the four terms in terms of x. 
b Calculate the sum of the four terms. 

  

   
i) Sen-8 
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a x+8+2x+6+4x -8+ 3x+ 14 =10x+20 

b The common difference d = 2x + 6 — (x +8) = x — 2 
The common difference dis also = 4x — 8 — (2x + 6) = 2x — 14 
Therefore x —2 = 2x— 14 

x=12 

The sum of the four terms = 10x + 20    

Exercise 2.5.2 

1 Find the sum of cach of the following arithmetic series. 
a3+8+13+...453 b 3445+ 85+ ... +605 
C U 1T+ B4+ -43 d 100 +95 + ... + —100 

2 Evaluate cach of the following. 
aS(4-n b )’i(;- 10) 

a o 
¢ IBn-50 d f.(i* 4) 

3 The second and sixth terms of an arithmetic series are 2 and 10 respectively. 
Calculate: 

a the common difference 
b the st term 
¢ the 20th term 
d:Sp 

4 The tenth tem of an arithmetic series is 18.5. If S,, = 95, calculates 
a the first term. 
b the common difference 
¢ Sip 

5 The ffch, sixth and seventh terms of an arithmetic series are 3 — 3m, m — 9, 
9 — m respectively. Calculate: 

a the common difference 
b the first term. 
c the sum of the fist ten terms. 

6 The fourth term of an arithmetic series s twice the firt tem x. 
If the tenth term is 24, calculates 

a the common difference in terms of x 
b the first term. 
c the sum of the fist ten terms. 

7 The first term of an arithmetic series is 19 and the last term is —51. If the sum of 

the series is —176, calculate the number of terms in the series.
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8 Achild builds a triangular structure out of bricks. The top three rows are shown. 
  

  

        

          

Each row has one brick fewer than the row beneath it 
a Show that, if the structure has n rows, the total number of bricks used is 
given by the formuls S, = 3 (n + 1). 

b If the structure has 78 bricks, how many rows has it? 
¢ Ifthe child has 200 bricks, what is the maximum number of rows his structure 

can have? 

@ 2.6 Geometric sequences and series 
So far we have looked at sequences where there s a common difference between 
successive terms. There are, however, other types of sequence, c.g. 2, 4, 8, 16, 32. 
Thereis clearly a pattern to the way the numbers are generated as each term is 
double the previous term, but there is no common difference. 

A sequence where there is a common ratio (1) between successive terms is 
known as a geometric sequence. For example: 

2 4 8 16 3 
~ A A 7 

X2 x2  x2 X2 r=2 

2 9 3 1 1 
~ A A T 
o =1 

As with an arithmetic sequence, there are two main ways of describing a geometric 
sequence. 
1 The tem-to-term rule. 

For example, for the following sequence, 
3 6 12 24 48 
S N N e 

x2 x2 x2 x2 

=20 uy=2u, 
the general rule s u,,, = 2u, 1, = 3.
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2 The formula for the nth term of a geometric sequence. 
As with an arithmetic sequence, this rule links each term to its position in the 
sequence. For example, for the following sequence, 

Position 1 2 3 4 5 n 
Term 3 6 12 24 48 

N e e 
x2 x2 x2 x2 

to reach the second term, the calculation is 3 x 2 or 3 x 2! 
to reach the third term, the calculationis 3 x 2 x 2 or 3 x 22 
to reach the fourth term, the calculationis3x 2x 2 x 2 or3 x 2* 

In general therefore 

=t 

where w, s the firt term and r is the common ratio. 

Compound interest 
When money is invested in a bank account it may eam interest. When the interest 
paid is simple interest, the amount of money in an account forms an arithmetic 
sequence with the amount of interest being the common difference. When the 
interest paid is compound interest, the amount of money in an account forms a 
geometric sequence with the interest rate determining the common ratio. 

For example, £100 is deposited in a bank account and left untouched for five years. 
If it carns compound interest at 10% per year, the amount in the account increases as 
shown below. 

Number of years 0 1 2 3 4 5 
Amount 10000 11000 121.00 133.10 14641 16105 

SN AN Ay 
x1.1 x1.1 x1.1 x1.1 x1.1 

Simple interest and compound interest are dealt with in more detail in Sections 8.2 
and 8.3. 

Exercise 2.6.1 

1 Mdentify which of the following are geometric sequences and which are not. 
a 2,6,18,54 b 25511 c 1,4,9,16, 

d-3,9,-27,81 e 533% g A 

2 For the sequences in question 1 that are geometric, calculate: 
i)  the common ratior 
ii) the next two terms 
i) aformula for the nth term.
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3 The nth term of a geometric sequence is given by the formula u, = —6 x 2" 
a Calculate u,, u, and ;. 
b What is the value of n, if u, = 7687 

4 Part of a geometric sequence is given below. 

1 ,64, _ whereu, = —1 and u; = 64. Calculate: 

   

  

a the common ratio 
b the value of u, 
¢ the value of . 

5 Archic invests €100 in an savings account paying 6% compound interest per 
year. Calculate the amount in the account after 5 years. 

@ Geometric series 
A geometric series is one where the terms of a geometric sequence are added 
together. For example, for the following geometric sequence, 
Position 1 2 3 4 5 6 
Term 5 10 20 40 80 160 

the formula for the nth term is u, = 5 x 21, 
Therefore the sum of the series above is given by: 

5 
53201=5(1+2+4 + 8+ 16+ 32) = 315 

T 

A formula for the sum of S, a geometric series can be derived as follows: 

Sy =y gt g g ! 
Multiplying by r: 18, = wyr + uyr +uyr + ..+ w4 up” 

Subtracting the first equation from the second gives: 
1S, =S, = U — vy 
S6-1=ue-1) 

Therefore 55 w el 

whete w, is the first term, r is the common ratio and n is the number of terms. 
This form of the formula is particularly useful when 1 > 1 orr < —1. 

1F we muliply S, x ~ha variation of the formula s obined: 

_w(l-r) 
L T 

S, #1 
  

  

“This form s more useful when —1 < r < 1 as it avoids working with negative values.
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Worked example A series is as follows: 
4+12+36+ 108 +...+26244 
a Calculate the number of terms in the series. 
b Calculate the sum of the series. 

au=4r=3 
Using u, = uyr™! 
4 x 31 =26244 
3012 6561 
Using a calculator we can find that 3° = 6561 
Therefore 3¥ = 3", which implies 8 lien=9. 
There are nine terms in the series. 

w(m—1) 

   

bs, uy=4,r=3andn=9 

43 -1) 
3-1 

This can be checked using your GDC as shown on pages 41-2. 

=39364 

  

B Exercise 2.6.2 

1 For each of the following geometric series, calculate: 
i) the value of the common ratio r 
ii) the sum of the first 10 terms. 

    

   

af+itiele2 b —f+i-1+3-9 
© 5475+ 1125+ 16875 d 10+ 1+ 0.1 +001 + 0.001 

2 For each of the following geometric series, the first three terms and the last term 
are given. 

i) Find the number of terms n. 
i) Calculate the sum of the serics. 

a 1+3+9+ .. +2187 blededs vud 
c8-4+2-..+4% datarta’+..+ar! 

3 Evaluate cach of the following. 
5 7 

a X4 b X2(3)-2 e T T 71 

4 Ina geometric series, u, = 3 and us = 72. Calculate: 
a the common ratior 
b the first term u, 
¢ the value of S, 

5 Three consecutive terms of a geometric series are (p — 2), (=p + 1) and (2p ~2). 
a Galculate the possible values of p. 
b Calculate the term before (p — 2) assuming p is the larger of the values in 

parta. 
¢ Tfuy = (p - 2), calculate S,
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6 A new strain of a virus is detected in one patient in a hospital. After 3 days, 375 
new cases of the virus are detected. Assuming the number of new cases continues 
to grow as a geometrical sequence, calculate: 

a the number of new cases after 7 days 
b the total number of infected people after 7 days. 

Infinite geometric series 
Forall the series considered so far, if the series was continued, the sum would 
diverge (continue to grow). However, this isn't always the case: for some series, the 
sum converges to a value. For example, in the following series, 

the amount being added each time decreases. This is represented visually in the 
dingram below. 

2 2 

  

T T 
The area of each shape represents a term in the series. The total area of the large 
rectangle is 8. This suggests that the sum of the serie, if continued infinitely, would 
alsobe8, ie. S, =8. 

“This can be proved algebraically using the formula S, = 

  

w(l=r) 
1-r ° 

(Note: The altemative version of the formula is used since 1 < < 1.) 
1 w=4r=3 

s A0 A o 
=3 3 

AAn-von,(%)"qO.Ther&meS_=8(1-0) =8 

w1 hgmeml$"=l%:“)beoflmass 
as (1 =) > Lasn oo, 

i 
  for an infinite geometric series, 
   

Therefore if ~1 < r < 1, the sum to infinity of a series will have a value.
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A sequence is defined by, = 3(2)""". 
a Caleulate w4, and . 
b Write down the values of u, and r. 

Calculate the sum nthe infinice sedes 23(1) 
=3x () 

uz —3 x(3)' = 
(3 = 

o 

  

    

  

M Exercise 2.6.3 

2.7 

1 Calculate the sum to infinity of the following series 
b-8+4-2+1-.. 

d7+2+3+ 5+ 

a 18+6+2+3+ . 
  

1 c l+qg+qpt 1 
700 * 

2 Evaluate the following sums to infinity. 
T (1) $ 2 - 5y b Sk 
2o 5 

< 30 4 35 
3 The second tem of a geometric sries is 3. The sum o infinity of the same series 

is 6. Calculates 
au b the common ratior. 

4 In a geometric series u; + 1, = 12. 1 r = 4 find the sum of the infinite series. 

Graphical solution of equations 
Alinear equation, when plotted, produces a stight line. 

The following are all examples of linear equations: 
y=x+1 y=2x-1 y=3x y=-x-2 y=4 
Theyall have a similar format, i.e. y = mx + c. 

  

Intheequation y=x+1, m=lande 
y=2x-1, m=2andc 
y=3y m=3andc=0 
y=-x-2, m=-landc=-2 
y=4, m=0andc=4
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Their graphs are shown below. 

  

  

       

  

      
& 
+H 

In Section 5.2 plotting and solving linear equations are studied in more detail. In 
this section we look exclusively at how to use your GDC and graphing software to 
draw linear graphs and to solve simple problems involving them. 

Using a GDC or graphing software to plot a 
linear equation 
In Topic 1 you saw how to plot a single lincar equation sing your GDC. For 
example, to graph the linear cquation y = 2x + 3: 

  

Casio 
  

  e 
o 0 

  

            

 



Worked example 

Graphical solution of equations 51 

  

Texas 
  

  

ol - |elols I 
With graphing software too, the processis relaively straightforward: 

    
    

  

  

Autograph 
  

Select ', and enter the equation. 

  

Note: To reposition the graph on the screen use 7). To change the 

scale on the axes use | . 
  

GeoGebra 
  

Type fix) = 2x + 3 into the input box. 

  
  

Note: To reposition the graph on the screen use [ 4. |. To change the 

  

scale on the axes select ‘Options’ followed by ‘Drawing pad".     
  

Unless they are parallel to cach other, when two linear graphs are plotted on the 
same axes, they will intersect at one point. Solving the equations simultaneously 
will give the coordinates of the point of intersection. Your GDC and graphing 
software will also be able to work out the coordinates of the point of intersection. 

Find the point of intersection of these linear equations. 

  

y=2x-landy=1x+2
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Using a GDC: 
  

Casio 

eandentery 21, @9 

Entery.%nz, @ 

78 to graph the equations. 

  

  

  

i i 
£ followed by #78 to select 

‘intersect’ in the ‘graph solve’ menu. The 
results are displayed at the bottom of the 
screen. 

  

  

      
  

  

Note: Equations of lines have to be entered in the form y 
eg. the equation 2x — 3y = 9 would need o be rearranged to make 

    

  

Texas 

= 'andentery=2x71,u 

meor-ie-2 ) 
_J to graph the equations. 

“ ~ "} followed by m to 

select ‘intersect’ in the ‘graph calc’ menu. 

  

  

  Once the two lines are selected using A 
the results are displayed at the 
bottom of the screen.       

  
  

Note: See the note for the Casio above.     
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Using graphing softwares 

Select = and enter each equation 
in turn. 

Use [y and select both lines. 

Click on ‘Object’ followed by the 
‘solve f(x) = g(x)’ sub-menu. 

Click to display the ‘results box'. 
  

Enter fix) = 2x~ 1 and g(x) = 3x+ 2 in 
the input field.   

Enter ‘Intersect [#(x), g()' in the 
input field. 

The point of intersection is displayed 
and its coordinate written in the 

algebra window. 

  

  
Note: To select the second line, keep the shift key pressed. 

  

  

  
  

@ B Exercise 2.7.1 

1 Using either a GDC or graphing software, find the coordinates of the points of 
intersection of the following pairs of linear graphs. 
ay=5-xandy=x-1 
¢ y=-2x+5and 
e x-y=6andx+y 
g 4x-5y=land2x + 
i 2x+y=4and4x+ 2, 

        

   

    
by=7-xandy 3 
dx+3y=-landy=14x+3 
f3x-2y=13and 2x+y=4 
hx=yandx+y+ 
j y-3x=landy=3x-3 

   

2 By referring to the lines, explain your answers to parts i and j above.
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Quadratic equations 

An equation of the form y = ax® + bx + ¢, in which the highest power of the 
variable x is 2, is known as a quadratic equation. The following are all examples of 
quadratic equations: 

y=2+2-4 y=-32+x+2 y=2 y=32+12 

When plotted, a quadratic graph has a specific shape known as a parabola. This will 
ook like 

-\ 
Depending on the values of a, b and c, the position and shape of the graph will 
vary, eg. 

) e x4 
yext-ax+4 Y, 
7 
7 

  

       L b=1andc=4 

Solving a quadratic equation of the form @ + bx + ¢ = Oimplies finding where 
the graph crosses the x-axis, because y = O on the xaxis. 
In the case of above —3x2 + x + 4 = 0, we can see that the graph crosses the 

xeaxis at x = —2 and 4. These are thercfore the solutions to, or roots of, the 
cquation. In the case of x? + 3x + 4 = 0, the graph does not cross the x-axis. 
Therefore the equation has no real solutions. 
(Note: There are imaginary solutions, but these are not dealt with in this textbook.) 
AGDC can also be used to find the solution to quadratic equations:
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Casio 
  

o 3 
and entery =-1x2 + x +4, 

m a to graph the equation. 

#75 followed by #TH) to select 

‘Root’ in the ‘graph solve’ menu. 

Use O to find the second root. 

The results are displayed at the bottom of 
the screen. 

  

  

  

Wim-1 20N 

   
       

v 

  

Texas 
  

  
[ 

to graph the equation. 

= o 
zero’ in the ‘graph calc’ menu. 

e E albpiaersn 
prompts to identify a point to the left 
and a point to the right of the root, in 
order for the calculator to give the root. 

  

.733\_ 

ot 

  

  
e 

  

7/ 
fr=-1.mazs8s   

  
  

      AN        
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Alternatively, graphing software can be used: 

  

     Select S and enter the equation 

y   IR +x+A. 

Use [} and select the line. 

Click on ‘Object’ followed by the 
*solve f(x) = 0’ sub-menu. 

    

     
  

dlick [ to display the ‘results box'. 

Enter f(x) 
the input field. 

Enter ‘Root [f(X)]' in the 
input field. 

The solutions are displayed 
and their coordinates 
written in the algebra 

    

  

window. 
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B Exercise 2.7.2 

Using either a GDC or graphing software: 
i) graph the following quadratic equations 
i) find the coordinates of any roots. 
la y=2-3x+2 by=x+4x-12 

¢ y=-248-15 dy=x+2x+6 
   

2 x+4   = ¥ 

2a y=i2-4x-3 

¢ -2y=x2+10x+25 

M Student assessment 1 

Diagrams are not drawn to scale. 
1 State whether each of the following numbers is 

rational or irrational. 
a 16 b3 
e 07 d 073 
ed121 fx 

2 Round cach of the following numbers to the 
degree of accuracy shown in brackes. 
a 6472 (nearest 10) 
b 88465 (nearest 100) 
© 64785 (nearest 1000) 
d 6.7 (nearest 10) 

3 Round each of the following numbers to the 
‘number of decimal places shown in brackets. 
a 384(1dp) b 6792 (1dp.) 
© 08526 (2dp.) d 15849 (2dp.) 
e 9954 (1dp.) £ 00077 (3dp.) 

4 Round each of the following numbers to the 
number of significant figures shown in brackets. 

   
a 42.6(1sf) b 5432 (2sf) 

00574 (1) d 48572 (2s£) 
e 687453 (1sf) £ 687453 (3. 

5 A cuboid's dimensions are given as 12.32cm by 
1.8cm by 4.16cm. Calculate its volume, giving 
your answer to three significant figures. 

slln 

] 

6 1 mile s 1760 yards. Estimate the number of 
yards in 11.5 miles. 

7 Estimate the answers to the following. Do not 
work out an exact answer. 
3wl 8)F 

L b Ge 

  

     

€ B2 x (4972 

8 Estimate the shaded area of the figure below. 

<4 90m>- 1<4.90mi 

1.7cm 

  18.80m ——————>1 

9 a Use acalculator to find the exact answer o 
question 8. 

b Calculate your percentage error. 
10 A boy estimates the weight of his bike to be 

2.5kg. It actually weighs 2.46 kg. What is his 
percentage error?
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m Student assessment 2 

1 Wiite the following numbers in the form 
ax 10% where 1 <a < 10andk € Z. 

a 6 million b 0.0045 
< 3800000000 d 0.000000361 
e 460 million £3 

2 Wiite the following numbers in order of 
magnitude, starting with the smallest. 
62x10° 55% 107 421 %107 
49 x 108 36x 105 741x10° 

3 Wiite the following numbers: 
6million 820000 0004 08 
52000 
a in the form ax 105 where 1 < a < 10 and 
kez 

b in order of magnitude, starting with the 
largest. 

4 Deduce the value of k in each of the following. 
a 4750 = 4.75 x 10+ 

b 6440000000 = 6.44 x 10¢ 

¢ 0.0040 = 4.0 x 10+ 

d 10007 = 1 x 10¢ 
e 093 =729 x 10 

£ 800%=5.12 x 10¢ 

5 Write the answer to cach of the following 
calculations in the form a x 10% where 
l<a<Wandk€Z 
a 4000 x 30000 
b (28 10°) x (20 x 10°) 
¢ (32x 10°) + (L6 x 10%) 
d (24 x 10°) + (96 x 107) 

6 The speed of light is 3 x 10°ms-!. Jupiter s 778 
million kilometres from the Sun. Calculate the 
number of minutes it takes for sunlight to reach 
Jupiter. 

7 Astaris 500 light years away from Earh. If the 
speed of lightis 3 x 105kms-!, calculate the 
distance the star s from Earth. Give your 
answer in kilometres in the form a x 10%, where 
l=a<l0andk€Z. 

    

8 Convert 162000km to millimetres. Give your 
answer in the form a x 10% where 1 < a < 10 
and k€ Z. 

9 Convert 7415000mg to kilograms. Give your 
answer correct to the nearest kilogram. 

10 Using the formula T, = $T_ + 32, where T, 
and T, are the temperatures in degrees 
Fahrenheit and Celsius respectively, convert 
the following to degrees Fahrenheit. 
a40°C b500°C 

m Student assessment 3 

1 For each of the following arithmetic sequences: 
) write down a formula for the nth term 
i) calculate the 10th term. 
a 1,509 13 ... b 1,-2,-5,-8, 

2 For both of the following calculate u; and 
au=6n-3 bu=-in+4 

3 Copyand complete both of the following tables 
of arithmetic sequences. 
a 

    

  

  

              

  

  

posiion | 1 | 2 | 3 [ 10 n 

Term 17 | 14 55 

b 

Position | 2 6 | 10 n 

Term 4| 2 35                 

4 Agirl deposits $300 in a bank account. The 
bank offers simple interest 7% per year. 
Assuming the girl does not take any money out 
of the account, calculate the amount of money 
in the account after 5 years. 

5 Part of a geometric sequence is given below. 
. -1 

where u, = 27 and ug = ~1. 
Calculate: 
a the common ratior 
b the value 1, 
¢ the value of nif u, = —gr.



Student assessments 59 
  

6 Evaluate both of these series. 
1 

a Y(4n-15) T 
5 

b X-5n+100 
5 

7 The third and tenth terms of an arithmetic 
series are ~6 and 15 respectively. 
Calculate: 
a the common difference 
b the first term 
¢ the value of S, 

8 The third, fourth and fifth terms of an arithmetic 
series are (2m + 2), (3m + 1) and (5m - 5). 
Calculate: 
a the common difference d 
b the first term 

Sy 

9 In the following geometric series, the first 
three terms and the last term are given. 
i) Find the number of terms, n. 
ii) Calculate the sum of the series. 
a 10+20+40 +... + 10240 

b 128 - 64432+ ...+ 4 

10 Evaluate these. 
5 932 

a 33 b X 
1 3 5 

11 Using cither a GDC or graphing software, find 
the coordinates of the points of intersection of 
the following pairs of lincar graphs. 
ay=-x+3andy=2x-3 
bx+5=yand2x+3y-5=0 

12 Using eithera GDC o graphing software: 
i) graph the following quadratic equations 
i) find the coordinates of any roots. 
ay=o£-6x+9 
by=-22+20x-48 

  

  

 



Discussion points, project ideas 

and theory of knowledge 

  

2 Georg Cantor was a 
Russian mathematician 
educated in gerfjn, He Stated that @ s Countable but R is not, Discuss this 
Statement, 

ing ere an underly 
e ietrs . 

o, R were chasen ©0 
7 represent sets of numbers’     

    
3 A possible topic for o 

Project would be the 
Fibonacci sequence, gyt, be warmed: whole fies 

been spent on this 
ftudy, and many books 
have been written on it 

4 What is the difference 
en brackets used in @ 

Sentence (like this), ang 
brackets used in matps; 

5 What is Zeno's paradox?



6 The sequence 1,2, 3.4, 5 

T s with the sequence 
of square numbers, 1 4 9, 

16, 25, ... DISCUSS whether 

there are more terms in 

the first sequence than in 

the second. 

8 s it possible to get an 

exact numerical answer © 

a problem? Discuss. 

-        9 some series are neither 

arithmetic nor geometric 

series. Investigate some 

different series- 

12 12 — n + 41 s alwaysd 

prime nurmber. 
Investigate this statement 

and try to proveor 
disprove it. Find other 

similar quadratic 

expressions as a basis 

o A  
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Syllabus content 
31 

a2 

33 

34 

36 

3r 

38 

39 

3.10 

Basic concepta of set thecry: subset; erscction unin; ceaplement. 
Venn disgrorns and simple applications. 
Sample space: event;, A; complementary event, A', 

Basic comoepta o syrbalic logic: definon of a propeeltion; symbalic 
notation of propositions. 

Compound statements: implication, =; equivalence, <; negation, —; 
conjunction, 4; disjunction, v; exclusive disjunction, v.. 
Translation between verbal statements, symbolic form and Venn 
diagrams. 
Knowledge and use of the ‘exclusive digjunction’ and the distinction 
between it and ‘disjunction’. 

Truth tables: the use of truth tables to provide proofsfor the properties 
of cennecrives; concepéa of ogical comtzadicfien and tautology. 
Definition of implication: converse; inverse; contrapositive. 
Logical equilvalence. 
Eaually likely events 
Peobability of an event Algiven byP(A) = %"_"j 

Probability of a complementary event, P(A') m 1 — P(A), 
Venn disgrotes; tree disgratns; tables of outcomes. Solutions of 
pooblerns using ‘rth replacerent and witheut replacement’ 
Lawa of probabilty, 
CGombined events: 
P(A UB) = P(A) + P(B) — P(A N B). 

Musually exclusive events 
P(A UB) = P(A) + P(B). 
Independent events: P(A 1 B) = P(A)P(B). 

MANB) Condirionsl probability: P(A |B) =~
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Worked examples 
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Introduction 

If the three areas of sets, logic and probability are looked at from a historical 
perspective, then logic came first. The study of logic developed in China, India 
and Greece, each independently of the other two, in the fourth century BC. 

In the seventeenth century Pascal and others began o study probabilicy. The 
study of sets did not truly begin until around 1900 when Georg Cantor and Richard 
Dedekind began work on the theory of sets. 

  

Georg Cantor 

Set theory 
‘The modern study of set theory began with Georg Cantor and Richard Dedekind in an 
1874 paper titled ‘On a characteristic property of all real algebraic numbers. It s most 
unusual to be able to put an exact date to the beginning of an area of mathematics. 

“The language of set theory is the most common foundation to all mathematics 
andis used in the definitions of nearly all mathematical objects. 

A setis a well defined group of objects or symbols. The objects or symbols are 
called the elements of the set. If an element ¢ belongs to a set S, this is represented 
ase € S. If e does not belong to set S this is represented as ¢ € . 

1 A particular set consists of the following elements: 
{South Africa, Namibia, Egypr, Angola, -..J 

a Describe the set. 
b Add another two elements to the set. 
¢ Is the setfinite or infinite? 
a The elements of the set are countries of Africa. 
b eg. Zimbabwe, Ghana 
¢ Finite. There is a finite number of countries in Africa. 

2 Consider the set 
{1, 4,9 16, 25, ..}. 
a Describe the set. 
b Write another two clements of the set. 
¢ Is the setfinite or infinite? 
a The elements of the set are square numbers. 
b eg 36, 49 
¢ Infinite. There is an infinite number of square numbers.
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B Exercise 3.1.1 

1 For each of the following sets: 
i) describe the setin words 
ii) write down another two elements of the set. 

{Asia, Africa, Europe, ...} 
2,468, . 
{Sunday, Monday, Tuesday, ...} 
{January, March, July, ... 
{1,3,6,10, ..} 
{Mehmet, Michael, Mustapha, Matthew, ...} 
{11,13,17,19, ...} 
fe i, -} 
{Earth, Mars, Venus, ...} 
A={xl3<x<12} 
S={yl -5<y<5} 

2 The number of elements in a set A is written as n(A). 
Give the value of n(A) for the finite sefs in question 1 above. 

    

e
 m
 o

m0
 

Bn
 

o 
B 

Subsets 
Ifall the elements of one set X are also elements of another set Y, then X is said to 
be a subset of Y. 

This is written as X C Y. 

Ifa sec A is empty (i.c. it has no elements in it), then this s called the empty set 
and it is represented by the symbol @. Therefore A = @. 

The empty setis a subset of all sets. For example, three girls, Winnie, Natalie 
and Emma, form a st A. 

A = (Winnie, Natalie, Emma} 
Al the possible subsets of A are given below: 
B = (Winnic, Natlic, Emma} 
C = (Winnie, Natlic} 
D = (Winnie, Emma} 
E = Natalie, Emma} 

  

  

G = (Natlie} 
H = Emma} 
1=0 

Note that the sets B and I above are considered as subsets of A, 

ie. ACAand@CA. 

However, sets C, D, E, F, G and H are considered proper subsets cf A. This 
distinction in the type of subset is shown in the notation below. For proper 
subsets, we write: 
CcAandDCAetc insteadof CCAand D C A. 

Similady G ¢ H implies that G is not a subset of H 
G ¢ H implies that G is not a proper subset of H.
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11,2,3,4,5,6,7,8,9, 10} 
st the subset B of even numbers. 

1. 

Li: 

List the subset C of prime numbers. 
a B 

bC 

e
 

0 

12,4,6,8, 10t 
2,357 

Exercise 3.1.2 

1 P is the set of whole numbers less than 30. 
a List the subset Q of even numbers. 
b List the subset R of odd numbers. 
© List the subset S of prime numbers. 
d List the subset T of square numbers. 
e List the subset U of triangular numbers. 

2 Ais the setof whole numbers between 50 and 70. 
a List the subset B of multiples of 5. 
b List the subset C of multiples of 3. 
© List the subset D of square numbers. 

31=fpad 
a Listall the subsets of J. 
b Listall the proper subsets of | 

4 State whether each of the following statements is true or false. 
a {Algeria, Mozambique} C {countries in Africa} 
b {mango, banana} C {fruit} 
e {1,2,3,4c(1,2,3,4 
d{1,2,3,4c{,2,34 
e {volleyball, basketball} ¢ {team sport} 
f 4,6,8,10 ¢ 14, 6,8, 10} 
g {potatoes, carrots} C {vegetables} 
h {12, 13, 14, 15} ¢ {whole numbers} 

The universal set 
The universal set (U) for any particular problem is the set which contains all the 
possible elements for that proble. 

The complement of a set A is the set of elements which are in U but not in A. 
The set is identified as A”. Notice that U’ = @ and @' = U. 

11U =(1,2,3,4,5,6,7,8,9 10} and A = {1, 2,3, 4, 5}, what set is represented 
byA? 

A’ consists of those elements in U which are notin A. 
Therefore A’ = (6,7, 8,9, 10}. 

2 If Uis the set of all three-dimensional shapes and P is the set of prisms, what set 
i represented by P'7 
P the secof all three-dimensional shapes except prisms.
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@ 32 

Intersections and unions 
The intersection of two sets s the set of all the elements that belong to both sets. 
The symbol N is used to represent the intersection of two sets. 
P =1{1,2,3,4,567809 10} and Q = {2, 4, 6, 8, 10, 12, 14, 16, 18, 20} then 
PN Q=12 4,68, 10} as these are the numbers that belong to both sets. 

The union of two sets is the set of all elements that belong to either or both sets 
and is represented by the symbol U. 

Therefore in the example above, 
PUQ=1{1,2,34,5671,8,910, 12, 14,16, 18, 20}. 

Unions and intersections of sets can be shown diagrammatically using Venn diagrams. 

Venn diagrams 
Venn diagrams are the principal way of showing sets diagrmmmatically. They are 
named after the mathematician John Venn (1834-1923). The method consists 
primarily of entering the elements of a set into a circle or circles. 

Some examples of the uses of Venn diagrams are shown below. 
A=12,4,6,8, 10} can be represented as: 

  

Elements which are in more than one set can also be represented using a Venn 
diagram. 

3,6,9,12, 15, 18} and Q = {2, 4,6, 8, 10, 12} can be represented as:    

  

The elements which belong to both sets are placed in the region of overlap of the 
owocircles.
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As mentioned in the previous section, when two sets P and Q overlap as they do 
above, the notation P N Q is used to denote the set of elements in the intersection, 
ie.PNQ =16, 12). Note that 6 € PN Q8 € PN Q. 

J =110, 20, 30, 40, 50, 60, 70, 80, 90, 100} and K = {60, 70, 80} can be represented 
as shown below; this is shown in symbols as K C J. 

  

The union of two sets is everything which belongs to either or both sets 
and is represented by the symbol U. Therefore, in the example above, 
XUY=(1,3,6,7,9 13, 14,18 

Exercise 3.2.1 
1 Using the Venn diagram, indicate whether the following statements are true or 

false. € means s an element of’ and & means ‘is not an element of . 

A L 
5 /0 \® 

) w0 
L. 

N Sd=r 
a5€A b 20€B 
c 0€&A ds50eA 
e 50¢B £ ANB=(10,20}
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2 Copy and completethe satement A 13 = .} for cach o the Vean diagams 
ow. 

aa B ba B cA 

Yel Blue [ Ve 
\thl 
o 

3 Copy and complete the statement A U B = {..} for each of the Venn diagrams 
in question 2 above. 

    

  

4 Using the Venn diagram, copy and 1 
complete these simtements. 

a U={} A 

b A =(.} a 

  

  

  

5 Using the Venn diagram, copy and u 
complete the following statements.   

    
    

   
AUB={ 
(ANnBYy 
ANB     6

 
o6
 

on
 

  

6 A B 

    

  

c 

a Using the Venn diagram, describe in words the elements of: 
i) setA ii) setB i) setC. 

b Copy and complete the following statements, 
i) ANB={.} i) ANC={.] #)BNC={.} 
vy ANBN ] v) AUB= vi)CUB }    
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a Using the Venn diagram, copy and complete the following statements. 
DA i) B={.} i) C' = {.} 
) ANB=(.} v) AUB={.} vi) (AN 

b State, using set notation, the relationship between C and A. 

    

    

8 w X 

a Copy and complete the following statements. 
i) W={ i) X={.} 
V) WNnz={(.} v WNX={.} 

b Which of the named sets is a subset of X? 

9 A = (Egypt, Libya, Morocco, Chad) 
B = {Iran, Iraq, Turkey, Egypt} 

a Draw a Venn diagram to illustrate the above information. 
b Copy and complete the following statements. 

) ANB=(.} #) AUB={.} 
23,5,7,11,13,17) 
(11,13, 15, 17, 19} 
Draw a Venn diagram to illustrate the above information. 
Copy and complete the following statements. 
DPNQ={.} i) PUQ = (.} 

11 B=1(2,4,6,8,10) 
AUB=11,234,68 10} 
ANB={24 
Represent the above information on a Venn diagram. 

12 X=(a,cdefgl 
Y =(b,c,d, e h,i,k L, m} 
Z=(c£i,j,m} 
Represent the above information on a Venn diagram. 

       

  

Q 

e
s
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13 P=(1,4,7,911,15) 
Q=15 10, 15} 
R={1,4,9 
Represent the above information on a Venn diagram. 

Commutative, associative and distributive 

properties of sets 
SetA=12,3,4,B=(1,3,57andC = 3,45 

A B 

AUB=BUA={(,23457 
ANB=BNA= (3} 

Therefore the union and intersection of sets are commutative (the same whichever 
way round the sets are ordered). 
IFC is added to the Venn diagram, we get: 

A B 

AVA (ANB)NC=AN(BNC) =3} 
(AUB)UC=AU(BUC)=1{1,2,3,4,5T1 

c 

therefore the union and intersection of sets are associative (the order of the 
operations does not matter). 

From the Venn diagram above it can also be seen that: 

AU(BNC)=(AUB)N(AUC)=1(2,3,4,5 
AN(BUC)=(ANB)U(ANC)={,4}. 

Therefore the union is distributive over the intersection of sets.



Venn diagrams 71 

Problems involving sets 

1 Ina class of 31 students, some study physics and some study chemistry. If 22 
study physics, 20 study chemistry and 5 scudy neither, calculate the number of 
students who take both subjects. 

The information given above can be entered in a Venn diagram in stages. 
The students taking neither physics nor chemistry can be put in first (as shown).. 
u 

Worked examples 

  
o © 

s 

‘This leaves 26 students to be entered into the set circles. 

If x students take both subjects then: 

u 

o ° 

  

PUC=31-5=26 

  

Therefore 22 —x+ x+20 —x =26 

2-x=126 
x=16 

Substituting the value of x into the Venn diagram gives: 
u 
  

o ©     s 
  

Therefore the number of students taking both physics and chemistry is 16. 
2 Ina region of mixed farming, farms keep goats, cattle or sheep. There are 77 

farms altogether. 19 farms keep only goats, 8 keep only cattle and 13 keep only 
sheep. 13 keep both goats and cattle, 28 keep both cattle and sheep and 8 keep 
both goats and sheep. 

a Draw a Venn diagram to show the above information. 
b Galculate n(G N C N S).
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First of all draw a partly G c 
complete Venn diagram, 
filling in some of the s 
information above. ' 

g 

We know that:. 

n(Only G) + n(Only C) +n(OnlyS) = 19 + 8 + 13 = 40 
So the number of farms that keep two or more types of animal is 

    

77-40=37. 
So,if n(G N C N S) = x (ie. x is the number of farms keeping cattle, sheep 

and goats), then 
B-x+8-x+28-x+x=37 

49 - 2x 

9-37 
6=x 

Itis then easy to complete the Venn diagram as shown: 

G & 

s   b As worked outin part a and shown in the diagram, n(G 1 C N1 §) = 6. 

@ B Exercise 3.2.2 
1 In aclass of 35 students, 19 take Spanish, 18 take French and 3 take neither. 

Calculate how many take: 
a both French and Spanish 
b just Spanish 
¢ just French. 

2 In a year group of 108 students, 60 liked football, 53 liked tennis and 10 liked 
neither. Calculate the number of students who liked football but not tennis.
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3 Ina year group of 113 scudents, 60 liked hockey, 45 liked rugby and 18 liked 
neither. Calculate the number of students whos 

aliked both hockey and rughy 
b liked only hockey. 

4 One year, 37 students sat an examination in physics, 48 sat an examination in 
chemistry and 45 sat an examination in biology. 15 students sat examinations in 
physics and chemistry, 13 sat examinations in chemistry and biology, 7 sat 
examinations in physics and biology and 5 students sat examinations in all three. 

a Draw a Venn diagram to represent this information. 
b Calculate n(P U C U B). 
¢ Galaulate n(P N C). 
d Galculate n(B N C). 
e How many students took an examination in only one subject? 

5 Ona cruise around the coast of Turkey, there are 100 passengers and crew. They 
speak Turkish, French and English. 

Out of the total of 100, 14 speak all three languages, 18 speak French and 
Turkish only, 16 speak English and French only, and 10 speak English and 
Turkish only. 

OF those speaking only one language, the number speaking only French or only 
English is the same and 6 more than the number that speak only Turkish. 

a How many speak only French? 
b How many speak only Turkish ? 
¢ In total, how many speak English? 

6 Ina group of 125 students who play tennis, volleyball or football, 10 play all 
three. Twice as many play tennis and football only. Three times as many play 
volleyball and football only, and 5 play tennis and volleyball only. 

If x play tennis only, 2x play volleyball only and 3x play football only, 
work out: 

a how many play tennis 
b how many play volleyball 
¢ how many play football. 

Sample space 
Set theory can be used to study probability. 

A sample space is the set of all possible results of a trial or experiment. Each 
result or outcome s sometimes called an event. 

Complementary events 
A dropped drawing pin can land either pin up, U, or pin down, D. These are the 
anly two possible outcomes and cannot both occur at the same time. The two 
events are therefore mutually exclusive (cannot happen at the same time) and 
complementary (the sum of their probabilities equal 1). The complement of an 
event A is written A”, 

Therefore P(A) + P(A’) = 1. In words thisis read as ‘the probability of event A 
happening added to the probability of event A not happening equals 1"
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Worked examples 

3.4 

Avistotle 384-322 BCE 

  

1 A fair dice is rolled once. Whatis its sample space? 
‘The sample space S is the set of possible outcomes or events. Therefore 
S=(1,2,3,4, 5, 6} and the number of outcomes ot events s 6. 

2 a Whatis the sample space, S, for two drawing pins dropped together. 
b How many possible outcomes are there? 
a $={UU, UD, DU, DD} 
b There are four possible outcomes. 

3 The probability of an event B happening is P(B) = 3. Calculate P(B'). 

P(B) and P(B') are complementary events, so P(B) + P(B) = 1. 
: 12 PB)=1-3=1 

Exercise 3.3.1 

1 Whatis the sample space and the number of events when three coins are tossed? 
2 Whatis the sample space and number of events when a blue dice and a red dice 

are rolled? (Note: (1, 2) and (2, 1) are different events) 
3 Whatis the sample space and the number of events when an ordinary dice is 

rolled and a coin is tossed? 
4 A mother gives birth to twins, Whatis the sample space and number of events for 

their sex? 

5 Whatis the sample space if the twins in question 4 are identical? 

6 Two women take a driving test. 
a What are the possible outcomes? 
b What is the sample space? 

7 A tennis match s played as ‘best of three sets'. 
a What are the possible outcomes? 
b What is the sample space? 

8 If the tennis match in question 7 is played as ‘best of five sets), 
a what are the possible outcomes? 
b whatis the sample space? 

Logic 
In philosophy, traditional logic began with the Greck philosopher Aristotle. His six 
texts are collectively known as The Organon. Two of them, Prior Analytics and De 
Interpretatione, are the most important for the study of logic. 

The fundamental assumption is that reasoning (logic) is built from propositions. 
A proposition is a statement that can be true or false. It consists of two terms: one 
term (the predicate) is affirmed (true) or denied (false) by the other term (the 
subject): for example 

All men [subject] are mortal [predicate].
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There are just four kinds of proposition in Asistotle’s theory of logic. 
A type: Universal and affirmative — ‘All men are mortal.’ 
Leype:  Particular and affirmative — ‘Some men are philosophers.” 
E type: Universal and negative — No men are immortal. 
Otype: Particular and negative — ‘Some men are not philosophers. 

“This s the fourfold scheme of propositions. The theory is a formal theory 
explaining which combinations of true premises give true conclusions. 

‘A century later, in China, a contemporary of Confucius, Moz ‘Father Mo’ 
(430 Bc), s credited with founding the Mohist school of philosophy, which 
studied ideas of valid inference and correct conclusions. 

What is logic? 
Logic is a way to describe situations or knowledge that enables us to reason from 
existing knowledge to new conclusions. Itis useful in computers and artificial 
intelligence where we need o represent the problems we wish to solve using a 
symbolic language. 

Logic, unlike natural language, is precise and exact. (It s not always easy to 
understand logic, butit is necessary in a computer program.) An example of a 
logical argument is: 

All students are poor. 
1 am a student. 
By using logic, it follows that I am poor. 

Note: if the original statement is false, the conclusion is still logical, even though it is 
false, c.g. 

All students are rich. (is not true) 
Iam a student. 
By using logic it follows that [ am rich! 
Itis not the case that all students are rich but, if it were, I would be rich because I 
am a student. This is why computer programmers talk of ‘Garbage in, gatbage out’. 

Logic systems are already in use for such things as the wiring systems of aircraft. 
The Japanese are using logic experiments with robos. 

Exercise 3.4.1 

1 You have four letters. A letter can be sent sealed or open. Stamps are cither 10 
cents or 
15 cents. 

A B c D 

[sc]| | ftoc] 
  

                  

Unsealed  Sealed 

Which envelope must be tumed over to test the rule ‘If a letter is sealed, it must 
havea 15 cent stamp’?
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2 You have four cards. 
A letter A~Z is on one side. 
A number 0-9 is on the other side. 
You have these cards: 
  

                  

‘Which card do you tum over to test the rule ‘If a card has a vowel on one side, it 
must have an even number on the other side’? 

3.5 Sets and logical reasoning 
Proposition: A proposition is a stated fact. It may also be called a statement. It can be true or 

false. For example, 

Nigeria is in Africa’ is a true proposition. 
Japan is in Europe’ is a false proposition. 
These are examples of simple propositions. 

Compound statement: Towo or more simple propositions can be combined to form a compound 

Conjunction: 

Negation: 

Tmplication 

Converse: 

proposition or compound statement. 

Two simple propositions are combined with the word and, .g. 
p: Japan is in Asia. 
4: The capital of Japan is Tokyo. 
These can be combined to form: Japan is in Asia and the capital of Japan is 
Tokyo. 
Thisis written p 2 q, where A represents the word and. 

The negation of any simple proposition can be formed by putting ‘no’ into the 
statement, e.g. 

p: Ghana is in Africa. 
g: Ghana is not in Africa. 

Therefore g = —p (i.e. p is the negation of g). 

If p is true then q cannor also be true. 

For two simple propositions p and g, p = q means if p is true then g is also true, 
eg. 

p:Itis raining. 
g:1am carrying an umbrella. 

Then p = g states: Ifitis rining then I am carrying an umbrella. 

This is the reverse of a proposition. In the example above the converse of p = g 
isq = p. Note, however, although p = q is true, i.c. If it is raining then I must 
be carrying an umbrella, its converse ¢ = p is not necessarily true, i.e. it is not 
necessarily the case that: If | am carrying an umbrella then it is raining. 

 



Equivalent 
propositions: 

Disjunction: 

Exclusive disjunction: 

Valid arguments: 
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If two propositions are true and converse, then they are said to be equivalent. 
For, example if we have two propositions 

2 Pedro lives in Madrid. 
g: Pedro lives in the capital city of Spain. 
these propositions can be combined as a compound statement: 
I Pedro lives in Madrid, then Pedro lives in the capital city of Spain. 
ie.pimpliesq (p=q) 

‘This statement can be manipulated to form its converse: 
I Pedro lives in the capital of Spain, then Pedro lives in Madrid. 
ie.qimpliesp  (g=p) 
The two combined statements are both true and converse so they are said to be 
logically equivalent (g & p). Logical equivalence will be discussed further, later 
in this section. 

For two propositions, p and g, p v q means cither p or g is true or both are true, e.g. 
p: Itis sunny. 
g: 1am wearing flip-flops. 
Then p v g states either it is sunny or | am wearing flip-flops or it is both sunny 
and I am wearing flip-flops. 
For two propositions, p and q, p V. ¢ means either p or g is true but not both are 
true, e.g. 

p: Itis sunny. 
g: 1am wearing flip-flops. 
Then p v q states either it is sunny or | am wearing flip-flops only. 
An argument is valid if the conclusion follows from the premises (the statements). 
A premise is always assumed to be true, even though it might not be, e.g. 

London is in France. the first premise 
France is in Africa. the second premise 
Thercfore London isin Africa.  the conclusion 
I this case, although both premises and the conclusion are false, the argument is 
logically valid. 
The validity of an argument can be tested using 

Venn diagrams. c u 

1fp, g and r are three statements and if p = q and B 
=1, then it follows that p = . 
In terms of sets, if A, B and C are all proper 
subsets (C) of the universal set U and if A C B 
and BC CthenACC. 

Diagrammatically this can be represented as 
shown in the Venn diagram opposites  
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B Exercise 3.5.1 

1 Which of the following are propositions? 
a Are you from Portugal? b Capetown is in South Africa. 
¢ Catalan is a Spanish language. d Be careful with that. 
e x=3 f x#3 

g Iplay football. h Go outside and play. 
i Apples are good to cat. j Jisaletter of the alphabet. 

2 Form compound statements using the word ‘and' from the two propositions given 
and say whether the compound statement is true or false. 

  

a ¢ Teresais agirl. a: Abenais a girl. 
bpx<8 g x> -1 
¢ a A pentagon has 5 sides. b: A triangle has 4 sides. 
d & London is in England. e: England is in Europe. 
e kx<y ky<z 
f m:5 € {prime number} n: 4 € [even numbers} 
g s A square is a rectangle. & A miangle is a rectangle. 
h p: Parisis the capital of France. g Ghanaiis in Asia. 
i a: 37 € {prime number} b: 51 € {prime numbers} 
j p: parallelograms € [rectangles} ¢ trapeziums € [rectangles} 

The analogy of logic and set theory 
The use of No or Never or Al ... do not in statements (e.g. No French people are 
British people) means the sets are disjoint, i.¢. they do not overlap. 

The use of All or If .. then or No ... not in statements (e.g. There is no nurse 
who does not wear a uniform) means that one set s a subset of another. 

The use of Some or Most or Not all in statements (e.g. Some televisions are 
Very expensive) means that the sets intersect. 

  

[OSWSPSSIE | p i the setof French people and Q is the set of British people. 
Draw a Venn diagram to represent the sets. 

The Venn diagram is as shown, = a 
iePNQ=2 
In logic this can be written p v g, 
ie. por q but not both. 

2 Pis the setof nurses and Q is the set of people who wear uniform. 
Draw a Venn diagram to represent the sets. 

Pis a subset of Q as there are other 5 
people who wear uniforms apart 
from nurses, i.e. P C Q £ 

Nt 
o In logic this can be written p = ¢. 
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3 Pis the setof televisions and (Q is the set of 
expensive electrical goods. Draw a Venn diagram 
to represent the sets. 

P intersects  as there are expensive electrical 
goods that are ot televisions and there are 
televisions that are not expensive. 
In logic the intersection can be written p A g. 

  

Exercise 3.5.2 

1 llustrate the following sets using a Venn diagram. 
Q: students wearing football shirts 
P: professional footballers wearing football shircs 

Shade the region that represents the statement Kofiis a profesional footballer 
and a student’. How would you write this using logic symbols? 

2 Iilustrate the following sets using a Venn diagram. 
Q: students wearing football shirts 
P: professional footballers wearing shirts 

Shade the region that satisfies the statement Maanu s cither a student o a 
professional footballer but he is not both. How would you write this using logic 
symbols? 

3 Tilustrate the following sets using a Venn diagram. 
Pmaths students  Usall students. 

Shade the region that satisfies the statement ‘Boamah is not a maths student’. 
How would you write this using logic symbols? 

4 Illustrate the following sets using a Venn diagram. 
Pifivesided shapes  Usall shapes 

Shade the region that satisfies the statement ‘A regular pentagon is a five-sided 
shape. How would you write this using logic symbols? 

5 Tilustrate the following sets using a Venn diagram. 
Q: multiples of 5 U: integers 

Shade the region where you would place 17. How would you write this using logic 
symbols? 

6 Illustrate the following sets using a Venn diagram. 
P people who have studied medicine 
Q: people who are doctors 

Shade the region that satisfies the statement ‘All doctors have studied medicine'. 
How would you write this using logic symbols? 

7 Illustrate the statement people with too much money are never happy sing a 
Venn diagram with these sefs. 

P people who have too much money 
Q: people who are happy 

Shade the region that satisfies the statement People with too much money are 
never happy'. How would you write this using logic symbols?
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8 Illustrate the following sets using a Venn diagram. 
P: music lessons (Q: lessons that are expensive 

Shade the region that satisfies the statement ‘Some music lessons are expensive'. 
How would you write this using logic symbols? 

3.6 Truth tables 
In probability experiments, a coin when tossed can land on heads or tals. These are 
complementary events,i.e. P(H) + P(T) = 1. 

In logic, if a statement is not uncertain, then it s either true (T) orfalse (F). If 
there are two statements, then either both are true, both are false or one s true and 
oneis false. 

A truth tble is a clear way of showing the possibilities of statements. 
Let proposition p be ‘Coin A lands heads' and proposition g be ‘Coin B lands 

heads'. The truth table below shows the different possibiities when the two coins 
are tossed. Alongside is a two-way table also showing the different outcomes. Note 
the similarity between the two tables. 

  

  

  

  

      

P : @in A Coin B 

H H 
H T 
T H 
T T 

Truth table Two-way table 

Symbols used in logic 
There are some symbols that you will need to become familiar with when we study 
logic in more detail. 

“The following symbols refer to the relationship between two propositions p 

  

  

  

  

  

  

andq. 

‘symbol Meaning 
~ p and g (conjunction) 
v p or g or both (inclusive disjunction) 
¥ P or g but not both (exclusive disjunction) 
= if p then q (mplication) 
- If p = g and q = p the statements are equivalent, i.e. p & q (equivalence) 
  

- If pis true, g cannot be true. p = g (negation) 
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Conjunction, disjunction and negation 
Extra columns can be added to a truth table. 

  

  

  

      
  

  

  

  

  

  

  

  

  

  

  

            

P A q (conjunction) means that both p and q must o a | pra 
be true for the statement to be true. 1 

T T T 

T F F 
F T F 

F F F 

b g (inclusive digunction) means that either porg, 5 [ g | pvg 
or both, must be true for the statement to be true. ey : 

I T 
[F T T 
F|F F 

¥ g (exclusive disjunction) means thaceither porg, [ | ¢ | pva 
but not both, must be true for the statement to be true. T = ; 

T F T 

F T T 

F F F 

—p represents a negation, i.e. p must not be true for > =5 
the statement to be true. T T T 

T F F 
F T T 

F F T 

Exercise 3.6.1 
1 Copy and complete the truth table for three propositions 

p, q and r. It may help to think of spinning three coins L 
and drawing a table of possible outcomes. Tl   
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2 Copy and complete the truth table below for the three statements p, g and r. 

a | r -p pva | —pvr | Gvaaepva 
F T B T 

    

Logical contradi 

Logical contradiction 
A contradiction or contradictory proposition is never true. For example, let p be 
the proposition that Rome is in Italy. 

ion and tautology 

p:Rome is in Iraly. 

Therefore —p, the negation of p, is the proposition: Rome is not in Italy. 

If we write p A ~p we are saying Rome is in Italy and Rome is not in Italy. This 
cannot be true at the same time. This is an example of a logical contradiction. 

A truth table is shown below for the above statement. 
  

P | =P | Pr-p 
T F 

T F | 
  

    
  

Both entries in the final column are F. In other words a logical contradiction must 
be false. 

[ pmm— Show that the compound proposition below is a contradiction. 

(bva) all=p) a (=) 
Construct a truth table: 

    

  

  

  

Pl a|-p|-a] pPva | CPrACA | Evarl-pacal 
[l v f ||~ | F 

T F F T T F F 

F T T T T F F 

F F T T F T F             
Because the entries in the last column are all false, the statement is a logical 
contradiction.
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Tautology 
The manager of the band Muse said to me recently: “If Muse's album “Resistance” is 
asuccess, they will be a bigger band than U2." He paused ‘O they will not’. 
This is an example of a tautology: ‘either it does or it doesn'. Itis always true. 
A compound proposition is a tautology if it always true regardless of the truth 
values of its variables. 

Consider the propositions Al students study maths or all students do not study 
maths. This s a tautology, as can be shown in a truth table by considering the 
result of p v —p. 
  

P |-P| PV-P 
T T 

T T 

  

  

      
  

Since the entries in the final column p v —~p are all true, this is a tautology. 

Show that (p v q) v [(=p) A (~q)] is a tautology by copying and completing the 
truth table below. 
  

  

  

  

  

plal-p|-a] pva | CPrca | Evaviepa-a 
T T F F T F T 

T F F T v F T 

F i ¥ F T * % 

F F ¥ T ¥ T T             
As the entries in the final column (pv ) v [(~p) A ()] are all true, the 
statement is a tautology. 

Exercise 3.6.2 

1 Describe each of the following as a tautology, a contradiction or neither. Use a 
truth tble if necessary. 
apa-q 
b ga-g 
cpv-q 
dgv-q 
e [pvalalgy(=9] 

2 By drawing a truth table in each case, decide whether each of the following 
propositions is a tautology, contradiction or neither. 

a —pr-q 
b —(=p)vp 
c ganr 
d (pag)ar 
e (pag)vr
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3.7 Implication; converse; inverse; 

Worked examples 

contrapositive and logical equivalence 

Implication 
If"is a word introducing a conditional clause. 

Later in your life someone might say to you, ‘If you get a degree, then I will buy you 
acar. 

Let us look at this in a truth table. 

  

  

  

Pl a]| p=a 
2 You get a degree. T T T 
g Twill buy you a car. T F ¢ 

T T 
FolF T       

The firsc row is simple: 
You get a degree, I buy you a car, and therefore | have kept my promise. 
The second row too is straightforward: 
You get a degree, | don't buy you a car, and therefore I have broken my promise. 
“The last two rows seem more complicated, but think of them like this. If you do not 
get a degree, then | have kept my side of the bargain whether I buy you a car or not. 

Therefore, the only way that this type of statementis false is if a ‘promise’ i 
broken. 
Logically p = q is true if: 

pisfalse 
or qiis true 
or p isfalse and s true: 

  

Similarly p = q is only false i p s true and q i false. 
In the following statements, assume that the firt phrase is p and the second phrase q. 
Determine whether the statementp = g is logically true or false. 
1 ‘K5 x 4 = 20, then the Earth moves round the Sun.” 

Asboth pand q are true, then p = q is true, ie. the statement p = g is logically 
correct. 

2 “If the Sun goes round the Earth, then I am an alien.’ 
Since pis false, then p = g is true whether | am an alien or not. Therefore the 
statement s logically true. 

“This means that witty replies like: 
If 1 could run faster, I could be a professional footballer’ 
Yes and if you had wheels you'd be a professional skater” are logically true, since 
the premise p, if you had wheels), is false and therefore what follows s irrelevant.
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B Exercise 3.7.1 

Worked example 

1 In the following statements, assume that the first phrase is p and the second 
phrase is g. Determine whether the statement p = q s logically true or false. 
alf2+2=5then2+3=35. 

b If the moon is round, then the Earch is flac 
© If the Earth is flat, then the moon is flat 
d If the Earth is round, then the moon is round. 
e If the Earth is round, then | am the man on the moon. 

2 Descartes’ phrase ‘Cogito, ergo sum’ translates as [ think, therefore Tam'. 
a Rewrite the sentence using one or more of the following: if, ‘whenever’, 

‘it follows that’, it is necessary’, ‘unless’, ‘only'. 
b Copy and complete the following sentence: ‘Cogito ergo sum’ only breaks 

down logically if Descartes thinks, but . . 

Logical equivalence 
There are many different ways that we can form compound statements from the 
propositions p and q using connectives. Some of the different compound 
propositions have the same truth values. These propositions are said to be 
equivalent. The symbol for equivalence is . 

Two propositions are logically equivalent when they have identical truth values. 

Use a truth table to show that = (p v ) and —p v —q are logically equivalent. 
  

  

  

  

  

P | a| pra [~Gra) [ -p | -q]-pv-g 
T T F F F F 

T F E T F T T 

F T E T T ¥ T 

F F E T T T T             
Since the truth values for — (p 2 g) and +p v ~q (columns 4 and 7) are identical, 
the two statements are logically equivalent. 

Converse 
The statement ‘All squares are rectangles’ can be rewritten using the word ‘if as: 

If an object is a square, then it is a rectangle’. p = q. (truein this case) 

The converse is: 

= p. “Ifan objectis a rectangle, then it s a square.’ (false in this case) 

Inverse 
The inverse of the statement ‘I an object is a square, then it is a rectangle’ 
(r=qis 
—p = ~q. ‘Ifan object is nor a square, then itis not a rectangle.” (false in this case)



86  SETS, LOGIC AND PROBABILITY 

Worked example 

Contrapositive 
The contrapositive of the statement ‘If an object is a square, then it s a rectangle’ 
p=qis 

=g = —p. ‘If an object is not a rectangle, then it is not a square.’ (true in this case) 

Note: 
A statement is logically equivalent to its contrapositive. 
A statement is not logically equivalent to its converse or inverse. 
The converse of a statement is logically equivalent to the inverse. 

Soif a statement s true, then its contrapositive is also true. 
If a statement is false, then its contrapositive is also false. 

And if the converse of a statementis true, then the inverse is also true. 
If the converse of a statementis false, then the inverse s also false. 
To summarize: 

given a conditional statement:  p=q 
the converse is: q=p 

the inverse i =g 
the contrapositive is: —q=-p 

  

Statement: ‘All even numbers are divisible by 2. 
a Rewrite the statement as a conditional statement. 
b State the converse, inverse and contrapositive of the conditional 

statement. State whether each new statement s true or false. 
a Conditional: If a number is even, then it is divisible by 2.’ (true) 
b Converse: ‘If a number s divisible by 2, then it is an even number.” (true) 

Inverse: I a number is not even, then it is not divisible by 2. (true) 
Contrapositive: ‘If a number s not divisible by 2, then it is not an even 
rumber. (true) 

Note: The contrapositive both switches the order and negates. It combines the 
converse and the inverse. 

Ona truth table it can be shown that a conditional statement and its 
contrapositive are logically equivalent 
  

  

  

  

  

implication | Contrapositive 
Pl a|-p|-a P=4q —a=-p 
Tt F]F T i 
Tl F ] T F F 
Flr T F T i 
Fl P [T | T T T             

Note: If we have a tautology, we must have logical equivalence. For example, 
If you cannot find the keys you have lost, then you are looking in the wrong place.’ 
Obviously if you are looking in the right place then you can find your keys. (So the 
contrapositive is equivalent to the proposition.)
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B Exercise 3.7.2 

1 Write each of the following as a conditional statement and then write its 
converse, inverse or contrapasitive, as indicated in brackets. 

Example Being interested in the Romans means that you will enjoy Italy. 
(converse) 

Solution: Conditional statement. If you are interested in the Romans, then you 
will enjoy lraly. 

Converse. If you enjoy ltaly, then you are interested in the Romans. 
a You do not have your mobile phone, so you cannot send a text. (inverse) 
b A small car will go a long way on 20 euros worth of petrol. (contrapositive) 
¢ Speaking in French means that you will enjoy France more. (converse) 
d When it rains | do not play tennis. (inverse) 
e We scop playing golf when there is a threat o lightning. (inverse) 
f The tennis serve is easy if you practise it. (contrapositive) 
g Asixsided polygon is a hexagon. (contrapositive) 
h You are less than 160 cm tall, so you are smaller than me. (inverse) 
i The bus wasfull, so [ waslate. (contrapositive) 
j The road was greasy, so the car skidded. (converse) 

2 Rewite these statements using the conditional . Then state the converse, 
inverse and contrapositive. State whether each new statement is true or false. 

a Any odd number is a prime number. 
b A polygon with six sides s called an octagon. 
¢ An acute-angled triangle has three acute angles. 
d Similar triangles are congruent. 
e Congruent triangles are similar. 
£ A cuboid has six faces. 
g A solid with eight faces is a regular octahedron. 
b All prime numbers are even numbers. 

3.8 Probability 

Pierre de Fermat 

Although Newton and Galileo had some thoughts about chance, it is accepted that 
the study of what we now call probability began when Blaise Pascal (1623-1662) 
and Pierre de Fermat (of Fermat's last theorem fame) corresponded about problems 
connected with games of chance. Later Christiaan Huygens wrote the first book on 
the subject, The Value of all Chances in Games of Fortune, in 1657. This included a 
chapter entitled Gambler's Ruin'. 

In 1821 Carl Friedrich Gauss (1777—1855), one of the greatest mathematicians 
who everlived, worked on the Normal distribution’, a very important contribution 
o the study of probability. 

Probability is the study of chance, or the likelihood of an event happening. In 
this section we will be looking at theoretical probability. But, because probabilicy is 
based on chance, what theory predicts does not necessarly happen in practice.
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Worked example 

Probability of an event 
A favourable outcome refers to the event in question actually happening. The total 
rumber of possible outcomes refers to all the different types of outcome one can get 
in a particular situation. In general: 

number of favourable outcomes 
Prbalility At SRR oy aber of equally TRl ouipomed 

This can lso be witten as: P(A) = AL 0) 
where P(A) is the probability of event A, n(A) is the number of ways event A can 
occur and n(U) is the total number of equally likely outcomes. 
Therefore 

if the probability = 0, it implies the event is impossible 
if the probability = 1, icimplies the event s certain to happen 

  

An ordinary, fair dice is rolled. 
a Calculate the probability of getting a 6. 
b Calculate the probability of not getting a 6. 
a Number of favourable outcomes = 1 (ic. gettinga 6) 

  

Total number of possible outcomes = 
Probability of getting a 6, P(6) = & 

b Number of favourable outcomes = 5 (i.e. gettinga 1, 2,3, 4, 5) 
Total number of possible outcomes e gettinga 1, 2,3, 4,5 or 6) 
Probability of not getting a six, P(6') = 3 

From this it can be scen that the probability of not getting a 6 is equal to 1 
‘minus the probability of getting a 6, i.e. P(6) = 1 — P(6"). 

These are known as complementary events. 

In general, foran event A, P(A) = 1 — P(A"). 

. gettinga 1, 2,3, 4,5 or 6) 

   

M Exercise 3.8.1 

1 Galculate the theoretical probability, when rolling an ordinary, fair dice, of 
getting each of the following. 

a ascoreof 1 b ascoreof 5 

c an odd number d a score less than 6 
e ascoreof 7 £ a score less than 7 

2 a Calculate the probability of: 
) being bom on a Wednesday 
i) not being bom on a Wednesday. 

b Explain the result of adding the answers o a i) and i) together.
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3 250 tickets are sold for a affle. What is the probability of winning if you buy: 
a 1 ticket b 5 tickets 
c 250 tickets d 0 tickets? 

4 Inaclass there are 25 girls and 15 boys. The teacher takes in all of their books 
in a random order. Calculate the probability that the teacher will: 

a mark a book belonging to a gir first 
b mark a book belonging to a boy first 

5 Tiles, each lettered with one different letter of the alphabe, are put into a bag. 
f one tile is drawn out at random, calculate the probability that itis: 

a anAorP b a vowel 
¢ aconsonant d anX,YorZ 
e aletterin your first name. 

6 A boy was late for school 5 times in the previous 30 school days. If tomorrow is 
a school day, calculate the probability that he will arrive late. 

7 3 red, 10 white, 5 blue and 2 green counters are put into a bag. 
a If oneis picked at random, calculate the probabilicy that it is: 

i) a green counter 
ii) ablue counter. 

b If the first counter taken out s green and it is not put back into the bag, 
calculate the probability that the second counter picked is: 
i) a green counter 
ii) a red counter. 

8 A roulete wheel has the numbers 0 to 36 equally spaced around its edge. 
Assuming that it is unbiased, calculate the probability on spinning it of gettings 

  

a the number 5 b an even number 
¢ an odd number d zero 
e a number greater than 15 £ amultiple of 3 
g amultipleof 3or 5 B a prime number. 

9 The letters R, C and A can be combined in several different ways. 
a Write the letters in as many different combinations as possible. 
b If a computer writes these three letters at random, calculate the 

probability that: 
i) the letters will be written in alphabetical order 
ii) the letter R is written before both the letters A and C 
iii) the letter C is written after the letter A 
iv) the computer will spell the word CART if the letter T is added. 

10 A normal pack of playing cards contains 52 cards. These are made up of four 
suits (hearts, diamonds, clubs and spades). Each suit consists of 13 cards. These 
are labelled ace, 2,3, 4, 5,6, 7, 8,9, 10, Jack, Queen and King. The hearts and 
diamonds are red; the clubs and spades are black. 

If a card is picked at random from a normal pack of cards calculate the 
probability of picking: 

a aheart b ablack card 
¢ afour d aredKing 
e aJack, Queen orKing £ the ace of spades 
g an even numbered card h aseven oraclub.
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3.9 Combined events 
In this section we look at the probability of two or more events happening: 
combined events. I only two events are involved, then two-way tables can be 
used to show the outcomes. 

Two-way tables of outcomes 

a Two coins are tossed. Show all the possible outcomes in a two-way table. 
b Calculate the probability of getting two heads. 
¢ Calculate the probablity of getting a head and a tail in any order. 

e 

a Coin 1 
Head  Tail 
  

He
ad
 

HH ™ 

  

Co
in
 2 

HT ™ Tai
l 

        

b All four outcomes are equally likely, therefore the probability of getting HH is & 
: 1 o The probability of getting a head and a il in any order, i.e. HT or TH, is 3 = 

M Exercise 3.9.1 

1 a Two fair tetrahedral dice are rolled. If each is numbered 14, draw a two-way 
table to showall the possible outcomes. 

b Whatis the probability that both dice show the same number? 
¢ What is the probability that the number on one dice is double the number on 

the other? 
d Whatis the probability that the sum of both numbersis prime? 

2 Two fair dice are rolled. Copy and complete the diagram to show all the possible 

  

combinations. 

‘What is the probability of getting: 6| 36 
a adouble 3 o P 
b any double 
¢ atotal score of 11 2 b 
d atotal score of 7 843 33 
e an even number on both dice 
£ an even number on at least one dice ? B sss 
g a6 oradouble 1 1,121 31 41 

h scores which differ by 3 
i atotal which is either a multiple of 2 or 57 

Dice 1
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Worked example 

Tree diagrams 
When more than two combined events are being considered, two-way tables cannot 
be used and therefore another method of representing information diagrammatically 
is needed. Tree diagrams are a good way of doing this. 

a If acoin s tossed three times, show all the possible outcomes on a tree diagram, 
wiiting each of the probabilities at the side of the branches. 

b Whatis the probability of getting three heads? 
 What is the probability of getting two heads and one tail in any order? 
d Whatis the probability of getting at least one head? 
e Whatis the probability of getting no heads? 

  

   

a  Tosst Toss2  Toss3  Outoomes 

iH HHH 
i n< 

P ST 
H e o - 

+ : T< 
1 W 

iH THH 
i 3 H< 

T T < T 
i T< 

T—~r T 

b To calculate the probability of getting three heads, multiply along the branches: 

B 
¢ The successful outcomes are HHT, HTH, THH. 

P(two heads, one il any order) 
= P(HHT) + P(HTH) + P(THH) 

Lo Ly 1)y (Lo 1)y (Lo dyl) ol 1, 13 
=xaxd)+ Gxaxd)+ ExaxD)=s+s+i=z 

Thercfore the probability is 3 

d This refers to any outcome with cither one, two or three heads, i.c. all of them 
except TTT. 

HITD) = bx k=4 
Platleast one head) = 1 - P(TTT) = 1-1=17 

Therefore the probability is 2. 

e The only successful outcome for this event s TTT. 
Thercfore the probability is 3, as shown in part d.
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@ B Exercise 3.9.2 

1 a A computer uses the numbers 1, 2 and 3 at random to make three-digit 
numbers. Assuming that a number can be repeated, show on a tree diagram all 
the possible combinations that the computer can print. 

b Calculate the probability of getting: 

  

  

the number 131 i) an even number 
amultiple of 11 iv) amuldiple of 3 

v) amultiple of 2 or 3 i) a palindromic number. 

2 a A family has four children. Draw a tree diagram to show all the possible 
combinations of boys and girls. [Assume P(girl) = P(boy).] 

b Calculate the probability of getting: 
i) all girls i) two girls and two boys 
iii) at least one girl iv) more girls than boys. 
  

3 a A netball team plays three matches. In each match the team is equally likely 
to win, lose or draw. Draw a tree diagram to show all the possible outcomes 
over the three matches. 

b Calculate the probability that the team: 
i) wins all three matches 

) wins more times than it loses 
loses at least one match 

) doesn't win any of the three matches. 
¢ Explain why it is not very realistic to assume that the outcomes are equally 

likely in this case. 

   

  

4 A spinner is split into quarters. 

a Ifitis spun twice, draw a probability tree showing ll the possible outcomes. 
b Calculate the probability of getting: 

i) two greens 
) a green and a blue in any order 

ablue and a white in any order. 

  

   

  

Tree diagrams for unequal probabil 
In each of the cases considered so far, all of the outcomes have been assumed to be 
equally likely. However, this need not be the case.
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In winter, the probability that it rains on any one day is 3. 

a Usinga tree diagram, show all the possible combinations for two consecutive 
days. Write each of the probabilities by the sides of the branches. 

b Calculate the probability that it will rain on both days. 
¢ Calculate the probability that it will rain on the first day but not the second day. 
d Calculate the probabilicy that icwill rain on at least one day. 

Day 1 Day2 Outcomes  Probabilty 

3 - Rain Rain, Rain 3-8 

Rain 

P Nomin Rain Norin  §xi=i 

3 Rain Norain, Rain  #x§=3# 

Norain 

P Norain  Norain, Norain #xf=4 
Note how the probability of cach outcome is found by multiplying the 
probabilities for each of the branches. 

g8 bPRR) =3x3=5 

¢ P(R,NR) =;x§=% 

d The outcomes which satisfy this event are (R, R), (R, NR) and (NR, R). 
Therefore the probability is 33 + 45 + 49 = & 

Exercise 3.9.3 
1 A particular board game involves players rolling a dice. However, before a player 

can start, he or she needs to roll a 6. 
a Copy and complete the tree diagram below showing all the possible 

combinations for the first two rolls of the dice. 
Roll 1 Roll2 Outcomes  Probability 

Six Six, Six 
§ sx < 

xish Not six 

f Nmsix< o 
Not six
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Worked examples 

b Calculate the probability of each of the following. 
i) Gettinga six on the first throw 
ii) Starting within the first two throws 
iii) Starting on the second throw 
iv) Not starting within the first three throws 
v) Starting within the first three throws 

¢ Ifyouadd the answers to b iv) and v) what do you notice? Explain. 

2 In Italy 2 of the cars are foreign made. By drawing a tree diagram and writing the 
probabilities next to cach of the branches, calculate each of these probabilitics. 

a The next two cars to pass a particular spotare both Italian. 
b Two of the next three cars are foreign. 
¢ At least one of the next three cars is Iralian. 

3 The probability that a moming bus arrives on time is 65%. 
a Draw a tree diagram showing all the possible outcomes for three 

consecutive momings. 
b Label your tree diagram and use it to calculate the probability of each of 

the following. 
i) The bus is on time on all three momings. 
ii) The bus is late the first two mornings. 
iii) The bus is on time two out of the three momings. 
iv) The bus ison time at least twice. 

4 Light bulbs are packaged in cartons of three; 10% of the bulbs are found to be 
faulty. Calculate the probability of finding two faulty bulbs in a single carton. 

5 Avolleyball team has a 0.25 chance of losing a game. Calculate the probability 
of the team achieving: 

a two consecutive wins b three consecutive wins 

¢ 10 consecutive wins. 

Tree diagrams for probability problems with and 
without ‘replacement’ 
In the examples considered so fa, the probability for each outcome remained the 
same throughout the problem. However, this need not always be the case. 

1 A bag contains three red balls and seven black balls. If the balls are put back 
after being picked, whatis the probability of picking: 

a two red balls 
b ared ball and a black ball in any order. 

This is selection with replacement. Draw a s 
troe diagram £ help visualise the pblem. Vo < " 

2 % black
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   a The probability of a red followed by a red, P(RR) = N 
b The probability of a red followed bya black or a black followed bya red is 

510+ (15 % 1) = 15+ 5 = o       
2 Repeat question 1, but this time each ball thatis picked is not put back in the 

bag. 
This s selection without replacement. The tree diagram is now as shown. 

  

   b P(RB) + P(BR) = (3 x 3} + (G x3) =3 + 8=
 ] S
 

B Exercise 3.9.4 

1 A bag contains five red balls and four black balls. If a ball is picked out at 
random, its colour is recorded and it s then put back in the bag, whatis the 
probability of choosing: 

a two red balls 
b two black balls 
¢ ared ball and a black ball in this order 
d ared ball and a black ball in any order? 

2 Repeat question 1 but, in this case, after a ball is picked at random, it is not put 
back in the bag. 

3 A bag contains two black, three white and five red balls. f a ball is picked, its 
colour recorded and then put back i the bag, whatis the probability of picking: 

a two black balls 
b ared and a white ball in any order? 

4 Repeat question 3 but,in this case, after  ball is picked at random, it is not put 
back in the bag. 

5 You buy five tickets for a raffle. 100 tickets are sold altogether. Tickets are picked 
at random. You have not won a prize after the first three tickets have been drawn. 

a What is the probabilicy that you win a prize with either of the next two 
draws? 

b What is the probability that you do not win a prize with cither of the next 
w0 draws?
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Worked examples 

  

6 A bowl of fruit contains one apple, one banana, two oranges and two pears. Two 
pieces of fruit are chosen at random and eaten. 

a Draw a probability tree showingall the possible combinations of the two 
pieces of fruit. 

b Use your tree diagram to calculate the probability that: 
i) both the pieces of fruit eaten are oranges 
i) an apple and a banana are eaten 
i) at least one pear is eaten. 

Use of Venn diagrams in probability 
You have seen earlier in this unit how Venn diagrams can be used o represent sets. 
They can also be sed to solve problems involving probability. 

i _n(A) Puobabilieyof even A, P(4) = 2 

1 In a survey carried out in a college, students were asked for their favourite 
subject. 

15 chose English 
8 chose Science 

12 chose Mathematics 

5 chose Art 

If a student is chosen at random, what is the probability that he or she likes 
Science best? 

“This can be represented on a Venn diagram as: 
  

  

    
  

There are 40 students, o the probability is & = 1. 

2 A group of 21 friends decide to go out for the day to the local town; 9 of them 
decide to see a film at the cinema, 15 of them get together for lunch. 

a Drawa Venn diagram to show this information if set A represents those 
who see a film and set B those who have lunch. 

b Determine the probability thata person picked at random only went to the 
cinema.
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a 9+ 15 = 24; as there are only 21 people, U 
this implies that 3 people see the filmand | 4 8 
have lunch. This means that 
9 -3 = 6 only went to see afilm and 
15 3 = 12 only had lunch. 

  
b The number who only went to the cinema s 6, as the other 3 who saw a 

film also went out for lunch. Therefore the probability is & = 2. 

Exercise 3.9.5 

1 Ina class of 30 students, 20 study French, 18 study Spanish and 5 study neither. 
a Draw a Venn diagram to show this information. 
b What is the probability that a student chosen at random studies both 

French and Spanish? 
2 Ina group of 35 students, 19 take Physics, 18 take Chemistry and 3 take neither. 

What s the probability that a student chosen at random takes: 
a both Physics and Chemistry 
b Physics only 
¢ Chemisty only? 

3108 people visited an art gallery; 60 liked the pictures, 53 liked the sculpture, 10 
liked neither. 

Whatis the probability that a person chosen at random liked the pictures but 
nor the sculpture? 

4 In a series of examinations in a school: 
37 students took English 
48 students took French 
45 students took Spanish 
15 students took English and French 
13 students took French and Spanish 
7 students took English and Spanish 
5 students took all three. 
a Draw a Venn diagram to represent this information. 
b Whatis the probability that a student picked at random took: 

i) all three 
i) English only 
iii) French only? 

Laws of probability 

Mutually exclusive events 
Events that cannot happen at the same time are known as mutually exclusive 
events. For example, if a sweet bag contains 12 red sweets and 8 yellow sweets, let 
picking a red sweet be event A, and picking a yellow sweet be event B. If one sweet 
is picked, it is not possible to pick a sweet which is both red and yellow. Therefore 
these events are mutually exclusive.
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Worked example 

“This can be shown ina Venn diagram: 
u 

  

A B 

    
  

PA)=2 whilst P(B) = 8. 
» g 

As there is no overlap, P(A U B) = P(A) + P(B) = 1% + 

  

ic. the probability of mutually exclusive event A or event B happening is equal to 
the sum of the probabilities of event A and event B and the sum of the probabilities 
cfall possible mutually exclusive events is 1. 

In 2 50m swim, the world record holder has a probability of 0.72 of winning. The 
probability of her finishing second is 0.25. 
What is the probability that she either wins or comes second? 
Since she cannot finish both first and second, the events are mutually exclusive. 
Therefore P(Lst U 2nd) = 0.72 + 0.25 = 0.97. 

Combined events 
If events are not mutually exclusive then they may occur at the same time. 

These are known as combined events. 

For example, a pack of 52 cards contains four suits: clubs (#), spades (), hearts 
(¥) and diamonds (# ). Clubs and spades are black; hearts and diamonds are red. 
Each suit contains 13 cards. These are ace, 2, 3,4, 5, 6, 7, 8, 9,10, Jack, Queen and 
King. 

A cardis picked at random. Event A represents picking a black card; event B 
represents picking a King. 

In a Venn diagram this can be shown as: 

Av2v av av svev7vey oviovavav | U   
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Worked example 

[ 

However P(A U B) # 2 + & because K4 and Ké belong to both events A and B 
and have therefore been counted twice. This is shown in the overlap of the Venn 
diagram. 
Therefore, for combined events, P(A U B) = P(A) + P(B) — P(A N B) 
ic. the probability of event A or B is equal to the sum of the probabilities of A and 
B minus the probability of A and B. 

In a holiday survey of 100 people: 
72 people have had a beach holiday 
16 have had a skiing holiday 
12 have had both. 
What is the probability that one person chosen at random from the survey has had 
ither a beach holiday (B) or a ski holiday (5)? 
PB)=1% PS) =1 PBNS)=1% 

Thercfore P(BU S) = 1% + 16 - f& = & 

Independent events 
A student may be bom on 1 June, another student in his class may also be bom on 
1 June. These events are independent of each other (assuming they are not twins). 

1f adice is rolled and a coin spun, the outcomes of each are also independent, 
ie. the outcome of one does not affect the outcome of another. 

For independent events, the probability of both events occurring is the product 
of each occurring separately, ic. 

P(A N B) = P(A) x P(B) 

1 Ispin a coin and roll a dice. 
a What s the probability of getting a head on the coin and a five on the dice? 
b What i the probability of getring either a head on the coin or a five on 

the dice, but no both? 

a PH)=3 PG)=% 

Both events are independent therefore P(H N 5) = P(H) x P(5) 
=ixt 

=L 
- 

b P(H U 5) is the probability of getting a head, a five or both. 
Therefore P(H U 5) — P(H N 5) removes the probability of both events 
occurring. 
The solution is P(H U 5) — P(H N 5) = P(H) + P(5) - P(H N 5) 

1 slgle 1 
Szt e



100 SETS, LOGIC AND PROBABILITY 
  

2 The probabilities of two events X and Y are given by: 
P(X) = 05, P(¥) = 0.4,and P(X N Y) = 02. 

Are events X and Y mutually exclusive? 
Calculate (X U Y). 

© What kind of events are X and ¥? 

e
 

a No:if the events were mutually exclusive, then P(X 1 Y) would be 0 as 
the events could not occur at the same time. 

b PXUY) (X) + P(Y) - P(XNY) 

.5+ 04 -0.2 

  

   
¢ Since P(X N Y)= P(X) x P(Y), . 

0.2 =05 x 04, events X and Y must be independent. 

Conditional probability 
Conditional probability refers to the probability of an event (A) occurring, which is 
in turn dependent on another event (B). 

For example, a group of ten children play two tennis matches each. The table 
below shows which matches the children won and lost. 

hild First match Second match 
T Won  Won 

2 Lost Won 
3 Lost Won 
4 Won Lost 
5 Lost Lost 
6 Won Lost 
7 Won Won 
8 Won Won 
9 Lost Won 

10 Lost Won 

Let winning the first match be event A and winning the second match be event B. 
An example of conditional probability would be as follows: calculate the probability 
that a boy picked at random won his first match, if it is known that he won his 
wcond manch. 

Because we are told that the boy won his sccond match, this wil affect the final 
probabilcy. 

This i written as P(A| B) .. the probability of event A given that event B has 
happened. 

_PANB) paip) =240 

orP(AIB) =MANB) b s the umber of times that event happens. 
n(B)
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Worked example 

Worked example 

9 
Using the table on the previous page, for a child picked at random: 

Calculate the probability that the child lost both matches. 
Calculate the probability that the child won his first match. 
Calculate the probability that a child won his first match, if it is known that he 
won his second match. 

o0 
o-

e 

a Panp) -HA0E) L 

b P(A)=:7%}=%=% 

< P(A\a)="%%fl=% 

Note: The answers to'b and c are different although both relate to the probability 
of a child winning his first match. 

Venn diagrams are very useful for conditional probability as they show n(A 1 B) 
clealy. 

In a class of 25 students, 18 play football, 8 play tennis and 6 play neither sport. 
Show this information on a Venn diagra. 
Whatis the probability that a student chosen at random plays both sports? 

 Whatis the probability that a student chosen at random plays football, given 
that he also plays tennis? 

o
 

a 18 + 8 + 6 = 32. As there arc only 25 students, 7 must play both sports. 

F/‘ =T | 

Q) 
pENT)=MEQT) 

o) % 

P(F|T)=fl%1=% 

   

- 
o 

Exercise 3.10.1 

1 The Jamaican 100m women's relay team has a 0.5 chance of coming first in the 
final, 0.25 chance of coming second and 0.05 chance of coming third. 

a’ Are the events independent? 
b What is the team’s chance of a medal?
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2 Ispin a coin and throw a dice. 
a Are the events independent? 
b What is the probability of getting: 

i) aheadandafactor of 3 
i) ahead ora factor of 3 
iii) a head ora factor of 3, but not both? 

3 Whatis the probability that two people picked at random both have a birthday 
inJune? 

4 Amelia takes two buses to work. On a particular day, the probability of her 
catching the first bus is 0.7 and the probability of her catching the second buss 
0.5. The probability of her catching neitheris 0.1. 

a Are the events independent? 
b If A represents catching the first bus and B the second: 

i) State P(A U BY. 
ii) Fnd P(A U B). 
iii) Given that P(A U B) = P(A) + P(B) — P(A N B), calculate 

P(ANB). 
iv) Galculate the probability P(A| B), i.c. the probability of Amelia 

having caught the first bus, given that she caught the second bus. 
5 The probability of Marco having breakfastis 0.75. The probability that he getsa 

life to work is 0.9 if he has had breakfast and 0.8 if he has not. 
a What is the probability of Marco having breakfast then getting a life? 
b What is the probability of Marco not having breakfast then getting a lift? 
© What is the probability that Marco getsa lift? 
d If Marco getsa lift, whatis the probability that he had breakfast? 

6 Inés has a driving test on Monday and a Drama exam the next day. The 
probability of her passing the driving test is 0.73. The probability of her passing 
the Drama exam is 0.9. The probability of failing both is 0.05. 
Given that she has passed the driving test, what is the probability that she also 

passed her Drama exam? 
7 An Olympic swimmer has a 0.6 chance of a gold medal in the 100m freestyle, a 

0.7 chance of a gold medal in the 200m freestyle and a 0.1 chance of no gold 
medals, Given that she wins the 100m race, whatis the probability of her 
winning the 200m race? 

   
  

8 a How many pupils are in your class? 
b How likely do you think it is that two people in your class will share the same 

birthday? Very likely? Likely? Approx 50-50? Unlikely? Very unlikely? 
¢ Write down everybody's birthday. Did two people have the same birthday? 

Below is a way of calculating the probability that two people have the same 
birthday depending on how many people there are. To study this it is casiest 
tolook at the probability of birthdays being different. When this probability is 
less than 50%, then the probability that two people will have the same 
birthday is greater than 50%. 

When the first person asks the second person, the probability of them 
not having the same birthday is 36 (i.c. itis 55 that they have the same 
birthday).
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When the next person is asked, as the events are independent, the probability 
cfall three having different birthdays is: 

() % (8] 

  

When the next person is asked, the probability of all four having different 
birthdays is: 

[588) % (58) x (53) = 984 
andsoon.... 

d Copyand complete the table below until the probability is 50%. 
  

Number of people Probability of them not having the same birthday 
  

2 8 B0 
  

3 CICER 
  

a 
   

  

=98.4% 66262 
  

5 
  

10 
  

15 
  

20 
  

etc 
  

e Explain in words what your solution to part d means. 

M Student assessment 1 

1 Describe the following sets in words. 
a {1,3,57 
b {1,3,57,.} 
e {1,4,9,16,25, ..} 
d {Arctic, Adlantic, Indian, Pacific} 

2 Galculate the value of n(A) for each of the sets 
shown below. 
a Ais the set of days of the week 
b Ais the set of prime numbers between 50 

and 60 
¢ A={x|xis an integer and -9 <x < -3} 
d Ais the st of students in your class 

3 Copy this Venn diagram three times. 
  u 

A B 

      

a On one copy shade and label the region 
which represents A 1 B. 

b On another copy shade and label the region 
which represents A U B. 

© On the third copy shade and label the region 
which represents (A N B)'. 

4 IfA = fw, 0, 1, K, listall the subsets of A with 
at least three clements.
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5 1fU=1{1,2,3,4,5678 andP = {2,4,6,8}, 
what set is represented by P'? 

6 A hexagonal spinner s divided into equilateral 
triangles painted altemately red and black. 
Whatis the sample space when the spinner is 
spun three times? 

7 I pis the proposition ‘The Amazon riveris in 
Africa’, write the proposition —p in words. 

8 Whatis meant by p v 7 
9 Calculate the theoretical probability of: 

a being born on a Saturday 
b being born on the 5th of amonth in anon- 

leap year 
¢ being born on 20 June in a non-leap year 
d tbeing born on 29 February. 

10 A coin is tossed and an ordinary, fair dice is 
rolled. 
a Draw a two-way table showing all the 

possible combinations. 
b Galculate the probability of getting: 

i) aheadandaé 
i) a til and an odd number 
i) a head and a prime number. 

M Student assessment 2 

1 IfA = (2, 4, 6,8}, write all the proper subsets of 
A with two or more elements. 

2 X = {lion, tiger, cheetah, leopard, purma, jaguar, 
cat} 
¥ = {elephant, lion, zebra, cheetah, gazelle} 
2 = {anaconds, jaguar, tarantula, mosquito} 
2 Draw a Venn diagram o represent the ahove 

information. 
b Copy and complete the statement 
XNY=() 

& Copy and complete the statement 
YNZ={() 

d Copy and complete the statement 
xXnynz 

3 Uis the set of natural numbers, M is the set of 
even numbers and N is the set of multiples of 5. 
a Draw a Venn diagram and place the numbers 

1,2,3,4,5,6,7,8,9, 10 in the appropriate 
placesinit. 

b If X = M N N, describe set X in words. 

  

4 A group of 40 people were asked whether they 
like tennis (T) and football (F). The number 
liking both tennis and football was three times 
the number liking only tennis. Adding 3 to the 
rumber liking only tennis and doubling the 
answwer equals the number of people liking only 
football. Four said they did not like sporc acall. 
a Draw a Venn diagram to represent this 

information. 

b Calculate n(T N F). 
¢ Galculate n(T N F'). 
d Galeulate n(T" 0 F). 

5 The Venn diagram below shows the number of 
elements in three sets P, Q and R. 

  

=93 calculate: Ifn(PUQUR) 

n(P) 
Q) 
n(R) 
(PN Q) 
n(Q N R) 
(P N R) 
n(RUQ) 

i n(PNQ). 

6 Whatis meant by p A q? 

7 Copyand complete the truth table below. 

T
w
o
m
e
 
e
 
R
 

a9 | Prg pva 
  

  

  

  o 
|
 

s 
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8 Whatis a tautology? Give an example. 
9 A goalkeeper expects to save one penalty out of 

every three. Calculate the probability that he: 
a saves one penalty out of the next three 
b fils to save any of the next three penalties 
c saves two out of the next three penalties. 

B Student assessment 3 

1 The probabilicy that a student takes English is 
0.8. The probability that a student takes English 
and Spanish is 0.25. 

Whatis the probability that a scudent takes 
Spanish, given that he takes English? 

2 A cardis drawn from a standard pack of cards. 
a Drawa Venn diagram to show the following: 

Ais the set of aces 

Bis the set of picture cards 
Cis the set of clubs 

Venn diagram find the following 
probabilities. 
i) Place or picture card) 
i) P(not an ace or picture card) 
i) P(club or ace) 
iv) P(club and ace) 
v) Place and picture card) 

  

3 Students in a school can choose to study one or 
more science subjects from physics, chemistry 
and biology. 

Ina year group of 120 students, 60 took 
physics, 60 took biology and 72 took chemistry; 
34 took physics and chemistry, 32 took 
chemistry and biology and 24 took physics and 
hiology; 18 took all three. 
a Drawa Venn diagram to represent this 

information. 
b I a student s chosen at random, what is the 

probability that: 
i) the student chose to study only one 

subject 
ii) the student chose physics or chemistry, 

and did not choose biology? 

4 A class took an English test and a maths test. 
40% passed both tests and 75% passed the 
English test 

What percentage of those who passed the 
English test also passed the maths test? 

5 Ajar contains blue and red counters. Two 
counters are chosen without replacement. The 
probability of choosing a blue then a red 
counter s 0.44. The probability of choosing a 
blue counter on the first draw is 0.5. 

Whatis the probability of choosing a red 
counter on the second draw if the first counter 
chosen was blue? 

6 In a group of children, the probability that a 
child has black hair is 0.7. The probabilicy that 
achild has brown eyes is 0.55. The probability 
that a child has either black hair or brown eyes 
is 0.85. 

What s the probability that a child chosen at 
random has both black hair and brown eyes? 

7  Aball enters a chute at X. 

  

a What are the probabilities of the ball going 
down each of the chutes labelled (i), (ii) 
and (iif)? 

b Calculate the probability of the ball landing 
in: 
i) tray A 

 



  

    

    

Discussion points, project ideas 

and theory of knowledge 

. - 
4 Draw a Venn diagram 1 

iy that 
represent Belief, Truth ang 

e 
Knowledge, Discuss e statement ‘Knowledge is found where belief ang 

 



  

9 is it . I5 it possiple m!,aw e 
i diagram 

b e 

9f paper) to 

    

   

          

    

  

e B Bt oot 
p‘mv?flum_ intersect at {;u:: 
Isit, (Think of U say 
B o e in a similar way, fisfiw 

11 Whatis @ 
paradox? ‘Thi 
statement is 

s that a paradox? 

a 
Discuss. 

10 1 put out three cards face down, one 

of which s an ace. | know the position of 

the ace. You picka card, but do not 

which is ot the ace. You arethen 

offered the opportunity to change your 

pick to the remaining card. Design a 

probabilty experiment for mar trials 05 

% dlass activity. Why does the ‘probability 

of you choosing the dce inrease ifyou 

probalbiity change by? This ould be the 

Ftarting point for a project:
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Functions 

Syllabus content 
4.1 Concept of a function as a mapping. 

Domain and range. Mapping diagrams. 

4.2 Linear functions and their graphs, for example £ : x > mx + c. 

4.3 The graph of the quadratic function: f(x) = ax? + bx + c. 
Properties of symmetry; vertex; intercepts. 

4.4 The exponential expression: &% b € Q. 
Graphs and properties of exponential functions. 
fx) = a5 fix) = @5 f(x) = ke + c; ky @, 6,4 € Q. 
Growth and decay; basic concepts of asymporic behaviour. 

4.5 Graphs and properties of the sine and cosine functions: 
flx) = asinbx + 
$(x) = acos bx + ca, b, c €Q. 

Amplitude and period. 

4.6 Accurate graph drawing. 

4.7 Use of a GDC to sketch and analyse some simple, unfamiliar functions. 

4.8 Use of a GDC to solve equations involving simple combinations of some 
simple, unfamiliar functions. 

Introduction 
Leibniz was the first to use the term 

“function’, although not in the sense it is 
used in this topic. Euler used the term in 
work done around 1750. Both of these 

‘mathematicians were aware of the work of 

Girolamo Cardano, and the concept of 
“function’ may have developed from this. 
Itis also possible thaall three of these 
mathematicians were aware of the much 
carlier studies of Al-Karkhi.   Leonhard Euler (1707-1783)
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Cardano was a famous Italian mathematician. In 1545 he published a book Ars 
Magna (‘Great Art') in which he showed calculations involving solutions to cubic 
equations (equations of the form ax) + bx? + cx + d = 0) and quartic equations 
(equations of the form axt + bxd + cx? + dx + ¢ = 0). 

  

Girolamo Cardano (1501-1576) The title page of Ars Magna 

His book (the title page is shown here) is one of the key historical texts on algebra. 
It was the first algebraic text written in Latin. In 1570, because of his interest in 

astrology, Cardano was arrested for heresy; no other work of his was ever published. 
AlKarkhi was one of the greatest Arab mathematicians. He lived in the 

eleventh century. He wrote many books on algebra and developed a theory of 
indices and a method of finding square roots. 

A function as a mapping 
A relationship between two sets can be shown as a mapping, which links elements 
in one set with elements in the other set. 

domain range 

blue 

4 £ green 

% red 

A function is a special type of relationship, which can be shown as a mapping 
with particular characteristics. 
Consider the equation y = 2x + 3; —1 < x < 3. A table of results can be made 

and a mapping diagram drawn. 

  
  

      

x|y . domain range 
o 

- 1 
o | 3 0 3 

1 5 
5 2 7 
7 3 9 
. A B
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If a mapping is a function, each value in set B (the range: the values that the 
function can take) is produced from a value in set A (the domain: the values that x 
can take). The relationship above is therefore a function and, as a function, it can 
be written: 

fx)=2x+3-1sx<3 
o fixe2x+3-lsxs3    

Itis customary to write the domain after the function, because a different domain 
will produce a different range. 

A mapping from A to B can be a one-to-one mapping or a many-to-one mapping. 
The function above, f{x) = 2x + 3; —1 < x < 3, is a one-to-one function, as 

each value in the domain maps to a unique value in the range, i.c. no two values 
in the domain can map to the same value in the range. However, the function 
fix) = % x € Z, for example, is a many-to-one function, as some values in the 
range can be generated by more than one value in the domain, as shown. 

domain range 

< 
N 

X 
A B 

Itis important to understand that, for a mapping to represent a function, one 
value in the domain (set A) must map to a single value in the range (set B). 
Therefore the mapping f(x) = x% x € Z shown above represents a function. 

Some mappings do not represent functions. Consider the relationship y = +4/x. 
The following table and mapping diagram can be produced. 

domain range 
  

  

  

          

  

“This relationship s not a function as one value in the domain produces more than 
one value in the range.
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Worked example 

It is also important to remember the mathematical notation used to define 
different domains. The principal ones will be: 
  

  

  

  

  

  

Notation Meaning 

z The set of integers {0, £1, %2, %3, 

z The set of positive integers {1, 2, 3, 

N The set of natural numbers (0, 1,2, 3, .., e positive integers and zero 

Q ‘The set of rational numbers, i.e. numbers that can be expressed as a fraction % 

R The set of real numbers, i.e. numbers that exist         

Calculating the range from the domain 
The domain is the set of input values, whilst the range is the set of output values 
for a function. (Note: The range is not the difference between the greatest and least 
values, s in statistics.) The range is therefore dependent not only on the function 
itself, but also on the domain. 
Calculate the range for each of the following functions. 
a flx)> P -3 -25xs3 
b f(x) > P -3xxER 
af)m -3 -2sxs3 

The graph of the function is shown. 
As the domain is restricted to 
—2 = x< 3, the range is limited 
to values from —2 to 18. 
‘This is written as: 

Range ~2 < f(x) 18. 
b f) > -35xER 

‘The graph will be similar to the one 
in parta except that the domain is 
not restricted. As the domain is for all 
real values of %, this implies that any 
real number can be an input value. 
As aresult, in the range will also be 
all real values. 
This is witten as: Range f(x) € R. 

  

  

  

  

  

  

        
Note: If the domain of a function is x € R, then it is often omitted.
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@ B Exercise 4.1.1 

1 Which of the following mappings shows a function? 
adomain  range b domain  range 

- ] 
= J | 

2 Give the domain and range of each of the following functions. You could plot 

  

  

the functions using your GDC. 
a fl)=2x-L-l=x=<3 b fx) =3x+2-4sxs0 

cfl)=2+2%-3<x=<3 d gy) ;:y>3 

e h()=t+3 ffy)=4 
g fim)=-m+2 

4.2 Linear functions and their graphs 
(Note: This topic is covered further in Section 5.2.) 

The function g(x) = 2x + 3; =1 < x < 3 gives the following graph. 

    

    The domain of the function is —1 < x < 3, whilst its range is 1 < g(x) < 9.
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Evaluating linear functions 

[rpmm—m— | o For the lincar function h(t) = 2 — 5, evaluate h(7). 
b () = 45 evaluate ¢ 
a K7)=2(7)-5 

  

b45=2-522=50=>t=25 

2 Two linear functions are given as f{x) = 2x + 1 and g(x) = 3x — 6. 

  

  

  

  

  

    
        

  

Find the values of xand f(x) where f(x) = g(x). 

Graphically this can be interpreted as the coordinates of the point where the 
two functions intersect. 

Atthe point of intersection the two functions are equal, L. 2x + 1 = 3x — 6. 

Solving the equation gives x = 7. 

To find the y-coordinate, calculate either f(7) or ¢(7). 

D=2 +1=15.
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Worked examples 

Exercise 4.2.1 

  

  

  

11659 = 2542, caleulate cach of the following. 
a f(25) b f0) ¢ f(-05) d (-6) 

2 1) = 2553, calculate ach of the following: 
a g0) b g(-3) e g(-15) d g(-9) 

3 Fhixes “”‘4* 8 calcailate each of the following. 

a h(4) b h(L.5) c h(-2) d h(-0.5) 

4 16109 = =2 =T, calculate each of the following. 
a fG) b f(-1) < f-17) d (-3 

5 A plumber charges a 50 euro callout charge and then 25 euros for each 15 
‘minutes. 

a Express the plumbers charges as a function f(x), where x s the time in hours. 
b Evaluate f(2.5). 

6 a Ploton the same graph the functions f(x) = 4x + 2 and g(x) = 23 - 3x. 
b Evaluate x, where f(x) = g(x). 

Inverse functions 
The inverse of a function i its reverse, i.¢. it ‘undoes’ the function’s effects. The 
inverse of the function f(x) is written as f~1(x). 

  

1 Find the inverse of both of the following functions. 

    

  

    

0 fx) =x#2 boge)=2¢=3 

a fliW=x-2 b i =83 

216 = 852, calculare both o the following. 
a 1) b f4-3) 
a fi(x)=3x+3 b fix)=3x+3 
F@=9 FI-3)=-6 

Exercise 4.2.2 

1 Find the inverse of each of the following functions. 
   

   

  

a fl)=x+3 b fx)=x-5 

¢ fix)= d (9 = 4x 
e fl)=2x+5 ff)=3x-6 

g S =234 b =x+3   

i fld) = 4(3x—6) jf0) = -2=3x+2)
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2 Iffix) = x — 4, evaluate each of the following. 
a f12) b f-4(0) e fA(-5) 

3 If(x) = 2x + 1, evaluate cach of the following. 
a f15) b £-40) c f(-11) 

4 1f g(x) = 6(x — 1), evaluate cach of the following. 
a g'(12) b g'3) c g'(6) 

5 lfglx) =2"37"‘, evaluate each of the following. 
ag'@) b ') c g'(-6) 

Quadratic functions and their graphs 
The general expression for a quadratic function takes the form ax? + bx + ¢, where 
4 band c are constants. Some examples of quadratic functions are given below. 
y=2@+3x-12  y=2£-5x+6  y=32+2x-3 

Plotting quadratic functions is also covered in Section 2.7. When the graph of a 
quadratic function is plotted, a smooth curve, called a parabola, is produced. For 
example: 

  

  

  

  

  

y=x2 

x -4 -3 -2 -1 o 1 2 3 4 

y 16 9 4 3 o 1 4 9 16 

y=-2 
x -4 -3 -2 -1 o 1 2 3 4 

y -16 -9 -4 -1 o -1 -4 -9 -16                       
  

=Le|    {321 X 

Both graphs above are symmetrical about the y-axis. The y-axis s therefore the axis 
of symmetry. For quadratic functions of the form f{x) = ax® + bx + ¢, the equation 
of the axis of symmetry is given by x = _%. The vertex of the graph can also be 
found as it lies on the axis of symmetry.
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1 a Ploca grph of the function y =  — 5x + 6 for 0 < x <5. 
b Deduce the equation of the axis of symmetry and the coordinates and nature 

of the vertex. 
a First produce the table of values, then plot the points to draw the graph. 
  

x| o 1 2 3| 4 5 
  

                y|e]2]olo]2]s 
  

  

5 

  

b Itcan be seen from the graph that the equation of the axis of symmetry is x = 3. 
  Tt can also be calculated using the formula £ = -%, wherea = 1andb = —5. 

o S -8 ATy 
Whens=§y= 3 - ff =5 -F o=} 
So the vertex i at (3, ) and is a minimum. 

2 a Plota gmph of the function y = =+ x + 2for 3 s x < 4. 
b Deduce the equation of the axis of symmetry and the coordinates of the vertex. 
a First produce the table of values, then plot the points to draw the graph. 
  

x| 3] 2]]0 1 2| 3 4 
  

y |-0] 4] o] 2 2 o | -4 |-1w0                     
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b Itcan be scen from the graph that the equation of the axis of symmetry s x = 1. 
It can also be calculated using the formula x = 7%, whetea'= —Landb=1. 

= L . 
=% 2 

1 1.1 1.1 1 Whenx=4y=—(f +1+2=-t4ds2=2L 

  

So the vertex s at (}, 24) and is a maximum. 

Notice that when a is positive, the vertex s a minimum and when a is negative, 
the vertex is a maximum. Stationary points are dealt with further in Topic 7. 

The above work can also be calculated and drawn using cither your GDC or 
graphing software. Example 1 above is shown. 

  

    

  

Casio 

s 1o select the table Table Seiting 
mode. Enter the A 

equationy =X — 5x + 6. Et‘arngg 

  

s 
7D to set the table parameters. 

Enter Start:0, End:5 and Step:1 @ 

to tabulate the results. The 
"D first two columns are the 

- and y-values. (Ignore the third 
column for the time being.) 

  

  

  

  

& 1o plot the points and draw 
asmooth curve through them. 

  

To find the minimum poi 

to select the graphing mode. Enter | (y=ri—syig 
the equation y = X — 5x + 6. 

& to graph the function. 

G| et 1o give the 

€D T @ ccorcinate of 
the minimum point (2.5, ~0.25). 

    
  

    

  
  Note: Once the minimum point is calculated, the x-value will give the 
equation of the axis of symmetry.     
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Texas 
  

  

& to select the function. 
S/ 

Enter the equation y = x® — 5x + 6. 

. tosetthe table 
o) parameters. 

Enter Thistart = 0, ATbl = 1, Indpnt: 
Auto, Depend:Auto. 
fl 5 to tabulate the 

) results. 

. tograph the table of 
results. 

8. 
to calculate the coordinates of the 
minimum point. 
Using the cursor select a point to 
the left of the minimum, then, 
when prompted, select a point to 
the right of the minimum. The 
calculator will then search for the 
minimum within this range.   

  

  

Bk 

  

  

< 

  

    | 
me

n 
o
 

  ) 8 
  

  

       
  

  

Note: Once the minimum point is calculated, the x-value will give the 
equation of the axis of symmetry. 
  

‘Autograph 
  

  Select 5 and enter the equation 
y=x-5x+6. 

To change the scale on the axes use | . 

Select the curve then lick ‘Object’ 
followed by ‘Table of Values'. After 
entering the parameters, the results will 
appear in the results box.       

 



Quadratic functions and their graphs 119 
  

  

To find the axis of symmetry, find the 
coordinate of the minimum point. Select 
‘Object’ followed by ‘Solve (x) = 0'. 

  This finds where the gradient of the graph 
is zero. The solution appears in the results 
box. 

  

esitsboc % 
fTable of Values of Equation 1 

) 
5 
2 

Equation Solver. 
Solution: x=2.5, y=-0.26 

  

  

Note: The equation of the axis of symmetry is given by the x<oordinate of the 

  

Type Function [xA 2 - 5x + 6,0,5] into the 
Input box. This produces the graph drawn 
within the limits 0 < x < 5. 

To change the scales of the axes select 
‘Options’ - ‘Drawing Pad’ and enter the 
relevant information. 

To find where the graph intersects the 
x-axis, type “Root[f]". The points are 
marked on the graph as A and B and their 

coordinates displayed in the algebra 
window. 

Because of the symmetrical property of 
the graph, the axis of symmetry passes 
through the midpoint of A and B. 
Type ‘x = x(A + BY/2" in the input box. 
The axis of symmetry is drawn and its 
equation displayed in the algebra window. 
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e 

Accurate graph plotting 
To plot an accurate graph, follow some simple rules. 
o Label the axes accurately. 
o Label the scale accurately. 
« Use a table of results to obtain the coordinates of the points to plot on your graph. 
o For linear functions, use a ruler to draw the straigh lines. 
o For curved functions, draw a smooth curve through the points rather than a 

succession of straight lines joining them. 

Exercise 4.3.1 

For each of the following quadratic functions: 
a construct a table of values and then plot the graph 
b deduce or calculate the equation of the axis of symmetry and the coordinates 

and nature of the vertex. 
ly=2+x-2-4sxs3 

2y=-2+2x+3, 3sxs5 
3y=x-4x+4,-1sxs5 

4y=-2-2x—1,-4sxs2 

5y=d-2x-15-4sx56 
6y=22¢-2x-3,-2sxs3 

7y=-224x+6-3sx<3 
8y=32-3x-6-2sxs3 

9y=47—Tx—4,-1sxs3 
10 y= 42 +4x—1,-2sxs3 

Solving quadratic equations graphically 

a Draw agmphof y =2 — 4x+ 3for -2 sx<5. 
b Use the graph to solve the equation x> — 4x+ 3 = 0. 

a First produce the table of values, then plot 
the points to draw the graph. 
  

x|2[afo1|2]3]4a]s 
  

                    y|[is[s|[3[o|a|o|3]s 
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b To solve the equation, it is necessary to find the values of x when y = 0, i.e. 
where the graph crosses the x-axis. These points occur when x = 1 and x = 3 
and are therefore the solutions. 

The GDC and graphing software will also find the solution to quadratic equations 
graphically. In the explanations below, itis assumed that you can already plot the 
graph on your GDC or software. 

  

  

  

Casio 

Graph the equation y =52 — 4x + 3. VI=XE-a%+3 

to access the graph solve 
o&E. 

woor 
Tse 1o find the roots of the we 

  
  uation (i.e. where the graph 

hoi { g Vi=R2-4%+3 
intersects the x-axis). The first root is 

displayed. 
Use the cursor pad to scroll to e} woir 
the next root. = 

    

        

  

Texas 
  

Graph the equation y = X — 4x + 3. 

\ % to access the graph 
— calc. menu. 

to calculate the coordinates of | rizamazes 
the roots (i.e. where the graph 
intersects the x-axis). 

Using the cursor pad E selecta 
hsi;:gggg;i ¥=. ss‘!“hi point to the left of the first root. fl 

using the cursor pad [ R stect s 
point to the right of the first root. D 

  

  

2ers        The calculator will then search for the 
root within this range. 

Repeat the above steps to find the 
second root.        
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Graph the equation y = x* — 4x + 3. 
Select the curve then lick “Object’ 
followed by ‘Solve f{x) = 0'. 
The points are marked on the 
graph and their coordinates can be 
displayed in the results box. Tl 
accessed by selecting 

    

  

Graph the equation y = » — 4x + 3. 

  

In the input box type ‘Root(fl this 
finds where the graph intersects the 
x-axis. The points are marked on the 
graph as A and B their coordinates 
are displayed in the algebra window.         

Exercise 4.3.2 

Solve each of the quadratic equations below by plotting a graph of the function. 
12 6=0 
2 2+1=0 

32-6x+9=0 

4 2-x+12=0 

52 4x+4=0 
6 22-Tx+3=0 

7 -2+ 4x-2=0 

832-5x-2=0 

  

In the previous worked example, y =  — 4x + 3, 2 solution could be found to the 
equation 2 — 4x + 3 = 0 by reading off where the graph crosed the x-axis. This 
graph can, however, also be used to solve other quadratic equations.



Worked example 

Worked examples 
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Use the graph of y = x - 4x + 3 to solve the equation 2 - 4x + 1 = 0. 
2 = 4x+ 1 =0 can be rearranged to gives 5 
2 —4x+3=2 

Using the graph of y = # — 4x + 3 and plotting 
the line y = 2 on the same graph gives the 
graph shown. 

Where the curve and the line cross gives the 
solution to 2 — 4x + 3 = 2 and hence the 
solution to 2 — 4x + 1 =0. 

Therefore the solutions to x2 — 4x + 1 = 0 are x 
=~03and 3.7. 

  

Exercise 4.3.3 

Using the graphs that you drew for Exercise 4.3.2, solve the following quadratic 
equations. Show your method clearly. 
12-x-4=0 2 -2-1=0 32-6x+8=0 

4 —2-x+9=0 5x—4x+1=0 6 22— Tx=0 

7 -2 +4x=-1 832 =2+5x 

Factorizing quadratic expressions 
In order to solve quadratic equations algebraically, it is necessary to know how to 
factorize quadratic expressions. 

For example, the quadratic expression 2 + 5 + 6 can be factorized by writing it 
as a product of two brackets: (x + 3)(x + 2). A method for factorizing quadratics is 
shown below. 

1 Factorize 2 + 5x + 6. 

On setting up a2 x 2 grid, some of the information 
can immediately be entered. As there is only one 
term in 2, this can be entered, as can the constant x| ox 
+6. The only two values which multiply to give 
are xand x. These too can be entered. 

  

  

  

  

+6 

We now need to find two values which multiply to x 43 
give +6 and which add to give +5. The only two 
values which satisfy both these conditions are +3 L 19 
and +2. The grid can then be completed. 
Therefore  + 5x+ 6 = (x + 3)(x + 2). 

  

2 |2 +6        
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2 Factorize x + 2x — 24. 

  

  

              

  

  

  

x x 48 

» [ES x| x| sex 

24 -4 —ax | -2 

4. 

2¢ x 43 

x| 2¢ x [ 

12 +a | & 2 
  

Therefore 24 + 11x + 12 = (2x + 3)(x + 4). 
4 Factorize 3<% + Tx — 6. 

  

  

3x ax -2 

x| o x| | -2x 

-6 3 e -6                 Therefore 32 + Tx — 6 = (3x — 2)(x + 3). 

B Exercise 4.3.4 

Factorize the following quadratic expressions. 
lad+7x+12 b8+ 12 e+ x+12 
d2-Tx+ 12 e - 8x+12 £2-1Bx+12 

2a 246x+5 b2+6x+8 cR+6x+9 
d x4 10x+25 e 2+ 2x+ 121 £2-13x+42 

3a 2+l4x+24 b2+ llx+24 © 2 10x+24 
d x4 15x + 36 e 2+ 20x+36 £ 2 12x+36 

4a 24— 15 b2-2x-15 cRix-12 
d-x-12 e X+dx-12 £ 2 15x+36
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5a 2-2x-8 b-x-20 ¢ +x-30 
d2-x-42 e 2-2x-63 £ x4 3x- 54 

6a 2 +4x+2 b2+ 7x+6 c2l4x—6 
d22-Tx+6 e 324 8x+ 4 £ 324+ 10x- 4 
g 42+ 12x+9 h9x—6x+ 1 i6xd—x—1 

Solving quadratic equations algebraically 
2% — 3x — 10 = 0is a quadratic equation which, when factorized, can be written as 
(x—5)(x+2)=0. 

Therefore either (x — 5) = 0.or (x + 2) = 0 since, if two things multiply to make 
zero, then one of them must be zero. 

=0 or x+2=0 
or x==-2 

     

It is important to understand the relationship between a quadratic equation written 
in factorized form and the graph of the quadratic. 

In the example above 2 — 3x — 10 factorized to (x — 5)(x + 2). The equation 
2% = 3x— 10 = 0 had solutions x = 5and x = -2.   

The graph of y = — 3x — 101s as shown. 

  

It crosses the x-axis at 5 and —2 because these are the points where the function 
has the value 0. These values are directly related to the factorized form. 

Solve each of the following equations to give two solutions for x. 
a Z-x-12=0 
b+ 2x=24 
c -6 
d2-4 
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Worked example 

  

a P-x-12=0 

(x=4) (x+3)=0 
50 cither x-4=0 or 

x=4 
b This becomes 2 + 2x — 24 = 0 

(x+6)(x—4) =0 
so either x+6=0 or 

  

so cither o 

d 2-4=0 
(x=2)(x+2) =0 

so either x=-2=0 or 

x=2 

  

x-4=0 
x=4 

x-6=0 

x=6 

x+2=0 

x=-2 

You can use your GDC to solve a quadratic equation. Although you are expected to 
be able to solve quadratic equations, your calculator is a useful tool for checking 
your answers. 

Solve the quadratic equation =2 — x — 12 = 0 using your GDC. 

  

Casio 
  

  

Select “Equation’ from the main menu. 

3 to select Polynomial, followed 
  

by ) to select Polynomial of Degree 2 
(ie. quadratic). 
Enter the coefficients of each of the 
terms into the matrix, 
andc=-12. 

  

#7 tosolve the equation and display 

  the results on the screen, i.e. x=4 and -3. 

  

  
  

  

  
  

  

T   
FomrEET 

aX!obe*c;G 

=] 
4         
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Texas 

to access the equation solver |[EQUATION SOLVER 
NN and enter the equation =Re-R-12 

0=x2-x-12. 

  

  

  

     

Type an initial value for x, eg. 0. Leave the ||y2 -y 29 
bound at its default setting. The calculator || 4= 
will search for a solution in this range. 
Highlight the initial value of x. 

to solve and display a 
solution to the equation, 
ie. x=-2.999... 

  

  

  

  

To find the other solution restrict the 127800 0000 
bound to include the second solution, e.g. || *bounde1o; 53 
Bound = {0,5} and repeat the above steps. || * lett-rt=d 

    

        

Note: With this calculator, you need to know how many solutions 
there are and roughly where the solutions lie before using the 
equation solver. 

@ B Exercise 4.3.5 

1 Solve the following quadratic equations by factorizing. 

    
  

ax2+Tx+12=0 bx2+8x+12= 
e x2+3x-10=0 d 
e x*+5x=-6 i 
g x-2x=8 h 
i a2+x=30 j 

2 Salve the following quadratic equations. 
ax-9=0 
c x2-144=0 

  

e 9x2-36=0 
g x2+6x+8=0 
ixl-2x-24=0 

3 Solve the following quadratic equations. 

  

“ 
e
 

  

a x2+5x=36 b 
c x2-8x=0 d 
e 2x2+5x+3=0 f 
g 22+ 12x=0 h x?+ 12x+27=0 
i =171 j 3x2-12=1288
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In questions 4- 10, construct equations from the information given and then solve 
them to find the unknown. 

4 When a number x is added to its square, the total s 12. Find two possible 
values for x. 

5 If the area of the rectangle below is 10c?, calculate the only posible value for x. 
(x+3)om 
  

xem 

    

6 If the area of the rectangle below is 52.cm?, calculate the only posible value for x. 

(x+9)cm 
  

xom     
  

7 A triangle hasa base length of 2xcm and a height of (x — 3) cm. Ifits area is 
18 cm?, calculate its height and base length. 

8 A triangle has a base length of (x — 8) cm and a heightof 2xcm. Ifits area is 
20cm?, calculate its height and base length. 

9 A rightangled triangle has a base lengeh of xcm and a height of (x = 1)cm. If 
its area is 15cm?, calculate its base lengeh and height. 

10 A rectangular garden has a square flowerbed of side length xm in one of its comers. 
The remainder of the garden consists of lawn and has dimensions as shown. 
I~ 7m——> 
  

3 

    

3   B
 

  
  

If the total area of the lawn is 50, calculate the length and width of the 
whole garden. 

The quadratic formula 
In general a quadratic equation takes the form ax? + bx + ¢ = O where a, b and c are 
integers. Quadratic equations can be solved by the use of the quadratic formula, 
which states that: 

_ b —dac 
=T 

This is particularly useful when the quadratic equation has solutions but does not 
factorize nealy. 

x
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[ISTeepeme s | Solve the quadratic equation * + 7x +3 = 0. 

a=1,b=Tandc=3. 

Substituting these values into the quadratic formula gives: 

  

-7+26.osm_ 

x=— 046 (2dp.) orx = —6.54 (2 dp.) 

2 Solve the quadratic equation * — 4x — 2 = 0. 

a=1,b=—4andc= -2 

Therefore x = 

    

Substituting these values into the quadratic formula gives: 

_ AV -G x1x-2) 
= and 

4+4/16+8 
x=T— 

  

x= 445 (2dp) orx= - 0.45 (2d;p.) 

B Exercise 4.3.6 

Solve the following quadratic equations using the quadatic formula. Give your 
answers to two decimal places. 
la2-x-13=0 

24 5x— 
2 +5x-13=0 

2a 2+7x+ 
24 3x— 
L+x-18=0 

   

o0
 

  

o 

  

®
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4.4 

Worked example 

     

     

3a@-2x— b2 —4x-11=0 
ex-x-5 d2+2x-1 
ex-3x+1=0 f2-8+3= 

4a22-3x-4 b 4d+2x-5=0 
e 52 —8x+1 d -22-5x-2=0 
e 32 —4x-2=0 f -Te-x+15=0 

Exponential functions and their graphs 
Note: You should be familiar with the laws of indices for this section. 

Functions of the form y = a, where a i the base number and x the exponent 
(power), are known as exponential functions. Plotting an exponential function is 
done in the same way as for other functions. 

Plor the graph of the function y = 2+for =3 < x < 3. 
  

x| 320 1 2| 3 
  

y |oas] o025 | 05 | 1 2 a4 | 8                     

The graph above gets closer and closer to the x-axis as 
x gets smaller. For example, when x = —3,y = 2¢is 
y=27 =% = Lwhenx =4,y = 2%is 

41 _ 1 y=ri=y=1% 

  

   

Therefore the graph will get closer and closer to the x-axis 
but not cross it. The x-axis s therefore an asymptote. 321 

  

Exercise 4.4.1 
1 For each of the functions below: 

i draw upa table of values of x and f(x) 
i plot a graph of the function 
iii check your graph using cither your GDC or graphing software. 

  

3 3sx<3 bfix)=15-3=x=3 
243, -3sx<3 d flx)=2+x-3sxs3 

e fl)=2-x-3sxs3 £l =3-x,-3x=3 
2 A tapis dripping at a constant rate into a container. The level (Icm) of the 

water in the container is given by the equation | = 21 where t hours is the 
time taken. 

a Calculate the level of the water after 3 hours. 
Calculate the level of the water in the container at the start. 
Calculate the time taken for the level of the water to reach 3L cm. 
Plot a graph showing the level of the water over the first 6 houss. 

b 
c 
d 
e From your graph, estimate the time taken for the water to reach 45 cm.
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3 Draw a graph of y = 4* for values of x between —1 and 3. Use your graph to find 
approximate solutions to both of the following equations. 

  

4 Draw a graph of y = 2 for values of x between —2 and 5. Use your graph to find 
approximate solutions to the equation 2% = 20. 

General equation of the exponential function 
An exponential graph takes the form y = ka* + ¢, x € R. 

‘We can also write this as y = ka®* where x s an integer (x € Z) and 2 is a 
real number (1 € R). 

The constants k, a and c affect the shape of the graph. 

Exercise 4.4.2 

Use the GeoGebra file 4.4 Graphs of exponential functions’ on the CD. 
The file shows two exponential graphs: one of the form y = ka* + c and the 

other of the form y = ka~* + c. By moving the sliders, each of the constants 
k aand c can be changed and the resulting transformation observed. 
1 By changing the value of ¢ in the equation y = ka* + ¢, describe mathematically 

the transformation that occurs. 
2 By changing the value of k, describe mathematically the transformation that 

ocaurs. 
3 Whateffect does the value of a have on the graph? 
4 Describe the graphical relationship between y = ka* + cand y = ka™* + c. 

Exponential growth and decay 
The story is told of the Chinese emperor who wanted to reward an advisor who had 
averted a famine. The advisor saw a chessboard and asked for one grain of rice to be 
placed on the first square, two on the next square, four on the next and so on. By 
the 64th square his reward would exceed the present world grain harvest! This is an 
example of exponential growth. 

In England, the FA cup competition for football begins with 256 teams in round 
1 playing a knockout system. This reduces to 128, 64, 32 and so on. This is an 
example of exponential decay (continuing until there is one winner). 

Other examples of phenomena that experience exponential growth and decay 
are bacteria, viruses, population, electricity, air pressure, light passing into water, 
compound interest and radicactive decay.
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The formulae for exponential growth and decay are: 
Growth: y = a(l + 1)* 
Decay: y = a(1-1)* 
where a is the initial amount 

ris the growth/decay rate expressed as a fraction out of 100 
xis the number of time intervals 
y s the final amount. 

  

Earlier we used the Chinese emperor's chessboard example to illustrate the effects 
of continued doubling, starting with 1. For this the general formulay = a(1 + r)* 
has r = 1 (as doubling is represented by 100% growth) and a = L. Therefore we 
obtain the equation: 
y=1l+1p=sy=2 
In the example of the FA cup football competition, the rate of decay is 50% 
and the initial amount is 256. These values can be substituted into the formula 
3= a(l - 1), where a = 256, r = 0.5. Thercfore we obtain the equation: 
y=1256(1 - 05y =y =256 x (3 

To find the number of rounds needed until there is one winner, we solve the 
fllowing equation: 
1=1256 x () 

1 _1 
O 
256 = 2¢ 
2= 

x=8 

Therefore the number of rounds is 8. 
Notice that, as there is no constant term in these equations, the horizontal 

asymptote of the graph would bey = 0. 
Another application of the formula s in compound interest and depreciation, 

briefly discussed in Section 2.6 in relation to geometric sequences and series. It will 
also be covered in more depth in Topic 8 on Financial mathematics. 

The general formula y = a(l +r)*is rewritten as: 
e 

1+ 5 
where A is the final amount 

C s the capital or starting amount 
v is the interest rate, usually a percentage 
n s the number of fime periods, usually in years. 

A= 

 



Exponential functions and their graphs 133 
  

Worked examples 1 Whatis the final amount when 2500€ are invested at 6% per annum for 5 years 
at compound interest? 

- r\ A= C(l + m) 
5 

A= 2500(1 + %) = 2500 x 1.06° = 3345.56 

The final amount is 3345.56€. 
2 A new car cost US$20000 and depreciates on average 20% cach year for 8 years. 
What s it worth after 8 years? 
A= C(l +     

20000 x 0.8 = 3355.44 

The car is worth US$3355.44 after 8 years. 

Exercise 4.4.3 

1 A single virus can double every hour. Use your calculator to calculate the 
number of viruses there would be after 24 hours. 

2 The halflife of plutonium 239 is 24000 years. How long will 1g of 
plutonium 239 take to decay to 1mg? 

3 In 1960 the population of China was 650 million. The population was expected 
to increase by 50% every 10 years. What would have been the projected 
population of China for 20107 Give your answer to two significant figures. 

4 A pesticide has a halflife of 20 years. Its use was discontinued after it was found 
to be harmful. How much will remain of 100g of the pesticide after 200 years? 

5 A chess toumament has 512 entrants in a knockout event. How many remain 
after six rounds have been played? 

6 A main forest covers 1 000 000 km?. It is thought that the rate at which itis 
being lost s 5% per year. 

a What area of the forest will be left in 20 years' time? Give your answer to 
three significant figures. 

b The rate of loss is in fact 10% per annum. How long will it take before the 
forest covers an area less than 500000km?? 

7 The number of bacteria in a Petri dish has reached 1 million from 1 bacterium in 
20 hours. What is the rate of increase? Give your answer to two significant figures. 

8 After seven years the population of a region was reduced to half of its original 
number. Whatis the average annual rate of reduction? Give your answer as a 
percentage to the nearest whole number.
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4.5 Trigonometric functions and their graphs 
Having studied the graphs and properties of linear, quadratic and exponential 
functions, this section looksat the graphs and properties of two of the 
trigonometric functions. 

The sine curve 
Plotting the function y = sin x, —180° < x < 540°, produces the following graph. 

  

  

  

  

The graph can be plotted usinga GDC. 

Casio 

e o select the graphing 
mode. 

  

to enter the o 
@ @ T cuationy - sinx. 

fi to graph the function. 
        

  
  

Note: If the graph does not look the same as the one here, the angle 
mode may not be set correctly. It can be changed by selecting 

o1 
m and changing the angle mode to ‘Deg’. The scale on 

the axes may also need to be changed by selecting @ and 

  

entering the following: Xmin: ~180, Xmax: 540, Xscale: 90, Y1 
Ymax: 2, Yscale: 1. 

-2,     
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Texas 
  

) to enter the function. 

BB equation y = sin x. 

~ ) to graph the function.     
  

mode may not be set correctly. It can be changed by selecting 
Note: If the graph does not look the same as the one here, the anile 

and changing the angle mode to ‘Degree". 

The scale on the axes may also need to be changed by selecting 
__ and entering the following: Xmin = —180, Xmax = 540, 

Xscl = 90, Ymin = 2, Ymax = 2, Yscl = 1. 
  

Graphing software can also be used to visualize trigonometric functions. 

  

Autograph 

To use degree mode select @. 

Select . and enter the 
equationy = sin x. 5 f 

  

To change the scale on the axes 

use | . 
  

GeoGebra 
  

Type fix) = sin(x?) into the input 
box. 

To change the scales of the axes 
select ‘Options’ - ‘Drawing Pad’ 
and enter the relevant 
information.   
  

Note: It is important to enter the ° symbol, otherwise the default is to 
graph trigonometric functions in another unit, called radians.      
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86
 

As can be seen from the screens, the graph of y = sin x has certain properties. 
® It oscillates between — 1 and +1 and has an amplitude of 1. 
o It has a period of 360° (i.c. it repeats itself every 360°). 

  

The cosine curve 
Plotting the function y = cos x, ~180° < x < 540° produces the following graph. 

~ 
< 

  

  

The graph of y = cos x has similar properties to that of y = sin x 

® It oscillates between —1 and +1 and has an amplitude of 1. 
o Tt has a period of 360°. 
‘The cosine curve s a translation of the sine curve of 73 ). 

General equation of the sine and cosine functions 
The sine and cosine curves earlier in this section are just one form of the sine and 

cosine functions. The general form of the sine function is y = a sin bx + ¢ and of 
the cosine function s y = a cos bx + ¢, where a, b and ¢ can be any rational number, 
ie.a,b,c € Q.Soin the caseof y = sinxand y = cos x,a = L,b = Land c = 0. 

As the values of a, b and c change, then so do the amplitude, period and position 
of the graph.
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® 
B Exercise 4.5.1 

Using the GeoGebra file ‘4.5 Transformations of the sine function’ on the CD, 

investigate the effect of changing the values of a, b and c on the graph of 
y=asnbx +c. 

1 a Bydmgging the slider‘a’ observe the effect on the graph when the value 
of ais changed. 

b Describe the effect on the graph of changing the value of a 
2 a By dmgging the slider %) observe the effect on the graph when the value 

of b is changed. 
b Describe the effect on the graph of changing the value of b. 

3 a By dmgging the slider ), observe the effect on the graph when the value 
of c is changed. 

b Describe the effect on the graph of changing the value of c. 
Using the GeoGebra file ‘4.5 Transformations of the cosine function’ on the CD, 

investigate the effect of changing the values of a, b and c on the graph of 
y=acoshx +c. 

4 a By dmgging the slider ‘), observe the effect on the graph when the value 
of ais changed. 

b Describe the effect on the graph of changing the value of @ 
5 a By dmgging the slider %) observe the effect on the graph when the value 

of b is changed. 
b Describe the effect on the graph of changing the value of b. 

6 a By dmgging the slider ), observe the effect on the graph when the value 
of c is changed. 

b Describe the effect on the graph of changing the value of c. 

Exercise 4.5.2 

1 Without drawing the graphs, state the amplitude and period of each of these 
functions. 

    
a y=}sinx b y=2sinx+2 
¢ y=sin5x dy=si 
e y=3sin2x £y 
g y=-2dnix hy=-3sin2x-1 

2 Without drawing the graphs, state the amplitude and period of each of these 
functions. 

y=cosx+3 
y=2cosx—2 

  

a 
< 
e y=cos2x- 1 
g y=—cosix+1 hy=—cos(-2x) + 2
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Solving trigonometric equations graphically 
Trigonometric equations can be solved both algebraically and graphically. This 
section looks at how to use your GDC or graphing software to solve equations 
graphically. (Unit 5 will look at solving simple trigonometric equations 
algebraically.) 

Solve the equation 2 cosx = 1 for x in the range 0° < x = 360°. 

  

“This can be solved in one of two ways: 
1 Plot the graphs of y = 2cosx and y = 1 and find where they intersect. 

  

2 Rearrange the equation as 2cosx — 1 = 0. Plot the graph of y = Zcosx — 1 and 
find where it crosses the x-axis (i.e. where y = 0). 
The explanations below demonstrate method 2. Given your increased familiarity 
with both the GDC and graphing software, some of the steps have been omitted. 

  

Casio 
  

we . toselect the graphing 
mode. 

Enter the equation y = 2cosx — 1. 

fi to graph the function. 

s to select the ‘graph = — @ oiver menu, i 2eos ¥t 
e 1o find the ‘roots’ of the 

equation (i.e. where it 
crosses the x-axis). s =0 

to scroll and find the other 
root. 

  

  

  RooT     
    

  

Note: The calculator must be set to degree mode. 
The scale on the axes may need to be changed by selecting 

VaWindow , Xmax: 360, 

  

and entering the following: Xmin: 

    

4, Ymax: 2, Yscale: 1.     
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Texas 
  

to enter the function. 
S/ 

Enter the equation y = 2cosx - 1. 

" to graph the function. 

to select the graph calc. 
= e 

Em find where the graph is zero 
(i.e. crosses the x-axis). 

  

  

  

Vizzcestin-1 

Use the cursor key to select a left bound, || et pognd® 
ie. a point to the left of the first RN N 
solution. Press enter and then use the 
cursor key to select a right bound. The 
calculator will search for a solution 

within this range. Press enter twice to 
display the answer. 

  

  

      The process is repeated for the second root. | ##8% = 
    

  

Note: The calculator must be set to degree mode. 

The scale on the axes may also need to be changed by selecting 

= and entering the following: Xmin = 0, Xmax = 360, Xscl = 90, 

Ymi 

  

~4, Ymax =2, Ysdl = 1. 
  

Autograph 
  

  
To use degree mode, select 7] 

Select . and enter the 
equationy = 2cosx - 1. 
To change the scale on the axes \\ 7 
use . 
Select the graph and choose 
‘Object’ and ‘Solve f{x)=0". 
The results are displayed at the 
bottom of the screen, or by 
accessing the ‘results box' [ . 
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Q = 

4.6 

  

GeoGebra 
  

Type flx) = 2cos (x’) - 1 into the T — 
input box. - 

To change the scales of the axes 
select ‘Options’ - Drawing Pad’ 
and enter the relevant 
information. . 

To find the intercepts with the 
x-axis, select the ‘intersect two ) B s | 

objects” icon. et o 

  

Click on the curve by the first 
solution and the x-axis. The 
solution appears in the algebra 4 ¥ 
window. Repeat for the second 
intercept point. 

  

      
  

In the given range 0° =< x < 360°, there are two solutions: x = 60° and x = 300°.   

Exercise 4.5.3 

Solve the following equations graphically, finding all the solutions in the range 
0° = x = 360°. 

1a sinx=05 b 2sin}x=05 
. . x ¢ 4sin3x=2 d sinx = 75 

2a 2cosx—-3=-2 cosx = sinx 

€ cosx = sin3x o
o
 

cos3x+2 =sin3x + 1 

Accurate graph drawing 
“This topic has been covered within some of the earlier sections in relation to 
drawing graphs of different types of function (linear, quadratic, exponential and 
trigonometric). As a general reminder, here are the basic guidelines for drawing an 
accurate graph, as given earlier in this topic. 

o Label the axes appropriately. 
o Label the scale for each axis accurately. 
« Use a table of results to obain the coordinates of the points to plot. 
o For linear functions, use a ruler to draw the straigh lines. 
« For curved functions, draw a smooth curve through the points rather than a 

succession of straight lines joining them.
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4.7 Sketching unfamiliar functions 
You should now know how to produce accurate graphs of linear, quadratic and 
exponential functions. This section will look at sketching some unfamiliar 
functions and describe some of their properties. A sketch should show the main 
features of the function but is not plotted using a table of values. It should shows 
o the general shape of the function 
o the position of relevant features such as: 

~ intercepts 
~ maxima, minima or points of inflexion 
~ asymptotes. 

The reciprocal function 

The gaph of y = Lis shown. This 
belongs to the family of curves whose 
equations take the form y = %7, 
where a and b are rational. 

To investigate the effect that ahason 75 
the shape of the graph, let b = 0, i.e. 
investigatey = g 

This can be done usinga GDC or 
graphing software as follows. 

  

  

Casio 
  

to select the dynamic 
graphing mode. 

  

Enter the equation y = A + x. 

  

  s s to enter the values for 
W @™ i1 dynamic variable A. T=FFR 

Then @19 - 

to run the dynamic graphing - 
@ process. 

  

        
  

Note: The scale on the axes may need to be changed by selecting 

h“"" and entering the following: Xmin: —5, Xmax: 5,     
: 1, Ymin: —10, Ymax: 10, Yscale: 1.     
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Texas 
  

This calculator does not have a dynamic 
graphing facility. However, several of the 
functions can be graphed simultaneously to 
observe the family of curves, e.g. 

. y=gY=yYy=yet   
  

Note: The scale on the axes may need to be changed by selecting 
__ and entering the following: Xmin = —5, Xmax = 5, Xscl = 1, 

  

  

  

Ymin = —10, Ymax = 10, Yscl = 1. 

Autograph 

Select . and enter the equation y= ;. 

Select the constant controller 5, . 

Change the settings so that a changes | “— 
in increments of 1. 
Use [ to change the value of a and 

| see the graph move.   
  

Note: Autograph can display the family of curves or animate the 
display, by selecting and selecting either ‘family plot’ or 
‘animation’ and entering the parameters as required. 
  

  

  
  

enter the values for ‘a’ and the 
incremental change as shown. 

GeoGebra 
— 

Select the ‘slider’ tool | *2* | and click on = 

the drawing pad. This will enable youto | = 

  

to place the slider on the == 
drawing pad. 

Type f(x) = ; into the input box. 

The effect of ‘a’ can be observed by 
dragging the slider. o 
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[ 

To see the effect of b on the shape of the graph y = 75 leta = 1 and change 
the values of b in asimilar way to that shown above. 

Exercise 4.7.1 
1 Describe the effect that changing a has on the shape of the graph y = a 

x+b" 

2 Describe the effct that changing b has on the shape of the graph y = -2 7. 

  

  

The graph y = has a paricular property. It docs ot cross the y.axis (the line 
x=0) or the x-axis (the line y = 0). The graph gets closer and closer o these lines 
but does not meet or cross them. These lines are known as asymptotes t the curve. 

Therefore the graph of y = L has a vertical aspmptote at £ = 0 and a horizontal 
aspmptote at y = 0. Although clear from the graph, they can be calculated as follows, 

  

1 Caleulate the equations of any asymptotes for the graph of y = % 

Vertical asymptote: This occurs when the denominator = 0 as § is undefined. 
Therefore the vertical asymptote is x = 0. 
Horizontal asymptote: This can be deduced by looking at the value of y as x 
tends to infinity (written as x - £ee). 

Asxos 40,3081 50 Asxor—ey0als0 x = 
Therefore the horizontal asymptote isy = 0. 

2 Calculate the equations of any asympeotes for the graph of y = % +Tand 

give the coordinates of any points where the graph crosses either axis. 
Vertical asymptote: This occurs when the denominator is 0. 
x=3=0,50x = 3. Therefore the vertical asymptote is x = 3. 
Horizontal asymptote: Look at the value of y as x—» . 

  1 1 500 Ao ey laliso 

Therefore the horizontal asymptote is y = L. 

Asx— 4o,y las 

To find where the graph intercepts the y-axis, letx = 0. 
- T ) Substituting x = Ointo— + Lgivesy = “i41= 

To find where the graph intercepts the x-axis, lety = 0. 
1 Substitutingy = Ointo—_ +1gives 0=—L_41   

x-3 x— 
1 

-1 

2 

Therefore the intercepts with the axes occur at (0, 2) and (2, 0). 

  

3= 

x=
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The graph of y =$+ 1 can now be sketched as shown. 

Note: The asymptotes are shown with dashed lines. 

) 

  

  

@ B Exercise 4.7.2 

For each of the equations in questions 1-3: 
i) calculate the equations of the vertical and horizontal asymptotes 
i) calculate the coordinates of any points where the graph intercepts the axes 
iii) sketch the graph 
iv) check your graph using either a GDC or graphing software. 
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Worked examples 1 1 Use aGDC o graphing oftware to graph the funcion y = - 
and determine the equations of any asymptotes. 

Y, 

  

  

Gaphing software will produce the following graph of the function: 
The equations of any asymptotes can be determined as before. 
Vertical asymptote: This occurs when the denominator is 0: (x - 2)(x + 1) =0 
Therefore the vertical asymptotes are x = 2 and x = ~1. 
Horizontal asymptote: Look at the value of y as x—» £, 
Asxos 2w, 
y—0as m 0 

Therefore the horizontal asymptote isy = 0. 
Therefore a more informative sketch is: 

Y, 
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2 Use aGDC ax graphing software to graph the function y = fi 42 
and determine the equations of any asymptotes. * 

The graphing software will v 
produce the following graph 
of the function: 

o x 

  
The equations of the asymptotes are determined as before. 
Vertical asmptote: This occurs where the denominatoris 0. 
2+x-6=0 

Factorising gives (x — 2)(x + 3) = 0 
  3 

Horizontal asymptote: Lok at the value of y as x - <o, 

P 
Z+x-6 

Therefore the horizontal asymprore is y = 2. 

Therefore the vertical asymprotes are x = 2 and x = 

-0 Asx— o,y 2as 

Therefore a more informative 
sketch is: 

  

Exercise 4.7.3 

For each of the equations in the following questions: 
i) calculate the equations of any vertical or horizontal asymptotes 
i) calculate the coordinates of any points where the graph intercepts the axes 
iii) sketch the graph of the function with the aid of a GDC or graphing software. 

1 

by = hee Y 
1 dy=ragyrd 
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Worked example 

Fii G § Gmen T 
BT T -4 YTZ43x-10 

1 1 
& I Tt Y =g ! 

Higher-order polynomials 
Earlier in this topic you saw how a quadratic equation can sometimes be factorized, e.g. 

2= dx—5=(x=5)(x+1) 

This can be used to find where the graph 
of y =2 — 4x - 5 intercepts the x-axis, 
ie.when y = 0. (x - 5)(x + 1) = O gives 
x=5and x= —1 as shown. 

  

The reverse is therefore also true. A quadratic equation that intercepts the xaxis at 
x=3 and —6 can be written asy = (x=3)(x + 6) = 22 + 3x — 18. 
The same is true of higher-order polynomials. 
Using a GDC or graphing software, graph the cubic equation y = * — 2 — 5x + 6 
and, by finding its roots, rewrite the equation in factorized form. 
  

Casio 

Select the graphing mode and enter 
the equation y = X — 2x — 5x + 6. /\ 

fi to graph the function. / S 

i@ to select the ‘graph solve’ 
w menu. V1=X"3-2X2-5K+6 

  

  

  

  
  

= 1o find the ‘roots’ of the graph. 
    O to scroll and find the other roots. oot 

=2 =       
  

Note: Although the GDC will also find the y-intercept, it is quicker 
simply to substitute x = 0 into the equation, i.e. the y-intercept is +6. 
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Worked example 

  

  

Texas 
  

i and enter the equation 
S y=x3-20-5x+6. 

~ to graph the function. 

i toselect the ‘graph 
S’ alc’ menu. 

to find where the graph is zero 
(ie. crosses the x-axis). 

Use the cursor key to select a left 
bound. Press enter and then use the 
cursor key to select a right bound. The 
aalculator will search for a solution 
within this range. Press enter twice to 
display the answer. 
Repeat the process for the other roots. 

[Vi=~z-znz-sxes | | 

_é 
Lertboundr 

  

= 

  

  

2ero 
[#=2 b b=     f=0 

  

Note: Although the GDC will also find the yintercept by entering a 
value of x 
equation, i.e. the y-intercept is +6. 

  

0, it is quicker simply to substitute x = 0 into the 

  

Autograph 
  

  
Select . and enter the equation 
y=x-22-5x+6. 

Select the graph and choose 
‘Object’ and ‘Solve f(x) = 0. 

The results are displayed at the 
bottom of the screen, or by 
accessing the ‘results box' [ . 

  

/" 
/ 

/N/ / m 

Equation Solver 
Solution. 
Solution 
Solution: 
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4.8 

  

‘GeoGebra 
  

Type fi) =XA3-2XA2-5x+6 
into the input box. 

    

© Free objects x 
Type: Root[f]. This finds the roots S =x-2X-5x+6 
for the polynomial . © Dependent objects 

N - 2 A=(2,0) The results are displayed in the oB=01.0) 
algebra window. sc=@30         

The roots of the equation are therefore x = ~2, 1 and 3, so the equation can be 
written in factorized form as y = (x + 2)(x — 1)(x - 3). 

  

The y-intercept is found by substituting x = 0 into the equation, givingy = 6. 

You can also use your GDC in a similar way to find the stationary points of the 
curve. The algebraic method for finding the stationary points of a curve is covered 
in Topic 7. 

Exercise 4.7.4 

For each of the equations in the following questions: 
i) Use a GDC or graphing software to sketch the function. 
i) Determine the yntercept by using x = 0. 
iii) Rewrite the equation in factorized form by finding the roots of the equation. 

lay=x+62+11x+6 by=x-324+3 
cy=x-2-12 dy=x-4 

22 y=2-3x+2 by=x—42+4x 
¢ y= -+ 20432 dy=-2+2+2x-40 

Solving unfamiliar equations graphically 
When an equation has to be solved, it can be done graphically or algebraically. The 
Bllowing example shows how equations can be solved graphically.
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Worked example 

  

Solve x+2=3. x 
Method 1: Rearrange the equation to form the quadratic equation x* + 2x — 3 = 0. 
“This produces the graph shown. The roots can be calculated as shown earlierin 
the topic. 
Method 2: Both sides of the original equation can be plotted separately and the 
x-coordinates of their points of intersection calculated. 
Solution: x = 1 and x = -3. 

  

  

  
  

Casio 
  

Select the graphing mode and enter 
the equationsy = x + 2and y = 2. 

é to graph the functions. 

&l to select the ‘graph solve’ 

€D & ... 
“i= to find the intersection of the 

graphs. 
to scroll and find the other points 
of intersection. 

  

  

  

. 

i st   

  

  

Texas 
  

© . and enter the equations 
) y=x+2andy=2. 

"} to graph the functions.   
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.. and enter the equations 
S y-x+2andy=3 * 

_J to graph the functions. 

- toselect the ‘graph calc.’ 
) Menu. 

to find the intersection of the two 

graphs. 
to select both graphs 
and confirm the first 
intersection point. 

Repeat the above steps for the second 
point of intersection. When prompted for 
the ‘guess’, move the cursor over the 
second point of intersection. 

  

    

  

  
  

Aubgraph, 
  

Select . and enter the equations 

y=x+2andy=%. 

Select the graphs, choose ‘Object’ 
and ‘Solve f(x) = g(x)'. 

The results are displayed at the 
bottom of the screen, or by accessing 
the ‘results box' [[H.   

    

Equation Solver 
Solution: x=-3, y=-1 

  

  

GeoGebra 
  

  
Type fix) = x + 2 and g(x) = ;inm 
the input box. 
To find the points of intersection, 
select the ‘intersect two objects’ icon. 

  

on the curve and the straight 
line; the intersection point is 
marked. Its coordinates appear 
in the algebra window. 

  

Repeat for the second point of 
intersection.       
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B Exercise 4.8.1 

1 Using either a GDC or graphing software, solve the following equations. 

ax+1=2 [ x X 
35 [ 45 cEad 

  

   
2 Solve the following equations using cither a GDC or graphing software. Give 

your answers to one decimal place. 
a 6x=2% 

d1- 

-
 =1 -1 

M Student assessment 1 

1 Which of the following is not a function? Give 

reasons for your answer. 
a b ¢ 

EDEHED 
2 State the domain and range for these functions. 
af)=3x-2-3sxs1 
b glx) =% xER 

3 Caleulate the range of f1 > 4g+ T ~1 < g < 5. 
4 For the function g: x> =2 P cvaluate: 

a g4) b ¢0) ¢ g-3) 
5 Find the inverse of these functions. 

3= 6) a flx)=-3x+9 
6 Ifh(x) =3 (3 - x), evaluate: 

a h-Y(-3) b i1(3) 

7 Caleulate the coordinates of the point of 
intersection of each pair of linear functions. 
a f(p) —2pand fiq) =29 + 10 
by=2x-landx+y=8 
c3x+2y=Tand5x+2y=7 

b o) = 

      

8 The graph of the temperature conversion from 
Celsius to Fahrenheit uses the formula 
F=2C + 32, where F and C are the 
temperatures in degrees Fahrenheit and 
Celsius respectively. 

br-1= 

2 e Z-5= 
x     

Plotagraph of F = 2C + 32,0 < C < 100. 
Use the graph to estimate the following 
temperatures in degrees Fahrenheit. 
i) 10°C ii) 40°C i) 80°C 
Use the formula to check your answers to 
part b. 

The cost C in euro of producing a CD for a 
band is given by C(n) = 210000 + 1.5n 
where n is the number of copies made. Each CD 
sells for 12 euro. 
a Wite down the function R(n) for the revenue. 
b Draw on the same axes graphs for cost and 

revenue. 
¢ What value of n represents the break-cven 

point (i.c. the point where costs = revenue)? 
d Whatis the profit f the CD sells 250000 

copies? 

- 

M Student assessment 2 

1 a Copy and complete the table below for the 
function f(x) = 2 + 3x - 9. 
  

x -3 -2 -1 
  

) =2 +3x- 9                     

b Plot a graph of f(x) for the given domain. 
¢ Deduce the range for f(x).
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2 Factorize each of the following quadratic functions. 
a flx)=2-09x+18 b h(y)=3y+y-2 
c fl=2-3x-10 dh(x)=22+7x—4 

3 Solve the ollowing quadratic equations. 
a 2 +6x+8= b 2x2 +10 = 12x 

e 2+10x+25=0 d3?-4=7x 

4 Using the quadratic formuta ¢ = 2 2 VF =422 
o solving quadaic equations o the forn 

4 bt + ¢ = 0, sobve the following equations. 
a 42 —6x+1=0 b 5xX-12x-3=0 

5 Calculate the final amount saved if 4000€ s put 
into an account paying 7.5% interest per year, 
for 10 years. 

6 The number of a type of bacteria increases by 
25% every hour. If the initial numberis x, 
calculate in terms of x the number of bacteria 
after 24 hours. 

7 An oil-field i being depleted by 10% each year. 
It currently holds 10 million barrels of oil. How 
longwill it be before it is reduced to 1 million 
barrels? 

8 The amount of light which passes through water 
decreases off a coral reef by 12.5% per metre. At 
how many metres is there only 10% of the light 
at the surface? Give your answer to the nearest 
metre. 

B Student assessment 3 
1 a Sketch the graph of f{x) = sinx; 

0° < x < 360°. 
b On the same axes sketch the function 

gx) = 2sinx. 
2 a Sketch the graph of f(x) = cosx; 

—180° < x < 180°. 
b On the same axes sketch the function 

ox) = cos2x+ 1. 

3 a Sketch the graph of f(x) = sinx; 
0° = x < 360°. 

b On the same axes sketch the function 
o(x) = —sinx + 2. 

4 a Sketch the graph of f(x) = cosx; 
—180° = x < 180°. 

b On the same axes sketch the function 
&) =3costx. 

5 Solve the equation 3sin2x = 2 graphically, 
finding all the solutions in the range 
0° = x < 180°. 

6 Solve the equation 3cosx = ~1 graphically, 
finding all the solutions in the range 
0° < x < 360°. 

               2 
=3 

a calculate the equations of any vertical and 
horizontal asmptotes 

b calculate the coonlinates of any points 
where the graph intercepts the axes 

e sketch the graph. 
8 For the equation y =7le~4 —1: 

a calculate the equations of any vertical and 
horizontal aspmptotes 

b calculate the cooninates of any points 
where the graph intercepts the axes 

e sketch the graph. 
For the funcrion fx) = -y . S 

a calculate the equations of any vertical and 
horisontal aspmpotes 

b calculate the coonlinates of any points 
where the graph intercepts the axes 

e sketch the graph. . 
10 For the function f(x) = 7—5 5 + 2 

a calculate the equations of any vertical and 
horizontal asymptotes 

b calculate the coordinates of any points 
where the graph intercepts the axes 

¢ sketch the graph.



Discussion points, project ideas 

and theory of knowledge 

  

1 The study of supply and 
demand, and graphs 
representing them, is 
fundamental to the study 
of economics. This type of 
graph work could form 
the basis of a Proj 

   
   

  

2 The terms mapping, 
function, domain and 
range have a spedfic 
meaning in this topic- 

How does each meaning 

differ from s more 
general meaning? 

4 What obm; type of graph is 
Tadioged BY a study of 

dloactive decay? Discuss   



5 Describe the tey 
“paralie’ and - 

‘perpendicular’ 
eiaorce s s 

& Would reversing the 
position of the x- and y- 

axes have any ffecton 
the study of graphs of 

functions? 

  

7 Any business is concemed 

with cash flow, and cost 
‘and revenue functions. 
The study of these in @ 

company could form the 

pasis of a project-       

   

8 Discuss W!::m 
ere are a number of 

o know abo nt that. ~ unusual and unfamiia 

Newton oryt o Do functons which produ 
Gauss has no nteresting graphs. 

It 0 leaming 
B s e nathematics be stugieq 

ut a Without any refe 
its historical mm"mm“ i 

study of these. 

the basis of @ 

  

10 Leonhard Euler wrote 
seventy volumes of work 
on mathematics. 1s @ 
great mathematician 
onewho is prolific like 
nim, or one who makes 
only one major 
breakthrough?



  

Geometry and trigonometry 

Syllabus content 
5.1 Coordinates in two dimensions: points; lines; midpoints. 

Distance between points. 

5.2 Equation of a line in two dimensions: the forms y = mx + ¢ and 
ax+by +d=0. 

Gradient; intercepts. 

Points of intersection of lines; parallel lines; perpendicular lines. 

5.3 Right-angled trigonomety. 

Use of the ratios of sine, cosine and tangent. 

a b c 
5.4 The sine mle:m w58 " mC   

The cosine rule: = 5 + 2 — Zhe cos Ay 

Areaof a triangle: } ab sinC. 

Construction of labelled diagrams from verbal statements. 

5.5 Geometry of three-dimensional shapes: cuboid; prism; pyramid; cylinder; 
sphere; hemisphere; cone. 

Lengths of lines joining vertices with vertices, vertices with midpoints and 
‘midpoints with midpoints; sizes of angles between two lines and between 
lines and planes. 

Introduction 
On 22 October 1707 four English war ships, The Association (the flagship of 
Admiral Sir Clowdisley Shovell) and three others, struck the Gilstone Ledges off 
the Scilly Isles and more than two thousand men drowned. Why? Because the 
Admiral had no way of knowing exactly where he was. He needed two coordinates 
to place his position on the sea. He only had one, his latitude.
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5.1 

  

The story of how to solve the problem of ixing the second coordinate (longitude) 
is told in Dava Sobel’s book Longtude. The British Govemment offered a prize of 
£20000 (rillions of pounds at today's prices) to anyone who could solve the 
problem of how to fix longitude at sea. 

Cartesian coordinates, using (x, y) coordinates, are named after Descartes. 
René Descartes (1596—-1650) was a French philosopher and mathematician. He is 
considered one of the most original thinkers of ll time. His greatest work is The 
Mediations (published in 1641) which asked ‘How and what do | know?” 

His work in mathematics formed a link between algebra and geometry. He 
believed that mathematics was the supreme science in that the whole phenomenal 
world could be interpreted in terms of mathematical lavws. 

In this topic we will look at fixing positions in one and two dimensions, the 
properties of triangles and the geometrical properties of common three-dimensional 
shapes. 

Coordinates 
To fix a point in two dimensions (2D), its position is given in relation o a 
point called the origin. Through the origin, axes are drawn perpendicular to each other. 
‘The horizontal axis is known as the x-axis, and the vertical axis is known as the y.axis. 

7 
5 

4 

3 

2 

1 

o    
The xeaxis is numbered from lefc to right. The y-axis is numbered from bottom to top. 

The position of point A is given by two coordinates: the x-coordinate first, 
followed by the y-coordinate. So the coordinates of point A are (3, 2). 

A number line can extend in both directions by extending the x- and y-axes 
below zero, as shown in the grid below. 
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Worked example 

Points B, C, and D can be described by their coordinates 
Point Bis at (3, =3) 
Point Cis at (4, —3) 
Point Dis at (~4, 3) 

Calculating the distance between two points 
To calculate the distance between two points, the coordinates need to be given. 
Once these are known, Pythagoras' theorem can be used to calculate the distance. 

The coordinates of two pointsare (1, 3) and (5, 6). Draw a pair of axes, plot the 
given points and calculate the distance between them. 

e 
s 

e 
o 

N 
e 

  

° 1234567 8x 

By dropping a perpendicular from the point (5, 6) and drawing a line across 
from (1, 3), a right-angled triangle is formed. The length of the hypotenuse of 
the triangle s the length we wish to find. 
Using Pythagoras' theorem, we have: 

  

‘The distance between the two points s 5 units.
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Tofind the distance between the points directly from the coordinates, use the 
formula: 

d="(x %) + (3, - 3,)* 

[PPSR \ithout plotting the points, calculate the distance between the points (1, 3) and 
(5,6). 

d =A(1-52+(3-6) 

= (47 + (=37 
B 

=5 

The distance between the two points is 5 units. 

The midpoint of a line segment 
Tofind the midpoint of a line segment, use the coordinates of its end points. To 
find the x-coordinate of the midpoint, find the mean of the x-coordinates of the 
end points. Similarly, to find the y-coordinate of the midpoint, find the mean of 
the y-coordinates of the end points. 

[Ymrpmm——— | Find the coordinates of the midpoint of the line scgment AB where A 'is (1, 3) and 
Bis (5,6). 

1+5 
2 

. i 36 The y-coordinate at the midpoint will be 3¢ = 45 

So the coordinates of the midpoint are (3, 4.5). 

2 Find the coordinates of the midpoint of a line segment PQ, where Pis (~2, -5) 
and Qis (4, 7). 

  

  

The x-coordinate at the midpoint will be 

  

  

The x-coordinate at the midpoint will be 'Zz" 4 

. P z -5+7 The y-coondinate at the midpoint will be =51 = 1 
So the coordinates of the midpoint are (1, 1).
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5.2 

Exercise 5.1.1 

1 i) Plot each of the following pairs of points. 
ii) Calculate the distance between each pair of points. 
iii)Find the coordinates of the midpoint of the line segment. 

  

a (56)(L,2) b (6,4)(3,1) 
e (1,4)(58) d (0,0) (4,8) 
e (1) &7 £(0,7(3,1 
g (-3,-3)(-1,5) h (4,2) (-4,-2) 
i (3,5 (45) i (2,00(2,6) 
k (-4,3) 4,5) 1.(3,6)(-3,-3) 

2 Without plotting the points: 
i) calculate the distance between each of the following pairs of points 
ii) find the coordinates of the midpoint of the line segment. 

  

a (1,4) (4,1) b (3,6)(7,2) 
c (2,6)(6,-2) d (1,2)9,-2) 
e (0,3)(-3,6) f (-3,-5)(-5,-1) 
g (-2,6)(2,0) h (2,-3)(8,1) 
i (6,1)(-6,4) i (-2,2) (4,-4) 
k (=5,-3)(6,-3) 1.(3,6(,-2) 

Straight lines 
Lines are made of an infinite number of points. This section deals with those points 
which form a straight line. Each point on a straight line, if plotted on a pair of axes, 
will have particular coordinates. The relationship between the coordinates of the 
points on a straight line indicates the equation of that straight line. 

Gradient 
The gradient of a straight line refers to s ‘steepness’ or ‘slope’. The gradient of a 
straight line is constant, i.c. it does not change. The gradient can be calculated by 
considering the coordinates of any two points (x,, 3,), (x;, 3,) on the line. Itis 
calculated using the following formula: 

vertical distance between the two points 
Torizontl distance between the two points 

By considering the x- and y-coordinates of the two points this can be rewritten as 

Gradient = 

Gradient = 21 
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s pem— | The coordinates of two points on a straigh line are (1, 3) and (5, 7). Plot the 
two points on a pair of axes and calculate the gradient of the line joining them. 

  

- 
M 
e
s
a
o
 

N 
s 

  

T 23545867 8x 

Note: It does not matter which pointwe choose to be (x, 3,) or (x,, 3,) s 
the gradient will be the same. In the example above, reversing the points: 

  

2 The coordinates of two points on a straight line are (2, 6) and (4, 2). Plot the 
w0 points on a pair of axes and calculate the gradient of the line joining them. 

  

(2,6) 

- 
v 

e 
s
a
o
x
 

2 @?2) 

  

° 1234 56 7 8x 

To check whether o not the sign of the gradient s correct, the following guideline 

  

is useful: 

Aline sloping this way Aline sloping this way 
has a positive gradient has a negative gradient 

Parallel lines have the same gradient. Conversely, lines which have the same 
gradientare parallel. If two lines are parallel to each other, their gradientsm, 
and m, are equal: .c. m, = m,.
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L, L, L, all have the same gradient so are parallel. 
The x-axis and the y-axis on a graph intersect at right angles. They are 
perpendicular to each other. In the graph below, L, and L, are perpendicular to 
each other. 

L 

  

The gradient m, of line L, is $ and the gradient m, of line L, is 3. 

The product of mym, gives the resule 1, ie. 4 x (3) = ~1. 

Iftwo lines are perpendicular to each other, the product of their gradients is 1, i.e. 
mm, = -1 
Therefore the gradient of one line is the negative reciprocal of the other line, i.e.: 
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(D B Exercise 5.2.1 

® 

Worked examples 

1 With the aid of axes if necessary, calculate: 
i) the gradient of the line joining the following pairs of points 
ii) the gradient of a line perpendicular to this line. 

a (5,6)(1,2) b (6,4 (3,1) 
e (L,4)(58) d (0,0)(4,8) 
e (1)@ f 0,731 
g (-3,-3) (-1,5) h (4,2)(-4,-2) 
i (3,545 i 2,0(26) 
k (-4,3) (4,5) 1 (3,6)(-3,-3) 

2 With the aid of axes if necessary, calculate: 
i) the gradient of the line joining the following pairs of points 
ii) the gradient of a line perpendicular to this line. 

a (L,4)41) b (3,6)(1,2) 
c (2,6)(6,-2) d (1,2)9,-2) 
e (0,3)(-3,6 f (=3,-5(=5-1) 
g (-2,6) (2,0 h (2,-3)(8,1) 
i (61)(=64) i (=224 -4) 
k (-5,-3) (6,-3) 1 (3,66 -2) 

Equation of a straight line 
The coordinates of every point on a straight line all have a common relationship. 
This relationship, when expressed algebraically as an equation in terms of x andjor 
3,is known as the equation of the straight line. 

1 By looking at the coordinates of some of the points on the line below, establish 
the equation of the straight line. 

x 

1 

  

o 
4« 
M
o
 

s
 
a
x
 

1234567 8% 

2 

3 

a 

5 

6 

  

Some of the points on the line have been identified and their coordinates 
entered in the table, By looking at the tble it can be seen that the only rule 
thatall the points have in common is that y = 4. 
Hence the equation of the scraight line s y = 4.
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2 By looking at the coordinates of some of the points on the line below, establish 
the equaion of the straight line. 

x 

1 

2 

3 

a 

  

o 
- 

M 
o
s
 
o
 

N 
e 

  

12 95458 7 8x 

Once again, by looking at the table it can be seen that the relationship 
between the x- and y-coordinates is that each y-coordinate is twice the 
corresponding x-coordinate. 
Hence the equation of the staight line is y = 2x. 

B Exercise 5.2.2 

1 For each of the following, identify the coordinates of some of the points on the 
line and use these to find the equation of the straight line. 

   

  

:g bg 

7 7 
e 6 
5 5 
W 4 
3 3 
5 2 
1 1 

O e a6 610 0 1234567 8% 

<y, d v 
8| 8 
7 7 

6l 6 
5| 5 
4 4 

3| 3 
2| 2 

4 1 

42345867 8x T z3 4567 8x 
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P
R
 

P
 S    

1234567 8x 1234567 8x 

—4-3-2-10 1 2 3 4 5% —4-3-2-10 1 2 3 4 5% 

  

2 For each of the following, identify the coordinates of some of the points on the 
line and use these to find the equation of the straight line. 

a 7 b 
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3 For each of the following, identify the coordinates of some of the points on the 
line and use these to find the equation of the straight line. 

a 7 b 
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4 a For each of the graphs in questions 2 and 3, calculate the gradient of the 
straight line. 

b What do you notice about the gradient of each line and its equation? 
 What do you notice about the equation of the straight line and where the line 

intersects the y-axis? 

5 Copy the diagrams in question 2. Draw two lines on the diagram parallel to the 
given line. 

a Wiite the equation of these new lines in the form y = mx + c. 
b What do you notice about the equations of these new parallel lines? 

6 In question 3 you identified the equation of the lines shown in the form 
y = mx + c. Change the value of the intercept c and then draw the new line. 
What do you notice about this new line and the first ine?
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In general the equation of any straight line can be written in the forms 
y=mxtc y 
whete m tepresents the gradicnt of the 
srsight line and ¢ the intercept with the 
yaxis. This is shown in the diagram. 

By lookingat the equation of a 
straight line written in the form y = mx 

e, itis therefore posible o deducethe 17 
line's gradient and intercept with the y- 1 
axis without having to draw it. 

Gradient ‘m" 

1 Find the gradient and y-intercept of these straight lines. 
ay=3x-2 by=-2x+6 

a Gradient = 3 b Gradienc = -2 
yintercept = ~2 yintercept = 6 

2 Find the gradient and y-intercept of these straight lines. 
aly=dx+2 by-2x= 
c —dy+2x=4 a¥=7x+z 

4x + 2 needs to be rearranged into gradient—intercept form 
3= mx+ o) 

  

  

  

a 2 
(i 

y=2x+1 
Gradient = 2 
yntercept 

b Rearanging y - 2x = —4 into gradient—intercept form, gives: 

   

  

y=2x-+4 
Gradient = 2 
y-intercept = —4 

¢ Rearranging —4y + 2x = 4into gradient—intercept form, gives: 

  

y=ix-1 

Gradient =} 
yntercept 

d Rmrmnging% 

y+3=—4x+8 
y=—4x+5 

Gradient = -4 
yntercept = 

   

  

~x + 2 into gradient—intercept form, gives:   
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B Exercise 5.2.3 

For the following linear equations, find both the gradient and y-intercept in each 

   

  

      
case. 
Tay=2x+1 < 2 
dy=tc+4 £y=-2x+1 
g y=—t i y=-(x-2) 

2ay-3x=1 ¢ y+3=-2x 
dy+2x+4=0 £ -3x+y=2 
g 24y=x i ~Gx+1)+y=0 

edy=x-2 

fiy+x=1 
i 2y-(x-1)=0 

¢ ~2y=6x+2 
£ y+l=2 
i —(4x-3)= -2y 

c%:fi 

by 
£ 2 Laiy 

i 1 2   
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Worked examples 

  

The equation of a line through two points 
The equation of a straight line can be deduced once the coordinates of two points 
on the line are known. 

Calculate the equation of the scraight line passing through the points (3, 3) and 
5,5). 

Plotting the two points gives: 

v 

  

—4-3-2-10 1 2 3 4 5 x 

‘The equation of any straigh line can be witten in the general form y = mx + . 
Here we haves 

5-3 _2_1 
5-(-3)"87°1% 

The equation of the line now takes the form y = § x +¢. 

Gradient = 

Since the line passes through the two given points, their coordinates must 
satisfy the equation. So to calculate the value of c, the 1~ and y-coordinates of 
one of the points are substituted info the equation. 
Substituting (5, 5) into the equation gives: 

5=ix5+c 

5=1f+c 

Therefore ¢ = 5 — 1} = 32, 

The equation of the straight line passing through (=3, 3) and (5,5 is: 
1,3 y=ix+3 

We have seen that the equation of a stmight line takes the fortn y = mx + c. It can, 
however, also take the form ax + by + = 0. Itis possible to wite the equarion 
y=mx+ cin the form ax + by + d = 0 by rearranging the equation. 

In the example sbove, y =%x E 3% can be rewritten as y =%+175' 
Multiplying both sides of the equation by 4 produces the equation 4y = x + 15. 
This can he rearmnged &0 —x + 4y — 15 = 0, which is the required form with 
a==1,b=4andc= =15,
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B Exercise 5.2.4 

Worked examples 

Find the equation of the straight line that passes through cach of the following 
pairs of points. Express your answers in the form: 
D y=metec 
i) ax+ by +d=0. 
La (L)) b (1,4)(3,10) e (1,5)(2,7) 

d (0,-4)(3,-1) e (1,6) (2,10) £ (0,4)(1,3) 
g (3,-4)(10,-18) h (0,-1)(1,-4) i (0,0)(10,5) 

2a (-53)(2,4 b (-3,-2) (4,4 e (=7,-3)(-1,6) 
d (2,5 (1,-4) e (-3,4)(5,0) £ 6477 
g (-5,2)(6,2) h (1,-3)(-2,6) i (6,-4)(6,6) 

Drawing straight-line graphs 
To draw a straight-line graph only two points need to be known. Once these have 
been plotted the line can be drawn between them and extended if necessary at both 
ends. Itis important to check your line is correct by taking a point from your graph 
and ensuring it satisfies the original equation. 

1 Plottheliney = x+ 3. 

“
v
e
s
a
o
 

v
a
x
 

  

Ot 23458678 

To identify two points, simply choose two values of x. Substitute these into 
the equation and calculate their corresponding y-values. 
When x=0,y=3. 
When x=4,y=1. 
Therefore two of the points on the line are (0, 3) and (4, 7). 
The straight line y = x + 3 s plotted as shown. 
Check using the poinc (1, 4). 
When x =1,y = x + 3 = 4, 50 (1, 4) satisfies the equation of the required line. 
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2 Plottheliney = ~2x + 4. 

v 

  

Whenx=2,y=0. 
Whenx = -1,y= 6. 
The coordinates of two points on the line are (2, 0) and (~1, 6), and the line 
i plotted as shown. 
Check using the point (0, 4). 

When x =0,y =—2x+ 4 = 4,50 (0, 4) satisfies the equation of the required line. 

  

Note that, in questions of this sort, it s often easier to rearrange the equation into 
gradient—intercept form first. 

B Exercise 5.2.5 

1 Plot the following straight lines. 

        

  

ay=2c+3 by=x—4 cy=3x-12 
dy=-2 & ym—t—1 £ 
g -y=3x-3 h2y=4x-2 i 

2 Plot the following stmight lines. 
a —2xt+y=+4 b —4x+2y=12 e 3y=6x-3 
d2x=x+1 e 3y—6x=9 f2y+x=8 
g x+y+2=0 h3x+2y-4=0 i 4=d4y-12x 

3 Plot the following stmight lines. 
143, R 

x_ —Qx+y) _ dy+i=3 (o 

gwpl i -2x+y)+4   
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Worked example 

  

Solving simultaneous equations 
The proces of solving two equations and finding a common solution is known as 
solving equations simultaneously. Simultaneous equations can be solved 
algebraically by elimination or by substitution. 

By elimination 
The aim of this method is to eliminate one of the unknowns by either adding or 
subtracting the two equations. 

Solve the following simultaneous equations by finding the values of x and y which 
satisfy both equations. 

   

  

a3x+y=9 
5x-y 

b 4x+y=123 
x+y=8 

a3x+y=9 o) 
5x-y=1 2) 
By adding equations (1) + (2) the variable y is climinated: 
8x=16 
x=2 

To find the value of y, substitute x = 2 into either equation (1) or (2). 
Substituting x = 2 into equation (1): 

3x4y= 
6+y 

y=3 

To check that the solution is correct, substitute the values of x and y into 
equation (2). Ifitis correct then the left-hand side of the equation will equal 
the right-hand side. 

5x-y 
10-3 

7 

  

     7 

b 4x+y=123 o) 
x+y=8 @ 
By subtracting the equations i.c. (1) - (2), the variable y is eliminated: 
3x=15 

x 

  

By substituting x = 5 into equation (2), y can be calculated: 

x+y=8 
5+y=8 

y=3
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Check by substituting both values into equation (1); 

   4x+ 23 
20+ 3 
B=1 

By substitution 
The same equations can also be solved by the method known as substitution. 

Solve these simultaneous equations by finding the values of x and y which satisfy Worked example 

   

   

  

both equations. 
a3x+ 
Sx-y= 

b 4x+y=23 
x+y=8 

a3x+y=9 o) 
5x— @ 
Equation (2) can be rearranged to give: y = 5x — 7 This can now be substituted 
into equation (1): 
3x4 (5x-7)=9 

  

Tofind the value of y, x = 2 is substituted into either equation (1) or (2) as 
before givingy = 3. 

b4x+y=23 (1) 
x+y=8 (2) 
Equation (2) can be rearranged to give y = 8 — x. This can be substituted into 
equation (1): 

4x+(8-%) =23 
4x+8-x=23 

3x+8=23 
3x=15 
x=5   y can be found as before, giving a result of y = 3. 

Graphically 
Simultancous equations can also be solved graphically by plotting the lines on the same 
pair of axes and finding the point of intersection. The Casio GDC can solve 
smultaneous equations algebraically. This gives the point of intersection if the graphs do 
‘i need to be drawn. Currently the Texas GDC cannot solve simultancous equations 
algebraically. However, both GDGs can solve them graphically.
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Worked example Using a GDC or graphing software, find the point of intersection of the lines given 
by the equations below, cither algebraically or a graphical method. 
3x+y=9 and Sx-y=7 
Method 1: Solving algebmically using the equation solve facility 

  

Casio 
  

@ @ o 
‘equation’ mode from the menu 
screen. 

@ toselect ‘Simultaneous'’. 

e to select the number of 

unknowns as 2. 

Enter the equation 3x + y = 9 into 
the first row of the matrix where a is 
the coefficient of x, b is the 
coefficient of y and ¢ the constant. 
Enter the equation 5x — y = 7 into 
the second row of the ma 

D to solve the equations 

   

simultaneously. 

  
e MALN_ T 
GEAFH [OYNA | THI 
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ann*EnY=Cn 

4 v 
  

  

igroe L I g 
  
  
anieon 

'    
[ (W TR T 
  
      anKEbRYELn   

  

notax + by + d = 0.   Note: The calculator requests the equations in the form ax + by = 

  

  

The point of intersection of the lines with equations 3x + y = 9 and 5x — y = 7is 
@3). 
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Method 2: Solving graphically 
Your GDC and graphing software can solve simultancous equations graphically. 
Firstly, rearrange each equation into gradient—intercept form, i.e.y = mx + c: 

3x+ 
5x— 

95y=-3x+9 
Toy=5x-1 

  

Then use the GDC or graphing software to plot both lines and find the point of 
intersection. 

  

Casio 
  

fi @ to select the graph mode. 

Enter the equations y = —3x + 9 
andy=5x-7 

é 1o graph both equations.   

Gl ma 
7D ) toselect ‘intersect’ 

from the ‘graph solve’ menu.     
  The results are displayed on the screen. 

  

  

  

  

Texas 

' to enter the equations ::‘?I "3'9"” 
=-3x+9andy="5x-7 W 
-+ to graph the equations 

simultaneously. - 

n = to calculate the 

coordinates of the point of intersection. 
Using the cursor select the first ‘curve’, =y 

then when prompted select the second 
‘curve". Finally move the cursor over the 

point of intersection. 

q The calculator will give the = 
o . Brrte coordinates of the point of intersection. | | #'1%™ v 
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Select S and enter the equations 
3x+y=9andSx-y=7. 

Select both graphs and click on 
“Object’ followed by ‘Solve 
fix) = glxy". 

The results are displayed in the 
results box by selecting 

  

Equaten Satesc 
‘Sauen xez. yed 

  

Enter the equations 3x + y = 9 and 

Type “Intersect [a, b}’ in the input 
box. 
The point of intersection is marked 
on the graph and its coordinates 
appear in the algebra window. 

5x - y = 7in tum into the input box. 

  

  

  

    Note: The letters ‘a’ and ‘b are in the command ‘Intersect [a, b]' as 
Geogebra automatically assigns the lines the labels ‘a’ and ‘b'.     

The point of intersection of the lines with equations 3x + y = 9and 5x — y = T s 
@3).
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B Exercise 5.2.6 

Solve these simultaneous equations cither algebraically or graphically. 
lax+ty=6 bx+y=11 

x-y=12 x—y-1=0 

   
2a3x+2y=13 b 6x+5y=62 

4x=2y+8 4x—5y=8 
d9x+3y=24 e Tx—y=-3    

    

x-3y=-14 4x+ 
3a2x+y=14 b 5x+3y=29 

x+y=9 x+3y=13 
dx+y=10 e 2x+5y=128 
3x=—y+22 4x+ 5y =36 

b3x-2y=8 
w-y=4 

e Bx-2y=-1 
3x-2y=-1 

b 2x+3y=-18 
x=3y+6 

e 4x—4y=0 
Sx+4y=12 

6a 2x+3y=13 b 2x+4y=50 
24y +8=0 Z+y=20 

cx+y=10 d 5x+2y=128 
3y=2-x 5x+ 4y =36 

Ta —4x=4y b3x=19+12 
4x-By=12 x4 5y=5 

d 3x+5y=29 e —5x+3y=14 
3x+y=13 5x+ 6y = 58 

Further simultaneous equations 

  

3x=5y+ 14 
6x+5y=58 
4x+2y=50 
x+2y=20 
x4 6y=-2 
3x+ 6y =18 
Tx-3y=26 
x-3y=1 
4x—y=-9 
Tx-y=-18 

  

x+3y=10 
x—3y=-25 
5x—3y=-17 

x+n=12 
x4 9= 
~2x+8y= 
x=3-y 

  

If neither x nor y can be eliminated by simply adding or subtracting the two 
equations then itis necessary to multiply one or both of the equations. The 
equations are multiplied by a number in order to make the coefficients of x (or y) 
rumerically equal.
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Solve these simultancous equations 
adx+ly=22 
x+y=9 

b5x-3y=1 
3x+4y=18 

aldx+ny=22 (1) 
x+y=9 @) 
To eliminate y, equation (2) is multiplied by 2: 
x+y=22 (1) 

3) 

By subtracting (3) from (1), the variable y is eliminated: 

x=4 
Substituting x = 4 into equation (2), we have: 

    

Check by substituting both values into equation (1); 
3x4+y=122 
12410=22 

2=2 

bSx-3y=1 (1) 
R+y=18 () 
To eliminate the variable y, equation (1) is multiplied by 4 and equation (2) is 
multiplied by 3. 

0x-129=4 () 
9+ 12y=5¢ (4) 
By adding equations (3) and (4) the variable y is eliminated: 

205 =58 
x=2 

Substituting x = 2 into equation (2) gives: 
3x+4y=18 

  

Check by substituting both values into equation (1); 
5x—-3y=1   
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M Exercise 5.2.7 
Solve these equations either algebraically or graphically. 

   

lal2ety=17 
3x+y=12 

d2x-3y=-3 
3x+2y=15 

2ax+y=5 
3x-2y+5=0 

dx-6y=0 
3x-3y=15 

3a3y=0+2 
x+2y=6 

d2x-5y=-8 
3x-2y=-26 

4a4x+2y=5 
3x+6y=6 

d-2y=05-12x 
6x+3y=6 

  

b 

    

Sx+ 4y =21 cx+y=1 
x+2y=9 x4 4y=23 
4x=dy+8 £ ox+5y=11 
x+3y=10 2-2y=10 
-2y=6 ¢ 2x43y=15 
x—5y=-5 2y=15-3x 
2x - 5y=~11 
x4 dy=18 
x+dy=13 c 2x=3y-19 
3x-3y=9 3x+2y=17 
5x-2y=0 £ 
x4 5y=29 
dx+y=14 < -2 
6x-3y=3 —15x+3y=9 
x+3y=6 
2w-0y=17 

  

Right-angled trigonometry 
Trigonometry and the trigonometric ratios developed 
from the ancient study of the stars. The study of right- 
angled triangles probably originated with the Egyptians 
and the Babylonians, who used them extensively in 
construction and engineering. 

The ratios, which are introduced in this chapter, were 
set out by Hipparchus of Rhodes about 150 Bc. 

Trigonometry was used extensively in navigation at sea, 
particularly in the sailing ships of the eighteenth and 
nineteenth centuries, when it formed a major part of the 

Lord Nelson would have used  examination to become a lieutenant in the Royal Navy. 
tigonometry in navigation 

The trigonometric ratios 
There are three basic frigonometric ratios: sine, cosine and tangent and you should 
already be familiar with these. 

Each of the trigonometric ratios elates an angle of a ight-angled riangle to a ratio of 
the lengths of two of tssides. 

The sides of the triangle have names, two of A 
which are dependent on their position in relation 
0 a specific angle. 2 

The longest side (always opposite the right angle) é 
hypotenuse 

is called the hypotenuse. The side opposite the angle 
is called the opposite side and the side next to the angle 
is called the adjacent side. B adjacent c
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Note that, when the chosen angle is at A, the sides A 
Iabelled opposite and adjacent. y opposite jjacent change. ; - 

s 
T 

B opposite c 

Tangent % 

‘The tangent ratio is: 
2 

<an C = length of opposite side g 
"~ Tength of adjacent side g 

B adjacent [ 

[l ! Calculate the size of angle BAC. 

o — opposite _ 4 
a0 X" = fjacent ~ 5 

=l 
x =387 (3s£) 

ZBAC = 38.7° (35£) 

2 Calculate the length of QR. 

wnd2e =t 

6x mn42°=p 
p=540 (3sf) 

QR = 5.40cm (3 s£)   

  

Sine 
The sine ratio is: o 

. length of opposite side 7 AR sinN = g 
ypotenuse
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rpm— | Clculate the size of angle BAC. 

  

x=357(3sf) 
ZBAC =35.7° (3 ) 

2 Galculate the length of PR. 
sin18° =11 

q 

  

g xsin 18° = 11 
1 

1= 
q=35.6(3sf) 

PR = 35.6cm (3 s£) 

Cosine 
The cosine ratio is: 

  

[T 1 Culculate the length XY. 
adjacent cos 620 = pRlacent__ £ 
ypotenuse — 20 

7=20x cos 62° 
2=939 (3sf) 

XY = 9.39cm (3 ) 

2 Calculate the size of angle ABC. 
adjacent 

Fypotenuse 
53 cosx =22 
12 

cosx = 

= cos-1[33) 
xEem (12 
x=638(3s£) 

ZABC = 638° (3 ) 

12m 

v 
K 

g
 

12cm 

7om 

11cm 

qom 

o! 

Q 

hypotenuse 

‘adiacent 

20 cm 

53m 

) 
N
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Pythagoras’ theorem B 

Pythagoras’ theorem states the relationship 
between the Lengths of the three sides of a a 
right-angled triangle: e 
2=+ 
1 Calculate the length of the side BC. e B R 

i : am 

8m c 

A bm c 

B 

  

Using Pythagoras' theorem: s 

m 

A 

2 Calculate the length of the side AC. 

2m 

Using Pythagoras’ theorem: 

5m 

  

AC = 109m (3s£) 

Angles of elevation and depression 
The angle of elevation is the angle above the horizontal through which a line of 
view is raised. The angle of depression is the angle below the horizontal through 
which a line of view is lowered. 

1 The base of a tower is 60m away from a T 
point X on the ground. If the angle of 
elevation of the top of the tower from 
Xis 40° calculate the height of the tower. 
Give your answer to the nearest metre. 

tnd0° = S e— 
h =60 x tan 40° = 50 

The heightis 50m. 

> 3
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2 An aeroplane receives a signal from a point X 
on the ground. If the angle of depression of 
point X from the aeroplane s 30°, calculate the 
height at which the plane is flying. 
Give your answer to the nearest 0.1 kilometre. 

  

sin30° =% 

h=6xsin30° =30 
The heightis 3.0km. 

B Exercise 5.3.1 

1 Calalatethe unkmown lenth neach o thediagrams 
a c 
P 12cm 146am 

T4 

P 
L te4cm 

A Bc 

  

8 92om 

  

2 Calculate the size of the marked angle x*in each of the following diagrams. 
a b 
L N 3 B 5cm A 

B 

om E :&aum 8em 
8om 

M P 

c 
Q  4om R
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3 Calculate the unknown length or angle in each of the following diagrams 
a b c 

A 

87cm 
6om 

  

B c 

  

4 A sailing boat sets off from a point X and heads towards Y, a point 17km north. 
At point Y it changes direction and heads towards point Z, a point 12km away 
on a bearing of 090°. Once at Z the crew want to sail back to X. Calculate: 

a the distance ZX 
b the bearing of X from Z. 

5 An aeroplane sets off from G on a bearing of 024° towards H, a point 250 km 
away. AtH it changes course and heads towards J on a bearing of 055° and a 
distance of 180km away. 

N 

foo 

G   
a How faris H to the north of G? 
b How faris H to the east of G? 

¢ Howfaris] to the north of H? 
d How faris ] to the eastof H? 
e Whatis the shortest distance between G and J7 
£ Whatis the bearing of G from 7 

6 Two trees are standing on flat ground. The 
angle of elevation of their tops from a 

point X on the ground is 40°. If the 
horizonal distance between X and the 
small tree is 8 m and the distance between 
the tops of the two trees s 20m, calculate: 

a the height of the small tree 
b the height of the tall tree 
¢ the horizontal distance between the 

rees.  
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7 PQRS isa quadilateral. The sides RS and QR are P 
the same length. The sides QP and RS are parallel. & 
Calculates 

a angle SQR o 4 
b angle PSQ 
¢ length PQ 
d length PS fom 
e the area of PQRS. 

8 Two hotair balloons are 1km apart in the air. 
If the angle of elevation of the higher from 
the lower balloon is 20°, calculate: 

a the vertical height between the two 
balloons 

b the horizonal distance between the 
two balloons. 

Give your answers to the nearest metre. 

  

9 A plane is flying at an altitude of 6km directly over the line AB. It spots two 
boats A and B on the sea. If the angles of depression of A and B from the plane 
are 60° and 30° respectively, calculate the horizontal distance between A and B. 

  

10 Two people A and B are standing either side of a transmission mast. A is 130m 
away from the mast and B is 200m away. If the angle of elevation of the top of 
the mast from A is 60°, calculate: 

a the height of the mast to the nearest metre 
b the angle of elevation of the top of the mast from B. 
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5.4 Trigonometry and non-right-angled 

I 

triangles 

Angles between 0° and 180° 
When calculating the size of angles using trigonometry, there is often more than 
one possible solution. Most calculators, however, will give only the first solution. 
To be able to calculate the value of a second possible solution, we need to look at 
the shape of trigonometrical graphs in more detail. 

Note: The sine and cosine functions are also covered in Section 4.5. 

The sine curve 
The graph of y = sinx is plotted below for x in the range 0 < x < 360°, where x is 
the size of the angle in degrees. 

  

The graph of y = sinx has: 

® a period of 360° (i.e. it repeats itself every 360°) 
= amaximum value of 1 (at 90°) 
= aminimum value of ~1 (at 270°). 

sin30° = 0.5. Which other angle between 0° and 180° has a sine of 0.57 

  

From the graph above it can be seen that sin 150° = 0.5. 
sinx = sin(180° — %)
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B Exercise 5.4.1 

Worked examples 

1 Express each of the following in tems of the sine of another angle between 
0°and 180°. 

a sin60° b sin80° ¢ sinll5° 

d sin140° e sin128° f sinl67° 

2 Express each of the following in terms of the sine of another angle between 
0°and 180°. 

a sin35° b sin50° ¢ sin 30° 
d sin4g° e sin104° f sin127° 

3 Solve these equations for 0° < x < 180°, Give your answers to the nearest degree. 
a sinx =033 b sinx =099 ¢ sinx =009 
d sinx =095 e sinx =022 £ sinx = 047 

4 Solve these equations for 0° < x < 180°. Give your answers to the nearest degree. 
a sinx =094 b sinx=0.16 ¢ sinx = 0.80 
d sinx =056 e sinx =028 £ sinx =033 

The cosine curve 
The graph of y = cos x is plotted below for x in the range 0 < x < 360°, where xis 
the size of the angle in degrees. 

9 

  

As with the sine curve, the graph of y = cos x has: 
 a period of 360° 
® amaximum value of 1 (at 0° and 360°) 
® aminimum value of ~1 (at 180°). 
Note that cos x° = —cos(180 — x)°. 

1 cos 60° = 0.5. Which angle between 0° and 180° has a cosine of —0.57 

  
From the graph above it can be seen that cos 120° = 0.5 as the curve is 
symmetrical.
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2 The cosine of which angle between 0° and 180° is equal to the negative of cos 50°7 

9 

  

cos 130° = —cos 50° 

Exercise 5.4.2 

1 Express each of the following in terms of the cosine of another angle between 
0° and 180°. 

a cos 20° b cos 85° ¢ cos32° 

d cos 95° e cos 147° f cos106° 

2 Express each of the following in terms of the cosine of another angle between 
0° and 180°. 

a cos 98° b cos 144° ¢ cos 160° 

d cos 143° e cos 171° f cos123° 

3 Express each of the following in terms of the cosine of another angle between 
0° and 180°. 

a —cos 100° b cos 90° ¢ —cos 110° 
d —cos 45° e —cos122° f —cos 25° 

4 The cosine of which acute angle has the same value as: 
a cos 125° b cos 107° e —cos 120° 
d —cos 98° e —cos92° f —cos 110°7 

The sine rule 
With right-angled triangles we can use the 8 
basic trigonometric ratios of sine, cosine and 
tangent. The sine rule is a relationship which 
can be used with non-right-angled triangles. h 4 

‘The sine rule states that: 

Bg b g B 
SmA snB snC A s c 
  

It can also be written as: 

$nA _sinB _sinC     
a b c
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[P 1 Calculate the length of side BC. 

Using the sine rules 
& b 
sinA  snB 

    

30° 

a=grgpe X snd0 

a=171(3sf) 
BC = 7.70em (3 5£) 

2 Calculate the size of angle C. 
Using the sine rules 
snA _sinC 

T c 
sin 60° _sin C 
% 65 

65 x5in 60° 
I — 

C=sin"'(0.94) 
C=69.8° (3s£) 

    

sinC= 

B Exercise 5.4.3 

aom 

6om 

65cm 6om 

1 Galculate the length of the side marked x in each of the following. Give your 
answers to one decimal place. 
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2 Calculate the size of the angle marked 6° in each of the following. Give your 
answers to one decimal place. 

a b 
Som 

oo > 

  

3 Triangle ABC has the following dimensions: 
AC = 10cm, AB = 8cm and angle ACB = 20°. 

a Calculate the two possible values for angle ABC. 
b Sketch and label the two possible shapes for triangle ABC. 

4 Triangle PQR has the following dimensions: 
PQ = 6cm, PR = 4cm and angle PQR = 40°. 

a Calculate the two possible values for angle QRP. 
b Sketch and label the two possible shapes for triangle PQR. 

The cosine rule 
The cosine rule is another relationship which can be used with non-right-angled 
riangles. 

A b 

The cosine rule states that: 

a?= b+ c?— 2bc cos A
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rp— | Calculate the length of the side BC. B 
Using the cosine rule: 

@ = B4 & - Dbocos A , aom 
a2 = 9% 72— (2% 9 x 7 x cos 50°) o 

1 +49 — (126 x cos 50°) = 49.0 
V0 A 
100 (3sf) A 9om < 

BC = 7.00cm (3 s£.) 

2 Galculate the size of angle A. 
Using the cosine rule: 
@ =B+ -hcosA 
Rearranging the equation gives: 

Red-a 
e 

15+ 12220 
A= T2 

A = cos™1(~0.086) 
A = 949°(35£) 

   

   

cosA= 

=0.086 

  

B Exercise 5.4.4 

1 Galculate the length of the side marked xin each of the following. Give your 
answers to one decimal place. 

       

a b c 
10 om 

s =7 
2m 7cm 

6cm 

- i 
d x cm 

. 
4cm 
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2 Calculate the angle marked 6° in each of the following. Give your answers to 
one decimal place. 

a b ¢ 
2mm 

40m 

an & 
L 9cm 150m 

4mm 
25m P 

d o e 
15om 

7om 
18om A 

0an 
150m 

3 Fourplayers W, X, Y and Z are on a rugby pitch. 
The diagram shows a plan view of 
their relative positions. 

Calculate: 
a the distance between players X and Z 
b angle ZWX 
¢ angle WZX 
d angle YZX 
e the distance between players W and Y. 

4 Three yachts A, B and C are racing off the ‘Cape’. Their relative positions are 
shown in the diagram. 
Calculate the distance between B and C to the nearest 10m. 

  

z 
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5 A girl sanding on a cliff top at A can see 
two buoys X and Y, 200m apart floating on 
the sea. The angle of depression of Y from 
Ais 45°, and the angle of depression of X 
from A s 60° (see diagram). 
IFA,X, Y are in the same vertical plane, 
calculate: 

a the disnce AY et 
b the disnce AX 
¢ the vertical height of the cliff. 

  

6 There are two trees standing on one side of a river bank. On the opposite side is 
a boy standing at X. 
Using the information given, calculate the distance between the two trees. 

4om Som 
N 

The area of a triangle 
The area of a triangle is given by the formula: 

Area = }bh 

where bis the base and h is the vertical height of the triangle. 
From trigonometric ratios we also know that: 

   
snc=1 2 
Reattanging, we have: 

A h=asinC —_—° 

Substituting for h in the original formula gives another formula for the area of a 
iangle: 

Area = }absinC
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Exercise 5.4.5 

1 Calculate the area of the following triangles. Give your answers to one decimal 
place. 

- b 
200m 

12mm 

14 b 1250 

< d 6om 

A= 
on 8 

2 Calculate the value of xin each of the following. Give your answers correct o 
one decimal place. 

a 

120m 

16.cm 

———xom———>1 

b 

  

140m 

8om 
150m 

area = 50 cm?
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3 ABCD is a school playing field. The following lengths are known: 
OA =83m, OB = 122m, OC = 106m,OD = 78m 
Calculate the arca of the school playing field to the nearest 100m2. 

  

4 The roof of a garage has a slanting length of 3m and makes an angle of 120° at 
its vertex, The height of the garage is 4m and its depth is 9. 

3.5 

  

Calculates 
a the crosssectional area of the roof 
b the volume occupied by the whole garage. 

5.5 Geometry of three-dimensional shapes 
Egyptian society around 2000 BC was very advanced, particularly in its 
understanding and development of new mathematical ideas and concepts. One of 
the most important pieces of Egyptian work is called the ‘Moscow Papyrus’ — so 
called because it was taken to Moscow in the middle of the nineteenth century. 
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The Moscow Papyrus was written in about 1850 BC <b> 
and is important because it contains 25 mathematical 
problems. One of the key problems is the solution to 
finding the volume of a truncated pyramid. Although 
the solution was not written in the way we write it 
today, it was mathematically correct and translates into 
the formula: 
G ddir ag + Bk 

‘The application of trigonometry first to triangles and then to other two-dimensional 
shapes led to the investigation of angles between a line and a plane, and then further 
o the application of trigonometry to three-dimensional solids such as the cuboid, 
pyramid, cylinder, cone and sphere. 

    
Trigonometry in three dimensions 

1 The diagram shows a cube of edge length 3cm. 
a Calculate the length EG. 
b Galculate the length AG. 
¢ Calculate the angle EGA. 
d Galculate the distance from the midpoint X of AB to the midpoint Y of BC. 

  

3cm 

      

  

a Triangle EHG (below) is right angled. Use Pythagoras' theorem to 
calculate the length EG. 

A B 

o T o ’ 
3om 

3cm F 

Son H dom G 
G 

 



198 GEOMETRY AND TRIGONOMETRY 

b Triangle AEG (below) s right angled. Use Pythagoras' theorem to 
calculate the length AG. 

  

  2 E  Vigom G 
H 3om G 

AG? = AE' 4+ EG? 
AG2 =3+ (1/18)? 
AGP =9+ 18 
AG = /2Tem 

¢ To calculate angle EGA, use the triangle EGA: 
A 

3om 

  

E  +i8om 

3 an G = 
V18 

Angle G (EGA) = 35.3° (35£) 
d To calculate the distance from 

XtoY, use Pythagoras’ theorem: 
XY2= XB? + BY? 
XY2= 15 + 152 
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2 In the cuboid ABCDEFGH, AB is 
12cm, AD = 9cm and BF = 5cm. 

a i) Calculate the length AC. 
i) Calculate the length BE. 
iii) Calculate the length HB. 

b Xis the midpointof CG and ~ 9om 
Y is the midpoint of GH. 
i) Calculate the length XY. 
ii) Calculate the length XA. A Zom 

a i) Tocalculate AC, consider triangle ABC. 
Triangle ABC is right angled, so use Pythagoras'theorem: 
ACt = AB2 + AC? 

    

AC = 15em 

  

i) Tocalculate BE, consider triangle ABE. 
Triangle ABE is right angled, so use Pythagoras'theorem: 

E 

  

5om 

120m 

iii) To calculate HB, consider triangle EBH. 
Triangle EBH is right angled, so use Pythagoras'theorem: 

HB? = EH? + BEX Hi 
HB? = 92 4 13 
HB? = 81 + 169 
HB = 158cm s 

E B 130m
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b i) Tocalculate XY, consider the triangle XYG with a right angle at G. 
XY? = XG? + YG? 

.52 + 6 

.25 + 36 

XY = 1/42.25 = 65cm 

i) To calculate XA consider the 
triangle AXZ. 

      

  

  

XZ=9cm A 
Calculate AZ using triangle ABZ. 

      AZ' =144 + 625 

AZ =4150.25 = 12.3cm 

Then find XA, using triangle AXZ.   

  

B Exercise 5.5.1 

Give all your answers to one decimal place. A B 
1 a Calculate the length HE. 

Calculate the length of HB. 
Calculae the angle BHG. 
Calculate XY, where X and Y are the 
‘midpoints of HG and FG respectively. 

a
n
o
s
 

  
Calculate the length CA. 
Calculate the length CE. 

¢ Calculate the angle ACE. 

s
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3 a Calculate the lengch EG. 
b Calculate the length AG. 
¢ Calculate the angle AGE. 

120m 

4 a Galculate the angle BCE. 
b Calculate the angle GFH. 

  

  

      

5 The diagram shows a right pyramid where A is 
vertically above X. 

a i) Galculate the length DB. 
i) Calculate the angle DAX. 

bi) Calculate the angle CED. 
i) Calculate the angle DBA. 

6 The diagram shows a right pyramid where A 
is vertically above X. 

a i) Calculate the length CE. 
i) Calculate the angle CAX. 

bi) Calculate the angle BDE. 
i) Calculate the angle ADB.  
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7 In this cone the angle YXZ = 60°. x 
a Galculate the length XY. 
b Calculate the length YZ. 
¢ Galculate the circumference of the base. 

    

    

8 In this cone, the angle XZY = 40°. 
a Galculate the length XZ 
b Calculate the length XY. 

9 In the diagram, RS = 19.2cm, SP = 16.cm and 
TQ = 7.2cm. X is the midpoint of VW. Y is the 
‘midpoint of TW. 
Calculate the following, drawing diagrams of 
right-angled triangles to help you. 

a PR b RV 
¢ PW F 
e SY 

10 One comer of this cuboid has been sliced off 
along the plane QTU. 
WU = 4cm. 

a Calculate the length of the three sides of 
the wiangle QTU. 

b Calculate the three angles Q, T and U in e 
triangle QTU. 

¢ Calculate the area of triangle QTU. 

  

10cm 

The angle between a line and a plane 
To calculate the size of the angle between the line AB and 
the shaded plane, drop a perpendicular from B. It meets 
the shaded plane at C. Then join AC. 
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The angle between the lines AB and AC represents the angle between the 
line AB and the shaded plane. 

The line AC is the projection of the line AB on the shaded plane. 

ABCDEFGH is a cuboid. N 8 
a Calculate the length CE. 
b Calculate the angle between the 

line CEand the plane ADHE. dom 

2cm 

H 5cm G 

a First use Pythagoras' theorem to calculate the length EG: 

  

  

A B E 

B e . 
2cm 

4cm 

r H  som G 
2cm 

H  5om 

EG? = EH? + HG? 
EG? =245 
EG =29 
EG =\29m 

Now use Pythagoras’ theorem to calculate CE: 

A : 2 c 
4cm 

    
  

  

CE = 6.7lem (35£)
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som a5 om 

  

  

To calculate the angle between the line CE and the plane ADHE wse the 
right-angled triangle CED and calculate the angle CED. 

CD xinl-l:a 

inE =—— snk = 

£ =snci ) 

E = 482° (3sf) 

B Exercise 5.5.2 

1 Name the projection of each line onto 
the given plane. 

a TR onto RSWV 
b TR onto PQUT 
¢ SU onto PQRS s 
d SU onto TUVW 
e PVonto QRVU 
£ PVontoRSWV WY 

2 Name the projection of each line onto 
the given plane. 

a KM onto INM 
b KM onto JKON 
¢ KM onto HIML 
d 10 onto HLOK 
e 10 onto JKON 
£ 10 onto LMNO 

  

  

3 Name the angle between the given line 
and plane. i 

a PTand PQRS 
b PU and PQRS 
¢ SVand PSWT 
d RT and TUVW 
e SU and QRVU 
£ PVand FSWT 
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4 a Calculate the length BH. 
b Calculate the angle between the line 

BH and the plane EFGH. 

  

5 a Calculate the length AG. 
b Calculate the angle between the line 

AG and the plane EFGH. 
¢ Calculate the angle between the line 

AG and the plane ADHE. 

6 The diagram shows a right pyramid where A is 
vertically above X. 

a Calculae the length BD. 
b Calculate the angle between AB and 

CBED. 

  

     

    

7 The diagram shows atight 
pyramid where U is vertically 
above X. 

a Calculate the length WY. 
b Calculate the length UX. 
¢ Calculae the angle 

between UX and UZY. 

8 ABCD and EFGH are square faces lying 
parallel o each other. 
Calculate; 

a the length DB 
b the length HF 
¢ the verical height of the object 
d the angle DH makes with the plane 

ABCD.  
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9 ABCD and EFGH are square faces lying A 12em B 
parallel to cach other. 
Gileulate: e 

a the length AC & 
b the length EG ) 
¢ the vertical height of the object 
d the angle CG makes with the plane 
ERGH. O 

4cm G 

9cm 

Volume and surface area of prisms 
A prism is any three dimensional object which has a constant crosssectional area 
Below are a few examples of some of the more common types of prisms 
When each of the shapes is cut parallel to the shaded face, the cross-section is 
constant and the shape is therefore classified as a prism. 

‘Triangular prism 

  

Volume of a prism = area of cross-section X length 
‘The surface area of a prism is the sum of the areas 
ofits faces. The surface area of a cuboid can be   

      

alculated as: ! 
Surface area of a cuboid = 2(wl + [h + wh) i i S 

—i— 

To calculate the surface area of 2 
other prisms itis best to visualize 
the net of the solid. A cylinder is 
‘made up of one rectangular piece f =3 @ 
and two circular pieces. i   

Area of circular pieces = 2 X mr? 
Area of rectangular piece = 21 X h 
Total surface area = 2mr? + 2nrh 

=Znrlr + b) O 
    
  

[
a
m
—
—
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1 Calculate the volume and surface area of the L-shaped prism shown. 
2em 

  

  
  

E3 
~
—
g
—
>
 

  

  

<—5om— 

‘The cross-sectional area can be split into two rectangles: 
Area of rectangle A = 5 x 2 = 10cm? 
Area of rectangle 
Total cross-sectional area = 10.cm? + Scu? = 15cm? 
Volume of prism = 15 x 5 = 75 
The volume of the prism is 75 cm’. 
The surface area of the prism = 2 X cross-sectional area + areas of other faces 
=1x154(6+2+5+3+1+5)x5 
=2x15+22x 5 = 140cm? 
The surface area of the prism is 140cm?. 

   

    

2 Calculate the volume and surface area of the cylinder shown. Give your answers 
to one decimal place. 

  

Volutne of a pristn = area of cross-section X length 
= 
*xPxul 

    

i 
= 1979 (1dp) 

The volume is 197.9c?. 
Total surface area = 2rr(r + h) 

=2 x3x(3+7) 
=6xx 10 
= 60x 
= 1885 (1dp.) 

The total surface area is 188.5cm?.
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@ B Exercise 5.5.3 

1 Galculate the volume and surface area of each of the following prisms. Where 
necessary, give your answers to one decimal place. 

a A cuboid with these dimensions: w = 6cm, [ = 23mm, h = Zcm. 
b Acylinder with a radius of 3.5cm and a height of 7.2 cm. 
¢ A tiangular prism where the base length of the triangular face is 5cm, the 

perpendicular height is 24mm and the length of the prism is 7cm. 
2 The diagram shows a plan view of a cylinder inside a box the shape of a cube. If 

the radius of the cylinder is 8cm, calculate: 
a the height of the cube 
b the volume of the cube 
¢ the volume of the cylinder 
d the percentage volume of the cube not occupied by the cylinder. 

  

  

      

3 A chocolate baris made in the shape of a triangular prism, The triangular face of 
the prism is equilateral and has an edge length of 4cm and a perpendicular 
height of 3.5 cm. The manufacturer also sells these in special packs of six bars 
arranged as a hexagonal prism. I the prisms are 20cm long, calculate: 

a the cross-sectional area of the pack 
b the volume of the pack 
¢ the surface area of the pack. 

  

a5 cm; L / 

aom 

4 A cuboid and a cylinder have the same volume. The radius and height of the 
cylinder are 2.5cm and 8cm respectively. If the length and width of the cuboid 
are each 5 cm, calculate its height to one decimal place. 

5 A section of steel pipe is shown in the 
diagram. The inner radius is 35 cm and 
the outer radius 36 cm. Calculate the 
volume of steel used in making the pipe 

if it has a length of 130m. 
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6 Two cubes are placed next to each other. The length of each of the edges of the 
larger cube is 4cm. If the ratio of their surface areas is 1:4, calculates 

a the surface area of the small cube 
b the length of an edge of the small cube. 

<—4om—>1 

7 A cube and a cylinder have the same surface area. If the cube has an edge length 
of 6 cm and the cylinder a radius of 2cm calculate: 

a the surface area of the cube 
b the height of the cylinder 
¢ the difference between the volumes of the cube and the cylinder. 

8 Two cylinders have the same surface area. 
The shorter of the two has a radius of 3cm hom ien 
and a height of 2cm, and the taller cylinder 27 
hasa radius of 1cm. Calculate: ¥ T 

a the surface arca of (one of) the 28m hom 
ylinders ¥ 

b the height of the taller cylinder l 
¢ the difference between the volumes of 

the two cylinders. 
9 Two cuboids have the same surface area. 

‘The dimensions of one of the cuboids are 

Length = 3em, width = 4cm and height = 2cm. 
Calculate the height of the other cuboid if its length is 1cm and its width is 4cm. 

Volume and surface area of a sphere 
The volume of a sphere is given by the following formula: 
Volume of sphere = 4 

The surface area of a sphere is given by the following formula: 
Surface area of sphere = 4rr? 

1 Calculate the volume and surface area of 
the sphere shown, giving your answers to 
one decimal place. 
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Volume of sphere = 4’ 
* NExXP 

=1131 

The volume is 113.1cm®. 

Surface area of sphere = 4 
=4xnx3F 
=113.1 

The surface area is 113.1cm?. 

2 Given that the volume of a sphere is 150cm?, calculate its radius to one decimal 
place. 
V=i 

v 
T 

3x150 
Brn 
r=%358=33 
The radius is 3.3cm. 

  
   

  =358 

B Exercise 5.5.4 

1 Calculate the volume and surface area of cach of the following spheres. The 
radius r is given in each case. 

ar=6am br=95m cr=82cm dr=07m 
2 Calculate the radius of each of the following spheres. Give your answers in 

centimetres and to one decimal place. The volume V is given in each case. 
a V=10cm b V=02m 

3 Calculate the radius of each of the following spheres, given the surface area in 
each case. 

a A=165cm? b A=120 mm? 

4 Given that sphere B has twice the volume of 
sphere A, calculate the radius of sphere B. 

5 Calculate the volume of material used to <55 0m 
make the hemispherical bowl shown, if the ~5om= 
inner radius of the bowl is 5cm and its outer 
radius 5.5 cm. 
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6 The volumes of the material used to make the sphere and hemispherical bowl 
shown are the same. Given that the radius of the sphere is 7cm and the inner 
radius of the bowl is 10cm, calculate the outer radius rcm of the bowl. 

wrome. 
r0cm- 

7 A ball is placed inside a box into which it 
will it tighly. If the radius of the ball is 
10cm, calculate: 

a the volume of the ball 
b the volume of the box 
¢ the percentage volume of the box 

not occupied by the ball. 
8 A steel ball is melted down to make eight smaller identical balls. If the radius 

of the original steel ball was 20cm, calculate to the nearest millimetre the 
radius of each of the smaller balls. 

9 A steel ball of volume 600cm? is melted down and made into three smaller 
balls A, B and C. If the volumes of A, B and C are in the ratio 7:5:3, calculate 
o one decimal place the radius of each of A, Band C. 

10 The cylinder and sphere shown have the same radius and the same height. 
Calculate the ratio of their volumes, giving your answer in the forms 

  

-l 

  

volume of cylinder : volume of sphere. 
11 Sphere A has a radius of 8cm and sphere B has a radius of 16cm. Calculate the 

ratio of their surface areas in the form 1:n. 

0@
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12 A hemisphere of diameter 10cm is attached 
toa cylinder of equal diameter as shown. 
If the total length of the shape is 20cm, 
calculate: 

a  the surface area of the hemisphere 
b the length of the cylinder = 
¢ the surface area of the whole shape. 

13 A sphere and a cylinder both have the same surface area and the same height 
of 16cm. 

Calculate, to one decimal place: 
a  the surface area of the sphere 
b the radius of the cylinder. 

9 @ 
Volume and surface area of a pyramid 
A pyramid is a three-dimensional shape. Each of the faces of a pyramid is planar 
(not curved). A pyramid has a polygon for its base and the other faces are triangles 
with a common vertex, known as the apex. A pyramid's individual name is taken 

10.cm| 

  

from the shape of the base. 

‘Square-based pyramid Hexagonal-based pyramid 

The volume of any pyramid is given by the following formula: 
Volume of a pyramid = 4 x area of base x perpendicular height 
The surface area of a pyramid is found simply by adding together the areas of all of 
its faces. You may need to use Pythagoras' theorem to work out the dimensions you 
need to calculate the volume and surface area.



Worked example 
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A rectangular-based pyramid has a perpendicular height 
of 5cm and base dimensions as shown. Calculate the 
volume and surface area of the pyramid. 

   
Volume = 4 x base area x height 

={x3x7x5 
=3 

The volume is 35cm’. 

To work out the surface area you need to know the perpendicular height of the 
triangular faces of the pyramid. 

A A 

A Mk 
D 7om c 

X 1.5cm F 

R =152 +52=2725 

h=42125 

Area of two of the triangular faces = 2 x  x 7x 1/21.25 
= 36.541 

A A 

9 Som 

E #m D X asom © 

F=352+5=3125 
¢=\3125 

Area of other two of the riangular faces = 2 x §x 3 x 4/37.25 
= 18310 

Total surface area = area of base + area of triangular faces 
21 + 54.851 

=759 

The surface area of the pyramid is 75.9 cm?. 
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B Exercise 5.5.5 

1 Find the volume of each of the following pyramids. 
a 

    

b 100m 

2 The rectangular-based pyramid shown has a sloping edge length of 12cm. 
Calculate its volume and surface area, giving your answers to one decimal place. 

120m 

5om 

8cm 

3 Two square-based pyramids are glued together as shown. Given thatall the 
triangular faces are identical, calculate the volume and surface area of the 
whole shape. * 
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4 The top of a square-based pyramid is cut off. 
The cutis made parallel to the base. If the ‘ 
base of the amallee pyramid has a side length Bom 
of 3 cm and the vertical height of the 
tuncated pyramid is 6cm, calculate: 

a the height of the original pymmid 
b the volume of the original pyramid 
¢ the volume of the truncated pyramid. 

12 on 120m 

5 Calculate, to one decimal place, the surface area of the truncated square-based 
pyramid shown. Assume that all the sloping faces are identical. 

9cm 

14cm 

18om 

6 Calculate the perpendicular height hcm for the pyramid, given that it has a 
volume of 168cm’. 

  

9cm 

7 Calculate the length of the edge marked xcm, given that the volume of the 
pyramid is 14 cm’. 
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8 The top of a triangular-based pyramid 
(tetrahedron) is cut off. The cut is made 
parallel to the base. If the vertical height of 
the top is 6cm, calculate to one decimal 
place: 

a the height of the truncated piece 
b the volume of the small pyramid 
¢ the volume of the original pyramid. 

9 Calculate the surface area of a regular 
tetrahedron with edge length 2cm. 

10 The two pyramids shown below have the same surface area. 

xom 

A B 
2em 12cm 

Calculate: 
a the surface area of the tetrahedron 
b the area of one of the triangular faces on the square-based pyramid 
¢ the value of x. 

  

Volume and surface area of a cone 
A coneis a pyramid with a circular base. The g 
formula for its volume is therefore the same as for 
any other pyramid. 

Volume =4 x base area x height h 

-k l 
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Before we look at examples of finding the volume and surface area of a cone it is 
wseful to look at how a cone is formed. A cone can be constructed from a sector of 
acircle. 

@ & 
The length of the sloping side of the cone s equal to the radius of the sector. The 
base circumference is equal to the arc length of the sector. The curved surface area 
of the cone is equal to the area of the sector. 
Arc length and sector area 
An arc is part of the circumference of a circle between 
two radii. s length is proportional to the size of the 
angle ¢ between the two radit. The length of the arc 
as a fraction of the circumference of the whole circle 

is therefore equal to the fraction that ¢ is of 360°. 

  

Arclength = 0 X 230 

A sector is the region of a circle enclosed by two radii 
and an arc. The area of a sector s proportional to the 

size of the angle ¢ between the two radii. As a 
fraction of the area of the whole circle, itis therefore 

equal to the fraction that ¢ is of 360°. 
s Areaof sctor = 35 x w12 

  

Calculating the volume of a cone 
As we have seen, the formula for the volume of a cone is: 

Volume =1 x base area x height 
=1k 

o p— 1 Calculate the volume of the cone. 
Volume = {xrh 

Ixnx4x8 

=1340(1dp) 
The volume is 134cm®   
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2 The sector below is assembled to form a cone as shown. 

A20m 

hem 

T
l
 

Calculate the base circumference of the cone. 
Calculate the base radius of the cone. 
Calculate the vertical height of the cone. 
Calculate the volume of the cone. 

The base circumference of the cone s equal to the arc length of the sector. 

a
n
o
e
 

sector are length = 355 x 28 

= anx 12586 

So the base circumference is 58.6cm. 

b The base of a cone is circular, therefore: 

  

So the radiusis 9.33cm. 

¢ The vertical height of the cone can be calculated using Pythagoras' theorem 
on the right-angled riangle enclosed by the base radius, vertical height and 
the sloping face, as shown below. 

12cm 

hem 

Note that the length of the sloping side is equal 
to the radius of the sector. 

a330m 
122 = k2 +9.332 

22 - 9332 

  So the heightis 7.54cm. 

d Volume = & x m2h 
=1xmx9.33 x 7,54 =688 

So the volume is 688 cm’.  
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Worked example 

Note: Although answers were given to three significant figures in each case, where 
the answer was needed in a subsequent calculation, the exact value was used and 
nor the rounded one. By doing this we avoid introducing rounding errors into the 
calculations. 
Calculating the surface area of a cone 
‘The surface area of a cone comprises the area of the circular base and the area of 
the curved face. The area of the curved face is equal to the area of the sector from 
which it is formed. 

Calculate the total surface area of this cone. 

12cm 

Surface area of base = &’ 
=25r 

The curved surface area can best be 120m 
visualized if drawn as a sector as shown in 
the diagram: 
‘The radius of the sector is equivalent to the 
slant height of the cone. The arc length of 
the sector is equivalent to the base 

  

cseinfenencetf the cone, Torom 

¢ _10x 
360 T 24w 

Therefore g = 150° 
Arcaof sector = 20 x 7 x 122 = 60x 

Total surface area = 60 + 25% 

=85n 

=267 

The total surface area is 267 cm?.



220 GEOMETRY AND TRIGONOMETRY 
  

B Exercise 5.5.6 

1 For each of the following, calculate the length of the arc and the area of the 
sector. O is the centre of the circle. 

a bo 

& 8em 
& 

c d 

6cm 

O 5cm 

2 A circular cake is cut. One of the slices is shown. 

aom 

pr = 

Calculate: 
a the length acm of the arc 
b the total surface area of all the sides of the slice 
¢ the volume of the slice. 

3 Calculate the volume of each of the following cones. Use the values for the base 
radius rand the vertical height h given in each case. 

    
a r=3em, h=6cm 
b r=6cm, 
¢ r=8mm, 
d r=6cm, h =44 mm 

4 Calculate the base radius of a cone with a volume of 600cm’ and a vertical 
height of 12cm. 

5 A cone hasa base circumference of 100cm and a slope height of 18 cm. 
Calculate: 

a the base radius 
b the verical height 
¢ the volume.
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6 Calculate the volume and surface area of both of the following cones. Give your 
answers to one decimal place. 

a b 

20cm 
16 cm 

1<—15 om—>-1 

16 cma-i 

7 The two cones A and B shown below have the same volume. Using the 
dimensions shown and given that the base circumference of cone B is 60 cm, 
calculate the height hcm. 

|s<:) 

A 

8 The sector shown is assembled to form a cone. Calculate: 
a the base circumference of the cone 
b the base radius of the cone 
¢ the vertical height of the cone 
d the volume of the cone 
e the curved surface area of the cone. 

    

9 Two cones with the same base radius are stuck together as shown. Calculate 
the surface area of the shape. 

adm 
Y 

  

150m
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10 Two cones have the same total surface area. 

15 cm 
xem 

<50m> <—8om—>1 

Calculate: 
a_the total surface area of each cone 
b the value of x. 

11 A cone is placed inside a cuboid as 
shown. If the base diameter of the cone 
s 12cm and the height of the cuboid is 
16 cm, calculate, to one decimal place 
where required: A\ 

a the volume of the cuboid i " 
b the volume of the cone 
¢ the vohume of the cabaid noe 

occupied by the cone. 

| 120m 

12 The diagram shows two similar sectors which are assembled into cones. 
Calculates 

a the volume of the smaller cone 
b the volume of the larger cone 
¢ the ratio of their volumes.
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cone. Calculate: 
a its total volume 

13 Anice cream consists of a hemisphere and a P 

b its total surface area. [ 
om 10 

14 A cone s placed on top of a cylinder. Using I 
the dimensions given, calculate T 

a the total volume of the shape 10m 
b its total surface area. 

—8m—>i 

15 Two identical truncated cones are placed end to end as shown. 

o 3B om———> 

Calculate the total volume of the shape. Give your answer to one decimal place. 
16 Two cones A and B are placed either end of a cylindrical tube as shown. 

1<—25am—> 

‘n_ 

Given that the volumes of A and B are in the ratio 2:1, calculate, to one 
decimal places 

a the volume of cone A 
b the height of cone B 
¢ the volume of the cylinder. 

~
g
>
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M Student assessment 1 M Student assessment 2 

1 The coordinates of the end points of two line  Diagrams are not drawn to scale. 
segments are given below, In each case: ; : 
) calculate the distance between the twoend le:fi,;:fi:fi:;é?;: :::::?::;m I 

points eachick e - correc 
) give the eoordinates of the midpoint. toenederimal place! 

(=6, -1) (6, 4) 
(1,2) (7, 10) 
(2,6)(-2,3) 
(=10, -10) (0, 14) ao

 
s
 

2 Sketch the following graphs on the same pair of 
axes, labelling cach clearly. b 

x=-2 15em 
g3 

“3x 
4 

3 For each of the following linear squations: N 

x 

xom 

50 

e 
o
6
o
s
 

  

i) find the gradient and y-intercept 
i) plot the graph. 
aysz+l by=3-3¢ © 
¢ x-y=—4 d2y-5x=8 

4 Find the equation of the straight line which 
passes through cach of the following pairs of ‘3 
points. Express your answers in the form 04 
y=mx+c. 
a (1,-1)(4,8) b (0,7)(3,1) 
¢ (-,-96,5 4 (1L-1(-1D 4 

5 Solve the following pairs of simultaneous 3 
equations cither algebraically or graphically. 
ax+ty=4 b3x+y=2 A 
x-y=0 =2 s 

cy+dx+4=0  dx- 
x+y=2 3x+2y+6=0 

   

  

8om 

0 

xom 

om 

Q) 
om 

xem
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2 Calculate the angle marked 6% in each of the 3 Calculate the lengeh of the side marked gcm in 
following. Give your answers correct to the each of the following. Give your answers correct 

nearest degree. 0 one decimal place. 
a    
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M Student assessment 3 

Diagrams are not drawn to scale. 
1 A map shows three towns A, B and C. Town A 

is due north of C. Town B is due cast of A. The 
distance AC is 75km and the bearing of C from 
Bis 245°. 

Calculate, giving your answers to the nearest 
100m: 

a the distance AB 
b the distance BC. 

2 Two trees stand 16m apart. Their tops make an 
angle of 6° at point A on the ground. 

Ak 
«————xm   16 m —>| 

a Express 6° in tems of the height of the 
shorter tree and its distance x metres from. 
point A. 

b Express 0° in terms of the height of the taller 
tree and its distance from A. 
Form an equation in terms of x. 
Calculate the value of x. 
Calculate the value 6. 

an
 

® 
3 Two boats X and Y, sailing in a race, are shown 

in the diagram. Boat X is 145m due north of a 
buoy B. Boat Y is due cast of buoy B. Boats X 
and Y are 320m apart. 

X N 

s2om 4 wsm 
k) 

B 

Calculate: 
a the distance BY 
b the bearing of Y from X 
¢ the bearing of X from Y. 

4 Two hawks P and Q are flying vertically above 
one another. Hawk Q is 250m above hawk P. 
They both spot a snake at R. 

  

R 
I L] 

Using the information given, calculates 
a the height of P above the ground 
b the distance between P and R 
¢ the distance between Q and R. 

5 A boy standing on a cliff top at A can see a boat 
siling in the sea at B. The vertical height of 
the boy above sea level is 164m, and the 
horizontal distance between the boat and the 
boyis 4km.



Calculate: 
a the distance AB to the nearest metre 
b the angle of depression of the boat from the 

boy. 
6 Draw the graph of y = sin® for 0° < x° < 180°. 

Mark on the graph the angles 0%, 90°, 180°, and 
also the maximum and minimum values of y. 

7 Express cach of the following in tems o 
another angle between 0° and 180°. 
a sn50° b sinl150° 
© cosds® d cos120° 

8 Calculate the size of the obtuse angle marked 6° 
in this triangle. 

18 cm 

- N 
M Student assessment 4 

Give all lengths to one decimal place and all 
angles to the nearest degree. 
1 For the cuboid shown, calculates 

a the length EG 
b the length EC A 5 
¢ angle BEC. 

4cm F 

6cm 
H 10cm G 

2 Using the triangular prism shown, calculates 
a the length AD 
b the length AC 
¢ the angle AC makes with the plane CDEF 
d the angle AC makes with the plane ABFE. 

A 18m 

6om 

my
 

9cm D 
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3 Drawa graph of y = cos6?, for 0° < 6° < 180°. 
Mark on the angles 0°, 90°, 180°, and also the 
‘maximum and minimum values of y. 

4 The cosine of which other angle between 0 and 
180° has the same value as 
a cos128° b —cos80°? 

5 For the triangle shown, calculate: 
a the length PS 
b angle QRS 
c the length SR. 
Round your answers to one decimal place, 
where necessary. 

  

6 The Great Pyramid at Giza is 146m high. Two 
people A and B are looking at the top of the 
pyramid. The angle of elevation of the top of 
the pyramid from B s 12°. The distance 
between A and B is 25m. If both A and B are 

1.8m tall, calculate to one decimal place: 
a the distance from B to the centre of the base 

of the pyramid 
b the angle of elevation 0 cf the top of the 

pyramid from A 
¢ the distance between A and the top of the 

pyramid. 
Note: A, Band the top of the pyramid are in 
the same vertical plane. 
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M Student assessment 5 

Give all lengths to one decimal place and all 
angles to the nearest degree. 
Diagrams are not drawn to scale. 
1 For this quadsilateral, calculates 

a the length JL 
b angle KIL 
¢ the length M 
d the area of JKLM. 

  

2 For the square-based right pyramid shown, 
calculate: 
a the length BD 
b angle ABD 
¢ the area of triangle ABD 
d the vertical height of the pyramid. 

  

3 Find two angles between 0° and 360° which 
have the following cosine. Give each angle to 
the nearest degree. 
a 0.79 b -028 

4 a On one diagram plot the graph of y = sin6° 
and the graph of y = cos6®, for 0° < ¢° < 
360°. 

b Use your graph to find the angles for which 
sin@°® = cos°@°. 

5 The cuboid shown has one of its comers 
removed to leave a flat triangle BDC. 

A B 

8om 

sem 
H 5m G 

Calculate to two significant figures: 
a length DC 
b length BC 
¢ length DB 
d angle CBD 
e the area of triangle BDC 
£ the angle AC makes with the plane AEHD. 

6 In the diagram of the cuboid, X is the midpoint 
of VW and Y is the midpoint of TW. 
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. Student assessment 6 4 The cone and sphere shown here have the same 
volume. 

Give all your answers to one decimal place. 

1 A sphere has a radius of 6.5cm. Calculates 
a its total surface area 3 
b its volume. 

2 A pyramid with a base the shape of a regular 
hexagon is shown. If the length of each of its 
sloping edges is 24cm, calculate: 
a its total surface area 
b its volume. 

scm xem 

If the radius of the sphere and the height of the 
cone are both 6cm, calculates 
a the volume of the sphere 
b the base radius of the cone 

A\ ¢ theslant height xcm 
/ d the surface area of the cone. 

5 The top of a cone is cut off and a cylindrical 
hole is drilled out of the remaining truncated 
cone as shown. 

Calculate: 
2 om a the height of the original cone 

) ! . b the volume of the original cone 
3 g;";"::;‘_’” scomentionl amainthe e of the alid trumcated cane 

d the volume of the cylindrical hole 
Calculates e the volume of the remaining truncated cone. 
a the radius rem 
b the cross-sectional area of the prism 
¢ the total surface area of the prism 
d the volume of the prism. 

  



Discussion points, project ideas 

and theory of knowledge 

I!”a The human hmflw a 
longitudinal fissure (@ long crack), 

  

      
Fight brain thinking’ W 
side or another is TespO) 

    =y 
alarge number of e 
e indude Akl 

o, S Smiar 
athers. These e 3 The terms arithmetic, algebra 

and geometry used to be 

studied in schools as separate 

“wiject (and stil re in parts of 

the USA). Disculs the statement. 

that these tenms are becoming 

redundant, what you think are. 

ow the most important areas 

of mathematics and should 4 

they, or can they, be st 
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Statistics 

Syllabus content 
6.1 Classification of data as discrete or continuous. 
6.2 Simple discrete data: frequency tables; frequency polygons. 
6.3 Grouped discrete or continuous data: frequency tables; mid-interval values; 

upper and lower boundaries. 
Frequency histograms. 
Stem and leaf diagrams (stem plots). 

6.4 Cumulative frequency tables for grouped discrete data and for grouped 
continuous data; cumulative frequency curves. 
Box and whisker plots (box plots). 
Percentiles; quartiles. 

6.5 Measures of central tendency. 

Forsimple discrete data: mean; median; mode. 
For grouped discrete and continuous data: approximate mean; modal group; 
50th percentile. 

6.6 Measures of dispersion range; interquartile range; standard deviation. 

6.7 Scatter diagrams; line of best fit, by eye, passing through the mean point. 

Bivariate data: the concept of correlation. 

Pearson's product-moment correlation coefficient: use of the formula 
5 Sy = 
5 Sy 
  

Interpretation of positive, zero and negative correlations. 
s 

6.8 The regression line for y on x: use of the formula y —§ = (:;z(x -5   

Use of the regression line for prediction purposes. 

6.9 The test for independence: formulation of null and altemative hypotheses; 
significance levels; contingency tables; expected frequencies; use of the 

formula 2 =):(f='}f*)Z 
pvalues. ‘ 

  ; degrees of freedom; use of tables for critical values;
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6.2 
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Introduction 
The word statistics comes from the Latin status meaning state. So statistics was 
related to information useful to the state. 

Statistics is often not considered to be a branch of mathematics, and many 
universities have a separate statistics department. 

Statistics developed out of studies of probability. 
Societies such as the London Statistical Society, established in 1834, brought the 

study of statistics to new heights, but only the advent of computers has brought the 
ability to handle and analyze very large amounts of data. 

Discrete and continuous data 
Discrete data can only take specific values, for example the number of tickets sold 
for a concert can only be positive integer values. 

Continuous data, on the other hand, can take any value within a certain range, 
for example the time taken to run 100m will typically fallin the range 10~20 
seconds. Within that range, however, the time staed will depend on the accuracy 
required. So a time stated as 13.8s could have been 13.76 5, 13.764s or 13.7644s, etc. 

Exercise 6.1.1 

State whether the data below is discrete or continuous. 
1 Your shoe size 

2 Yourheight 
3 Your house number 
4 Your weight 
5 The total score when two dice are rolled 
6 A mathematics exam mark 
7 The distance from the Earth to the moon 
8 The number of students in your school 
9 The speed of a train 

10 The density of lead 

Displaying simple discrete data 
Data can be displayed in many different ways. Itis therefore important to choose: 
the method that displays the data most clearly and effecively. 

‘The frequency table shows the shoe sizes of 20 scudents in a class. 
  

Shoe size 6 65 7 7% 8 8 9 
  

Frequency | 2 3 3 6 a 1 1                    
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“This can be displayed as a 
frequency histogram. 
  

  

  

    
  

              W         [     
                  

5 55 6 65 7 7.5 8 85 9 95 10 
Shoe size 

Shoe sizes are an example of discrete data as the data can only take certain values. 
As a result the frequency histogram has certain properties. 
= Each baris of equal width and its height represents the frequency. 

The bars touch (this is not the case with a bar chart). 
= The value is written at the mid-width of each bar. This is because students with 

afoot size in the range 6.75-7.25, for example, would have a shoe size of 7. 
Ifa line is drawn joining the 
‘midpoints of the top of cach bar 
it forms a frequency polygon. 

Note: A frequency polygon can 
be drawn without having to draw 
the frequency histogram. 
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Shoe size
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The GDC and graphing software can also be use to plot frequency histograms. The 
instructions below are for the shoe data given above. 
  

  

  

  

  

  
  

Casio 

a o to select the stat. mode. st i n 

Enter the shoe sizes in List 1 and their - a 
frequency in List 2. =   

  

  
  £ to select the graphing option. 

& 1o set the graph type and identify 

the source of the data, 
with data taken from 

from List 2. @ 

& to select Graph 1. Enter the settings 

as shown. 

  

. a histogram 
1 and frequency 

  

  
  

  

  
  

m to graph the histogram. M 

      

  
  

  

il bs 
= 

e to obtain the StatGrashl 
<@ value and 1 

frequency of 
each bar. .     

b w             
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Texas 
  

B L e e e ot 
Enter the shoe size into List 1 and the 
frequency in List 2. 

H sty n to select the type of 

graph and its properties, i.e. turn Plot 1 
on, choose the histogram graph and 
ensure that data is taken from L, and its 
frequency from L, as shown. 

__J to determine the scales of the axes. 

___J to graph the histogram. 

to obtain the value and 
frequency of each bar. 

  

    

  

  

  
  

  
  

  

  
  

  
  
FELILE 

  

AT 
o 
max<? 3 

          

  

  
  

Note: Neither calculator has a frequency polygon function, although it could be 
drawn as a line graph. 
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Select 
page. 

to enter the data as a 

T frequency table. 
Ensure the data type is marked as 
Discrete and the unit size as 0.5. 

[} to produce a statistics 

Select ‘use (x, ) table" followed by 

Enter shoe size in column X’ and 
frequency in column “f.. Ensure an 
additional size is entered as zero as 
an upper bound. Click “OK". 

  

dick on the histogram icon ‘ 

and enter the histogram options. 
Click ‘0K’ 

To change the scale on the axes 
use & . 

  

us 
. & 
e 

r s 
7 s 
. . 
s ' 
[ 
" = 

[ Hetogram: 

[EJtram Frequency Polrgon 
[ElFa Historam 

il     
Note: Although the shoe sizes are discrete quantities, Autograph 
considers a shoe size of 6 to represent the group 5.75-6.25. 
  

GeoGebra as yet does not have a spreadsheet fax   

   ty for graphing 
statistical data. You should be able to use a spreadsheet program for 
graphing statistical data if Autograph is not available. 
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6.3 

Exercise 6.2.1 
1 The figures in the list below give the total number of chocolate sweets in each of 

20 packets of sweets. 
35, 36, 38, 37, 35, 36, 38, 36, 37, 35, 36, 36, 38, 36, 35, 38, 37, 38, 36, 38 

a Present the data in a tally and frequency table. 
b Present the data as a frequency histogram. 
¢ Add a frequency polygon to the histogram drawn in part b. 

2 Record the shoe sizes of everybody in your class. 
a Present the results in a tally and frequency table. 
b Present the data as a frequency polygon. 
¢ What conclusions can you draw from your results? 

Grouped discrete or continuous data 
If there is a large range in the data, it is sometimes easier and more useful to group 
the data in a grouped frequency table. 

The discrete data below shows the scores for the first round of a golf competition. 

71 75 82 9 8 75 76 82 103 8 79 77 83 85 88 

104 76 77 79 8 84 8 8 102 95 96 99 102 75 72 

One possible way of grouping this data in a 
grouped frequency table is shown opposite. score | Frequency 

n-71 

  

  

Note: The groups are armanged so that no 
score can appear in two groups. 76-80 

81-85 

  

  

  

5 

6 

8 

3 86-90 
  

91-95 1 
  

96-100 
  

101-105 4         
Exercise 6.3.1 

1 The following data gives the percentage scores obtained by students from two 
classes, 12X and 12Y, in a mathematics exam. 
12X 

42 73 93 8 68 58 33 70 71 8 90 99 41 70 65 
80 73 89 88 93 49 50 57 64 78 79 94 80 50 76 99 

12y 

70 65 50 89 96 45 32 64 55 39 45 58 50 82 84 
91 92 88 71 52 33 44 45 53 74 91 46 48 59 57 95 

a Drawa grouped tally and frequency table for each of the classes. 
b Comment on any similarities or differences between the results.
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2 The number of apples collected from 50 trees is recorded below. 

3 78 15 65 69 32 12 9 89 110 112 148 98 
61 45 25 18 23 56 71 62 46 128 7 133 9% 
24 38 73 8 142 15 98 6 123 49 8 6 19 
11 52 84 63 78 12 55 138 102 53 80 

Choose suitable groups for this data and representit in a grouped frequency 
ble. 

Wiith grouped continuous data, the groups are presented in a different way. 
The results below are the times given (in h:min:s) for the first 50 people 

completing a marathon. 

2:09:36 
2:11:57 
2:1426 
2:17:09 
2:20:00 
2:22:32 
2:23:46 
2:24:15 
2:25:34 
22714 

into a grouped frequency table s follows. 
    
  

  

  

  

  

  

Group Frequency 

2:05:00 < t < 2:10:00 a 

21000 < £ < 2:15:00 9 

2:15:00 < t < 2:20:00 9 

2:20:00 < t < 2:25:00 1 

2:25:00 < t < 2:30:00 9         

Note that, as with discrete data, the groups do not overlap. However, as the data is 
continuous, the groups are written using inequalities. The first group includes all 
times from 2 h 5 min up to but not including 2 h 10 min. 

With continuous data, the upper and lower bound of each group are the 
numbers written as the limits of the group. In the example above, for the group 
2:05:00 = t < 2:10:00, the lower bound is 2:05:00; the upper bound is considered 
to be 2:10:00 despite it not actually being included in the inequality.
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Worked example 

  

Frequency histograms for grouped data 
A frequency histogram displays the frequency of either continuous or grouped 
discrete data in the form of bars. There are several important features of a frequency 
histogram for grouped data. 

® The bars rouch. 
® The horizontal axis s labelled with a scale. 

The bars can be of varying width. 
® The frequency of the data s represented by the area of the bar and not the 

height. (Note: In the case of bars of equal width, the area is directly 
proportional o the height of the bar and so the height is usually used as the 
‘measure of frequency.) 

  

  

  

  

  

  

  

  

  

  

  

The table shows the marks out F—— = 
of 100 in a mathematics exam st man -y 
for a class of 32 students. 1-10 0 

Draw a histogram representing 120 o 
this data. 2130 1 

31-40 2 

41-50 5 

51-60 8 

61-70 2 

71-80 6 

81-90 2 

91-100 1       
  

All the class intervals are the same. As a result the bars of the histogram will all be of 
equal width, and the frequency can be plotted on the vertical axs. The histogram is 
shown. Note that the upper and lower bounds are used to draw the bars. 

9 
: [ 

G 
|§4 

SSI=T=T 
2 ‘      

0710 20 30 40 50 60 70 80 90 100 
Test score
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When the class intervals are of different widths, the frequency is proportional to 
the area of the bar and we plot frequency density on the vertical axis. 

[Pl The heights of 25 sunflowers were measured and the results recorded in the table. 

  

  

  

  

  

  

  

Height (m) Frequency 
0<h<10 6 

10<h<15 3 

15<h<20 a4 

20=h<225 3 

225<h<250 5 

250<h<275 4         

If a histogram were drawn with frequency plotted on the vertical axis, then it could 
ook like the one shown. 

   
O P P O P B oS0 2P 

Sunflower height (m) 

‘This graph is misleading because it leads people to the conclusion that most of the 
sinflowers were under 1m, simply because the area of the baris so great. In actual 
fact, only approximately one quarter of the sunflowers were under 1m. 

‘When class intervals are different, it is the area of the bar which represents the 
frequency not the height. Instead of frequency being plotted on the vertical axis, 
frequency density is plotted. 

frequency Frequency density = Jiel
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The results of the sunflower measurements above can therefore be written as: 

  

  

  

  

  

  

  

Height (m) Frequency Frequency density 
0<h<10 6 6+1=6 

10<sh<15 3 3+05=6 

15<h<20 4 4+05=8 

20=h<225 3 3+025=12 

225<h<250 5 5+025=20 

250<h<275 4 4+025=16         
  

The histogram can therefore be redrawn as shown giving a more accurate 
representation of the data. 

20 

  

O P PP P P 
Sunflower height (m) 

Notice that questions 1 and 2 in Exercise 6.3.2 both deal with continuous data but 
that the class intervals are represented in different ways. In question 2, 145— means 
the scudents whose heights fall in the range 145 < h < 150.
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B Exercise 6.3.2 

1 The table shows the distances   
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

travelled to school by a class Distance’gan) Frentiaticy 
of 30 students. Represent this osd<1 8 
information on a histogram. o = 

2=sd<3 6 

3sd<4 3 

4sd<5 4 

5<d<6 2 

6<d<7 1 

7<d<8 1 

2 Tetmgntmbonios [ ey 
results are shown in the table. 125 1 
Daaw abisogam o eprsent = = 

155- 4 

160- 7 

165- 6 

170- 3 

175- 3 

180-185 1 

e T —— 
students to travel to school. ost<10 6 

10=st<15 3 

15<t<20 13 

20=t<25 7 

25=<t<30 3 

30=<t<40 4 

40 <t<60 4         

a Copy the table and complete it by calculating the frequency density. 
b Represent the information on a histogram.
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  4 Frances and Ali did a survey 
  

  

  

  

  

  

  

Age (years) Frequency 
of the ages of the people 
living in their village. Part 0sa<i 3 

of their results are set out in 
12 the table. I=axs 

5<a<10 28 

10=<a<2 180 

20<a<40 260 

40 < a<60 14 

60<a<9% 150 
  

a Copy the table and complete it by calculating either the frequency or the 
frequency density. 

b Represent the information on a histogra. 
  5 The table shows the ages of 
  

  

  

  

  

  

  

150 people, chosen randomly, Age year) Frequency 
taking the 6:00 am train into 0<a<is 3 

gty 15a<20 25 

20=<a<25 20 

25<a<30 30 

30=<a<35 23 

40 < a<50 30 

50 < a<80 10         

The histogram shows the results obtained when the same survey was carried out 
on the 11:00 am train. 

  

O 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 
Age of travellers 

a Draw a histogram for the 6:00 am train. 
b Compare the two sets of data and give two possible reasons for the 

differences.
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Worked example 

Stem and leaf diagrams 
Stem and leaf diagrams (also called stem plots) are a special type of bar chart, in 
which the bars are made from the data itself. This has the advantage that the 
original data can be recovered easily from the diagram. 

The stem is the first digit of the numbers, so if the numbers are 63, 65, 67, 68, 
69, the stem is 6. The leaves are the remaining digits written in order. 

“The ages of people on a coach transferring them from an airport to a ski resort are 
shown below. 

22 24 25 31 33 23 24 26 31 4 

40 36 33 24 25 18 20 27 25 33 
28 33 35 39 40 48 27 25 24 29 

Display the data on a stem and leaf diagram. 

18 
2/02344445555677889 

3133335679 Key 
4loo02s 2|5 means25 

Note that, on the right, the key states what the stem means. If the data were 18, 
27,32 etc, the key would state that 2| 7 means 2.7. 

Exercise 6.3.3 

1 A test in mathematics is marked out of 40. The scores for a class of 32 students 
are shown below. 
  

24 | 27 | 30 | 33 | 26 | 27 | 28 | 39 
21| 18| 16 | 33 | 22 | 38| 33 | 2 
6 [ 11 [ 14|23 37 [ 3 | 38| 2 
28 | 15 | 9 | 17 | 28 | 33 | 3% | 34 

  

  

  

  

Display the data on a stem and leaf diagram. 
2 A basketball team played 24 matches in the 2009 season. Their scores are shown 

below. 
  

6 [ 48 [ 85 | 74 | 63 | 67 
4 | 52 | 63 | 65 | 12 | 76 
54 | 46 | 88 | 55 | 46 | 52 

  

                    8
8
 

g
8
 

  

Display the scores on a stem and leaf diagram.
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Worked example 

3 The 27 students in a class were each asked to draw a line 8cm long with a 
straight edge rather than with a ruler. The lines were then measured and their 
Lengths to the nearest millimetre were recorded. 
  

88 | 62 | 83 | 79 | 80 | 59 | 62 | 100 | 97 
79 | 54 | 68 | 73 | 77 | 89 | 104 | 59 | 83 
61 | 72 | 83 | 94 | 65 | 58 | 88 | 80 | 7.3 

  

  

                      
Tllustrate this data on a stem and leaf diagram. 

Back-to-back diagrams 
Stem and leaf diagrams are often used as an easy way to compare two sets of data. 
The leaves are usually put *back-to-back’ on either side of the stem. 

‘The stem and leaf diagram for the ages of people on a coach to a ski resort (as in 
the previous worked example) is shown below. The data is easily accessible. 

1|8 
2|0234444555567789 

31333356709 Key 
4lo028 2|5 means 25 

A second coach from the airportis taking people to a golfing holiday. The ages of 
the people are shown below. 
43 46 52 61 65 38 36 28 37 45 
6 72 63 55 46 34 35 37 43 48 

54 53 47 36 58 63 70 55 63 64 

Display the two sets of data on a back-to-back stem and leaf diagram. 
Golf Skiing 

18 
8(2/023444455558677889 

8776654(3(1333356709 
8766533(4{00238 
8554325 Key 

954333168 315 means 35 
207 

Exercise 6.3.4 

1 Write three sentences commenting on the back-to-back diagram in the worked 
example above. 

2 The basketball team in question 2 of the previous exercise had replaced their 
team coach at the end of the 2008 season. Their scores for the 24 matches 
played in the 2008 season are shown below. 
82 32 88 24 105 63 86 42 35 88 78 106 

64 T2 88 26 35 41 100 48 54 36 28 33 

Display the scores from both seasons on a back-to-back stem and leaf diagram 
and comment on it
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Worked example 

Cumulative frequency 247 

3 The mathematics test results shovn in question 1 of the previous exercise were for 
test B. Test A had already been set and marked and the teacher had gone over some 
of the questions with the class. The marks out of 40 for test A are shown below 
22 18 9 1 38 3 2 14 16 8 12 
37 39 25 23 18 34 36 23 16 14 12 
22 29 33 35 12 17 2 28 32 39 

Draw a back-to-back stem and leaf diagram for the scores from both tests and 
comment on it. 

Cumulative frequency 
Measures of central tendency and measures of dispersion are covered in Sections 6.5 
and 6.6. In this section we look at cumulative frequency. A cumulative frequency 
graph is particularly useful when trying to calculate the median (the middle value) 
of a large set of grouped discrete data or continuous data, or when trying t establish 
how consistent a set of results are. Calculating the cumulative frequency is done by 
adding up the frequencies as we goalong. 

The duration of two different brands of battery, A and B, is tested. Fifty batteries of 
each type are randomly selected and tested in the same way. The duration of each 
battery is then recorded. The results of the tests are shown in the table below. 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

Type A: duration (h) Frequency Cumulative frequency 

0st<s 3 3 

5st<10 5 8 

10st<15 8 16 

155t<20 10 2 

20st<25 12 38 

2551<30 7; 5 

30st<35 5 50 

Type B: duration (h) Frequency Cumulative frequency 

0st<s 1 1 

5st<10 1 2 

10st<15 10 12 

155t<20 3 35 

20st<25 9 “ 

2551<30 a 8 

30st<35 2 50         
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a Plot a cumulative frequency curve for each brand of battery. 
b Estimate the median duration for each brand. 

a The points are plotted at the upper boundary of each class interval rather 
than at the middle of the interval. So, for type A, points are plotted at 
(5, 3), (10, 8), etc. The points are joined with a smooth curve which is 
extended to include (0, 0). 

Type B battery,    Type A battery       

0 5101520253 3 0 5 10 15 20 25 30 35 
Duration () Duration (n) 

Both cumulative frequency curves are plotted above. 
b The median value is the value which occurs half-way up the cumulative 

frequency axis. This is shown with broken lines on the graphs. Therefore: 
median for type A batteries = 19 h 
median for type B batteries ~ 18 h 
“This tells us that, on average, batteries of type A last longer (19 hours) 
than batteries of type B (18 hours). 

Graphing sofeware can produce a cumulative frequency curve and help with 
alculating the median value. 

The example on the opposite page takes the data for battery A above.
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Select [5] to produce a statistics page. 

=5, to enter the grouped data 

properties as shown. Click ‘OK". 

Click on the cumulative frequency graph 
[V 
Ensure ‘cumulative frequency’ and ‘curve 
fit' are selected. 
Click “OK". 

To change the scale on the axes use |& . 

To calculate the median, click on the 

‘cumulative 

frequency diagram measurement’ icon 
L and select ‘Median'. Click ‘OK'. 

Ahorizontal line is drawn at the middle 
value on the cumulative frequency axis. 
Avertical line can be dragged at its base 
until it intersects the horizontal line on 

the curve. 

  

The median result is shown at the base 

of the screen.   

B mia e 
O vrmmam s 

| 

  

o e e 
o e 
e B e B | 

    

Camats o g et 2180 128   
 



250 STATISTICS 

B Exercise 6.4.1 

1 Sixty athletes enter a cross-country race. Their finishing times are recorded and 

  

  

  

are shown in the table below. 

Finishing time ) | 0~ | 05- | 10- | 15 | 20- | 25 [3035 

Frequency 0 0 6 A 16 3 1 

Cumulative freq.                   
  

a Copy the table and calculate the values for the cumulative frequency. 
b Draw a cumulative frequency curve of the results. 
¢ Show how your graph could be used to find the approximate median 

finishing time. 
d What does the median value tell us? 

2 Three mathematics classes take the same test in preparation for their final exam. 
Their raw scores are shown below. 

Class A 12, 21,24,30, 33, 36,42, 45, 53, 53, 57, 59, 61, 62, 74, 88, 92, 93 
ClassB 48, 53,54, 59, 61, 62, 67, 78, 85, 96, 98,99 
ClassC 10, 22,36, 42, 44, 68,72, 74, 75, 83, 86, 89, 93, 96,97, 99, 9 

a Using the class intervals 0 < x < 20, 20 < x < 40 ec., draw a grouped 
frequency table and cumlative frequency table for each class. 

b Draw a cumulative frequency curve for each class. 
¢ Show how your graph could be used to find the median score for each class. 
d What does the median value tell us? 

3 The table below shows the heights of students in a class over a three-year period. 
  

  

  

  

  

  

  

  

Height (m) Frequency 2007 | Frequency2008 | Frequency 2009 

150 < h < 155 6 2 2 

155 < h < 160 8 9 6 

160 < h < 165 n 10 9 

165 < h <170 4 4 8 

10sh<175 1 3 2 

1755 h <180 0 2 2 

180 < h < 185 o o 1             
a Construct a cumulative frequency table for each year. 
b Draw the cumulative frequency curve for each year. 
 Show how your graph could be used to find the median height for each 

year. 
d What does the median value tell us?
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Quartiles and the interquartile range 
The cumulative frequency axis can also be 
represented in terms of percentiles. A 120 
percentile scale divides the cumulative 
frequency scale into hundredths. The 
maximum value of cumulative frequency is 
found at the 100th percentile. Similarly the 
median, being the middle value, is the 50th 
percentile. The 25th percentile is known as 
the lower quartile, and the 75th percentile is 
called the upper quartile. i 
The range of a distribution is found by 9,99 

   Gu
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subtracting the lowest value from the highest FiiGiEe g 
value. Sometimes this will give a useful result, . 

but often it will not. A better measure of q, Lower quarile 
dispersion is given by looking at the spread of a, Median 
the middle half of the results, ic. the difference d Upper quartie 
between the upper and lower quartiles. This 
result is known as the interquartile range. 

Consider again the two types of batteries A and B discussed earlier (page 247). 
a Using the graphs, estimate the upper and lower quartiles for cach battery. 
b Calculate the interquartile range for each type of battery. 
¢ Based on these results, how might the manufacturers advertise the two types of 

battery? 

Type A battery Type B battery 

          

    

    

   

    8, 

5 

§ e ;e 
g 2| g 25y 

E 20 E 20 
3 3 

S
 

    
0 510152025303 0 5 1015 20 25 30 35 

Duration (h) Duration (h) 

a Lower quartile of type A = 13h Lower quartile of type B = 15 h 
Upper quartile of type A ~ 25 h Upper quartile of type B ~ 21 h 

b Interquartile range of type A ~ 12 h Interquartile range of type B ~ 6 h 
© Type A: on ‘average’ the longer-lasting battery 

Type B: the more reliable batcery
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The interquartile range can be calculated using graphing software as shown below. 
  

  

  

Enter the data for battery A and produce 
the cumulative frequency graph as 
shown earlier. 

To calculate each of the quartiles, click 

on the “cumulative frequency diagram 
measurement’ icon [’ and select 

"LQ(25%)'. Click ‘OK'. 

A horizontal line is drawn at the lower 
quartile value on the cumulative 
frequency axis. A vertical line can be 
dragged at its base until it intersects the 
horizontal line on the curve. 

The lower quartile result is shown at the 
base of the screen. 

The above procedure can be repeated 
for the upper quartile.     

    

    

B Exercise 6.4.2 

1 Using the results obained from question 2 of the previous exercise: 
a find the interquartile range of each of the classes taking the mathematics test 
b analyze your results and write a brief summary comparing the three classes. 

2 Using the results obtained from question 3 of the previous exercises 
a find the interquartile range of the students heights each year 
b analyze your results and write a brief summary comparing the three years. 

3 Forty boys enter for a school javelin competition. The distances thrown are 

  

  

recorded below. 

Distance thrown (m) | 0~ 20- | 40 | e~ 80100 

Frequency a 9 15 10 2                 

a Construct a cumulative frequency table for the above results. 
b Draw a cumulative frequency curve. 
¢ ¥ the top 20% of boys are considered for the final, estimate (using the 

graph) the qualifying distance. 
d Calculate the interquartile range of the throws. 
e Calculate the median distance thrown.
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4 The masses of two different types of oranges are compared. Eighty oranges are 
randomly selected from each type and weighed. The results are shown below. 
  

  

  

  

  

  

  

  

  

Type A Type B 

Mass (g) Frequency Mass () Frequency 
75— 4 75 o 

100- 7 100- 16 

125- 15 125- a3 

150- 32 150- 10 

175~ 14 175~ 7 

200~ 6 200~ 4 

225250 2 225-250 0             
  

a Construct a cumulative frequency table for each type of orange. 
b Draw a cumulative frequency graph for each type of orange. 
¢ Calculate the median mass for each type of orange. 
d Using your graphs estimate: 

i) the lower quartile 
ii) the upper quartile 
iii) the interquartile range 
for each type of orange. 

e Wite a brief report comparing the two types of orange. 

5 Two competing brands of battery are compared. A hundred batteries of each 
brand are tested and the duration of each is recorded. The results of the tests are 
shown in the cumulative frequency graphs below. 

  

                
  

Brand X BrandY 

L1001 S 10— 

5 801 5 801 

g 60, g 60| 

g 40 ‘ § 40 

201 = 20j=Srmye——_—— 

A1 1 
0 10 20 30 4 0 10 20 30 40 

Duration () Duration (h) 

a The manufacturers of brand X claim that on average their batteries will last 
at least 40% longer than those of brand Y. Showing your method clearly, 
decide whether this claim i true. 

b The manufacturers of brand X also claim that their batteries are more 
reliable than those of brand Y. I this claim true? Show your working clearly.
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® 

Worked example 

Box and whisker plots 
So far we have seen how cumulative frequency curves enable us to look at how 
data is dispersed (spread out) by working out the upper and lower quariles and 
also the interquartile range. 

Box and whisker plots (also known as box plots) provide another visual way of 
representing the spread of data. The diagram below demonstrates what a ‘typical’ 
box and whisker plot looks like and also highlights its main features. 

| J | 
| | 

Minimum  Q,Q,  Q, Maximum 
valve value 

  

  

      

‘The box and whisker plot shows all the main features of the data, i.c. the minimum 
and maximurm values, the upper and lower quartiles and the median. The box 
represents the middle 50% of the data (the interquartile range) and the whiskers 
represent the whole of the data (the range). 

For discrete data, the median position is given by the formula where n n+l T 
represents the number of values. Similarly the position of the lower quartile can be 
alculated wing the formula ™ and the upper quarile by the formula 30 1).   

The shoe sizes of 15 boys and 15 girls from the same class are recorded in the 
frequency table below. 
  

  

  

Shoe size 5 | st | 6 |6 |7 | 7% | 8|8 |9 |d 

Frequency (boys) | 0 0 1 3 1 2 3 4 1 1 

Frequency(girls) | 1 | 3 | 4 [ 4 [ 1 |1 [ 1[0 |00                           

a Galculate the lower quartile, median and upper quartile shoe sizs for the 
boys and girls in the class. 

b Compare this data using two box and whisker plors (one for boys and one 
for girl). 

¢ What conclusions can be drawn from the box and whisker plots? 

a I.nwerq\mflilebay:ls:l o 

  

  

  Median boy = ‘52"1 =gt 

Upper quartile boy =3(15‘7“) =124 

Lower Quartile girl is the 4% 

Median girl is the 8% 
Upper quartile girl is the 12  
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b For box and whisker plots it is necessary to know the maximum and 
‘minimum values. 
Minimum boy shoe size is 6, maximum boy shoe size is 93. 
Minimum girl shoe size is 5, maximum girl shoe size is 8. 

  

  

      

  

            

  

5 516 67 758 8 9 9 

  

Note: There is no scale 
on the y-axis as it is not 
relevantin a box and 
whisker plot. 
Consequently, the 
height of a box and 
whisker plot does not 
have a particular value. 

The overall range of data s greater for boys than it s for girls 
= The interquartile range for girls is less than for boys,ie. the middle 

50% of girls have a narrower spread of shoe size than the middle 
50% of boys. 

AGDC can also produce a box and whisker plot. The instructions that follow are 
for the boys' data above. 

  

Casio 
  

@D @D toselect the stat. mode. 

Enter the shoe sizes in List 1 and the boy’s frequency in List 2. 

  

#7T) to select the graphing option. 

&P 0 set the graph type and identify 
the source of the data, i.e. a ‘MedBox’ with data taken from 

List 1 and frequency from List 2 @ | 

= to select Graph 1. 

- to obtain the minimum, lower 
a» quartile, median, upper quartile 

and maximum values. 

  

Juss | use Lt Bl @ 
  

  

  

    
  

Grarh Trre 
HList 
Fremiency 
Outliers 

ST RE 
  

  

  
Statirashl 

@ =   
        Note: Although a y-axis scale needs to be entered, it has no effect on the shape of the 

box and whisker plot.   
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Texas 
  

Enter the boy's shoe size into List 1 and the frequency in List 2. 
3 

H e u 1o select the type of graph and its W (] 

    

properties, i.e. turn Plot 1 on, choose the box and whisker ot k‘ 
plot graph and ensure that data is taken from L1 and its S1istily 
frequency from L2 as shown. Frewilll 

. WINDOW 
i to determine the scale of the axes. gnin=te 

¥sel=| 
Vn:nle 

___ to graph the box and whisker plot. 

= 1o obtain the minimum, lower quartile,   median, upper quartile and maximum values.   

  

  
  

Note: Although a y-axis scale needs to be entered, it has no effect on the shape of the 
box and whisker plot.     
  

B Exercise 6.4.3 

Using a GDC or otherwise, answer the following questions. 
1 A football team records, over 20 matches, the number of goals it scored and the 

number of goals it let in in cach match. The results are shown in the table below. 
  

  

  

Number of goals 0 1 2 3 a 5 

Frequency of goals scored | 6 9 3 1 o 1 

Frequency of goals let in 3 3 8 3 3 o                 
  

a For goals scored and goals let in, work out: 
) the mean 
     i) the lower quartile 
iv) the upper quartile 
v) the interquartile range. 

b Using the same scale, represent the data using box and whisker plots. 
¢ Wiite a brief report about what the box and whisker plots tell you about 

the team’s results.
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2 Two competing holiday resorts record the number of hours of sunshine they have 
each day during the month of August. The results are shown below. 
  

Hoursofsunshine | 4 | 5 | 6 | 7 | 8 | 9 | 10| 1|12 
  

Resort A 123 [s|[s|a]alals 
  

Resort B olo|o|a|n2z[w|s]|o]o                         

a For each resort work out the number of hours of sunshine represented by: 
i) the mean 
ii) the median 
iii) the lower quartile 
iv) the upper quartile 
v) the interquartile range. 

b Using the same scale, represent the data using box and whisker plots. 
¢ Based on the data and referring to your box and whisker plots, explain 

which resort you would choose to go to for a beach holiday in August. 

3 A reacher decides to tackle the problem of students ariving late to his class. To 
do this, he records how late they are to the nearest minute. His results are shown 
in the table below. 
  

Number of minuteslate | 0 [ 1| 2|3 |4 [s5[6 |7 |89 |10 
  

              Number of students 6|alals|7|3]1]ofofo]o 
  

Afcer two weeks of trying to improve the situation, he records a new set of 
resuls. These are shown below. 
  

Numberof minuteslate | 0 | 1 |2 | 3[4 |5 |67 |8]9]10 
                            Number of students wl7|afv[1[1]olof1]o]1 
  

The teacher decides to analyze these sets of data using box and whisker plots. By 
carrying out any necessary calculations and drawing the relevant box and whisker 
plors, decide whether his strategy has improved pupil punctuality. Give detailed 
reasons for your answer. 

6.5 Measures of central tendency 
“Average’is a word which, in general use, is taken to mean somewhere in the 
middle. For example, a woman may describe herself as being of average height. A 
student may think that he or she is of average ability in maths. Mathematics is 
more precise and uses three main methods o measure average. 
& The mode is the value occurring most often. 
& The median is the middle value when all the data s arranged in order of size. 
& The mean is found by adding togetherall the values of the data and then 

dividing the total by the number of data values.
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Worked example The numbers below represent the number of goals scored by a team in the first 15 
matches of the season. Find the mean, median and mode of the goals. 
102412112550123 

14042444142 +1+142454540+1+2+3 _, 
= 5 

Arranging all the data in order and then picking out the middle number gives the 
‘median: 0011111@2223455 

The mode is the number that appears most often. Therefore the mode is 1. 

Mean 

Note: If there is an even number of data values, then there will not be one middle 
rumber, but amiddle pair. The median is calculated by working out the mean of 
the middle pair. 

Your GDC is also capable of calculating the mean and median of this set of data. 
  

Casio 
  

  

o a to select the stat. mode. 

  

  

Enter the data in List 1. 

to access the calculations menu. 

7 to check the setup. 
The data has 1 variable (number of goals), 
itis in List 1 and each value should be 
counted once. 

© 
@M to perform the statistical calculations. 

  

  

  

  

  

The following screen summarizes the 
results of many calculations. 

  

The screen can be scrolled to reveal further 

results. 

  
    

      

Note: The mean is given by X and the median by ‘Med'. 
The lower quartile, g,, and upper quartile, gs, are also displayed on 
this screen, as Q1 and Q3 respectively. 
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Texas 

53 
m to enter the data into lists. 

Enter the data in List 1. 

  

  

  

  

    
  

two=1 

- En‘numsé(risrs ar Stats 
B to select the ‘Calc’ menu. ar rais fied Hed 

LinRed(ax+b) 
i adRed 

Zicubirtes 

ol lo 
statistical calculations on the 1-variable data 

in List 1. 

o 
The following screen summarizes the results 
of many calculations. 

  

  

   

  

  

  

  

  

  

  

The screen can be scrolled to reveal further 

results. 

  

    
    

  

Note: The mean is given by X and the median by ‘Med". 
The lower quartile, q,, and upper quartile, q,, are also displayed on 
this screen, as Q, and Q, respectively.     
  

B Exercise 6.5.1 

1 Find the mean, median and mode for each set of data. 
a The number of goals scored by a hockey team in each of 15 matches 
102401112530122 

b The total scores when two dice are rolled 
745732868765119738765 

¢ The number of pupils present in a class over a three-week period 
28 24 25 28 23 28 27 26 27 25 28 28 28 26 25 

d An athlete’s training times (seconds) for the 100 metres 
140 143 14.1 143 142 140 139 138 
139 13.8 138 13.7 138 138 138 

2 The mean mass of the 11 players in a football team s 80.3 k. The mean mass of 
the team plus a substitute is 81.2kg. Calculate the mass of the substitute.
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Worked example 

  

3 After eight matches a basketball player had scored a mean of 27 points. After 
three more matches his mean was 29. Calculate the total number of points he 
scored in the last three games. 

Large amounts of data 
When there are only three values in a set of data, the median value is given by the 

second value, i.e. 1 (2) 3. 
When there are four values in a set of data, the median value is given by the 

mean of the second and third values,ie 1 (2 3) 4. 
When there are five values in a set of data, the median value is given by the third 
walue. 

If this pattern is continued, it can be deduced that for n sets of data, the median 
L Thisis useful when finding the median of large   value is given by the value at ™ ’2' 

sets of data. 

The shoe sizes of 49 people are recorded in the table below. Calculate the median, 
‘mean and modal shoe size. 

  

Shoe size 3 | 3| 4|4 |5 |sh|6 |6 |7 

5 
  

Frequency 2[afs|9 8|66 
  

As there are 49 data values, the median value s the 25 value. We can use the 
cumulative frequency to identify which class this falls within. 
  

Shoe size 3 |3 | 4 |4 |5 |st|6 |6 |7 
                        Cumulative frequency | 2 | 6 | 11 | 20 | 28 | 34 | 40 | 45 | 49 
  

The median occurs within shoe size 5. So the median shoe size is 5. 
To calculate the mean of a large data set, we use the formula 

;JT” el 
  

  

  

Shoe size, x 33| a|4]|s L | 6 | 6 | 7 

Frequency, f 2[afs|o9|s|[6|6]5s5]|a 

P 6 | 14| 20 [a05| 40 | 33 |36 |325] 28                       
  

250 _ Mean shoe size = %> = 5.10 
Note: The mean value is not necessarily a data value which appears in the set or a 
real shoe size. 
The modal shoe size is 4. 

These calculations can also be carried out on your GDC.
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Casio 
  

  

  ™ n to select the stat. mode. sl it Lt 

Enter the shoe sizes in List 1 and their frequency in List 2. 

  

  

      
@D to access the calculations menu. 

@5 to check the setup. 

The data has one variable (shoe size), 
frequency is in List 2. 

# to perform the statistical calculations. 

  

  

  

  

  

  

The screen summarizes the results of many calculations and 

can be scrolled to reveal further results. 

  

  

  

Texas 

B [ - e e ot o s, — 
Enter the shoe size in List 1 and the frequency in List 2. 3 

[ B P s ot mens = 
far Stats 

-Var Stats 
ed-Hed 
inResaxeh) 

  
  

  

  

  

    
  

  

  

   

  

    

   

  

m followed by 1ovar Stata Ll 

S YR oo 
aalculations on the 1-variable data in List 1 with frequency 
in List 2. 

@ | 
The screen summarizes the results of many calculations and 
can be scrolled to reveal further results. 

  

  

jar Stats 
187648816 

25 
1334 
BT 
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Exercise 6.5.2 

1 An ordinary dice was rolled 60 times. The results are shown in the table below. 
Calculate the mean, median and mode of the scores. 

  

Score 1]2]3]a[s5]s 
  

Frequency 2n|s|[n]7]w0 
  

2 Two dice were rolled 100 times. Each time their combined score was recorded. 
Below is a table of the results. Calculate the mean, median and mode of the 
scores. 

  

Score 2[3]a|s|e|7][8]o]w0|n]|n 
  

Frequency s| 67 ]9ulw|i[ule|7]3     
  

3 Sixty flowering bushes are planted. At their flowering peak, the number of flowers 
per bush is counted and recorded. The results are shown in the table below. 
  

Aowersperbush | 0 | 1 [ 23|45 |6 |78 
  

Frequency ofo|ofe|a|6|10|16]18                       
  

a Galculate the mean, median and mode of the number of flowers per bush. 
b Which of the mean, median and mode would be most useful when 

advertising the bush to potential buyers? 

Mean and mode for grouped data 
As has already been described, sometimes it is more useful to group data, particularly 

if the range of values i very large. However, by grouping data, some accuracy is lost. 
The results below are the distances (to the nearest metre) run by twenty pupils 

in one minute. 

256 271 271 274 275 276 276 277 2719 280 
281 282 284 286 287 288 296 300 303 308 

Table 1: Class interval of 5 

  

  

  

Group | 250- | 255- | 260- | 265~ | 270- | 275- | 280- | 285~ | 290- | 205- | 300- | 305~ 
254 | 259 | 264 | 269 | 274 | 279 | 284 | 289 | 204 | 299 | 304 | 309 

Fequency | 0 | 1 [ 0 [ o | 3|5 a3 ]o| 12|                         
  

  
Table 2: Class interval of 10 

  

Group | 250-259 | 260-269 | 270-279 | 280-289 | 290-299 | 300-309 
  

Frequency | 1 0 8 7 1 3                 
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Table 3: Class interval of 20 
  

Group | 250-269 | 270-289 | 200-309 
  

Frequency | 1 15 a             

The three tables above highlight the effects of different group sizes. Table 1 is 
pethaps too detailed, whilstin Table 3 the group sizes are too big and consequently 
most of the results fall into one group. Table 2 is the most useful in that the spread 
of the resuls s sill clear, although detail is still Lost. In the 270279 group we can 
sce that there are cight pupls, but without the raw data we would not know where 
in the group they lic. 

Tofind the mean of grouped data we assume that all the data within a group 
takes the mid-interval value. 

5 
n 

x= 

where Xis the estimated mean, x is the mid-interval value and n = Xf. 

  
Group 250-259 | 260-269 | 270-279 | 280-289 | 290-299 | 300-309 
  

Mid-interval value, x | 2545 | 2645 | 2745 | 2845 | 2045 | 3045 
  

                    

Frequency, f 1 0 8 7 1 3 

x 2545 o 2196 19915 2945 9135 

Esimated mean = % =2825 

The estimate of mean distance run is 282.5 metres. 
The modal group is 270-279. 

The GDC can work out the mean, median and quartiles of grouped data. The 
‘midrinterval value should be entered in List 1 and the frequency in List 2. Then 
proceed as before. 

Exercise 6.5.3 

1 A pet shop has 100 tanks containing fish. The number of fish in each tank is 
recorded in the table below. 
  

Numberof fish | 0-9 | 10-19 | 2029 | 30-39 | 40-49 
  

              Frequency 7 12 | u | a 15 
  

a Calculate an estimate for the mean number of fish in each tank. 
b Give the modal group size.
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6.6 

2 A school has 148 Year 12 pupils studying mathematics. Their percentage scores 
in their mathematics mock exam are recorded in the grouped frequency table 
below. 
  

% Score | 0-9 | 10-1920-29 | 30-39 | 40-49 | 50-59 | 60-69 | 70-79 | 80-89 | 90-99 
  

  Frequency | 3 | 2 | 4 | 6 | 8 |3 |47 | 8| 10 4                       

a Galculate an estimate of the mean percentage score for the mock exa. 
b What was the modal group score? 

3 A stationmaster records how many minutes late each train is to the nearest 
minute. The table of results s given below. 
  

No.of minutes late | 04 | 59 | 10-14 | 15-19 | 2024 | 25-20 
  

Frequency 16 9 3 1 0 1                   

a Galculate an estimate for the mean number of minuteslate a train is. 
b What is the modal number of minutes late? 
¢ The stationmasters report concludes: “Trains are, on average, less than five 

minutes late’. Comment on this conclusion. 

Measures of dispersion 
Range and interquartile range 
The range is the difference between the greatest data value and the smallest data 
value. Itis easy to calculate but often does not give a very good picture of how 
spread out the datas. 

The interquartile range, which was covered in Section 6.4, often gives a better 
idea of the spread of the data. It is the spread of the middle 50% of the data and 
can be calculared as the difference between the upper and lower quartile. 
Interquartile range = q, - q, 
It has an advantage over the simple calculation of range in that it isn'c affected by 
extreme values, since it only deals with the middle 50% of the data. However, its 
drawback is that it doesn't take into accounall the data. 

Standard deviation 
‘The standard deviation of data is a measure of dispersion that does take into account 
all of the data. It gives an average measure of difference (or deviation) from the 
mean of the data. The larger the value of the scandard deviation, the more widely 
spread or dispersed the data is.
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For example: 
The ages of two groups of people are given below. 
Group 1 2 6 0 16 16 22 26 30 
Growp2 2 6 16 16 16 16 16 30 

The mean, median, mode and range of the data are: 

Mean Median Mode Range 
Group 1 16 16 16 28 
Group 2 16 16 16 28 

These measures suggest that the data is the same, or a least very similar. However, 
if we look at the deviation from the mean, we will find that they are nor. 

ore “The formula for the standard deviation ofa set of data is given by's 
where s, i the standard deviation 

x s each of the data values 
% is the mean of the data 

s the number of data values. 
The standard deviation of the ages of each group can be calculated as follows: 

  

  

  

  

  

  

  

  

  

  

  

  

  

Group1 X=16,n=8 Group2 X=16,n=8 

x| w-% - XP x |&x-R -3 
En 196 2 | i 1% 
-10 100 16 o o 

10 -6 36 16 o o 
16 o 0 16 o o 
16 o 0 16 0 0 
2 6 3 16 0 0 
26 10 100 16 0 0 
30 14 30 3 1% 

B3 = 392 

Te-_, 
n 
  

                       

From the results it can be scen that the standard deviation for group 1 is greater 
than that for group 2. This implies that the data is more spread out.
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‘The formula given above for the standard deviation can be cumbersome as the mean 
value has to be subtracted from each data value. A more efficient formula for the 

S 

  

standard deviation is s, = With this formula the mean of the data is   i 
squared and subtracted only once. 

Your GDC can also calculate the standard deviation of data. The instructions 
below relate to the data for group 1 above. 

  

Casio 

o o to select the stat. mode. 

Enter the data in List 1. 

  

  

toom 
(M to access the calculations menu. 

7 to check the setup. 
The data has 1 variable (age), it is in List 1 
and each data value is to be counted once. 

™ 
D to perform the statistical calculations. 

  
  

  

  

  

The screen summarizes the results of many 
calculations and can be scrolled to reveal 
further results. 

  

    
    

  

Note: The calculator gives two types of standard deviation, xo, and 

0, The standard deviation you will need on this course is xo,.     
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[ 

  

  

  

  

Texas 

[ 1| 
E2 to enter the data into lists. . 

Enter the data in List 1. it 
i       

  E sl he ol .| 52 

o [T ) - 
statistical calculations on the 1-variable data 

¥ 

  

    

  

The screen summarizes the results of many 
calculations and can be scrolled to reveal 
further results. 

  

  

          

Note: The calculator 

The standard deviation you will need on this course is o,. 

  

      
You will notice that there appears to be different notation used for the standard 

deviation. Itis important therefore for you to be familiar with the notation that 
your calculator uses and also what this course uses. 

When the data s given in a frequency table, the formula for the standard 
3 =3 

n deviation of a set of data s given by 

  

A certain type of matchbox claims o contain 50 matches in each box. A sample of 
60 boxes produced the following results. 
  
Number of matches, x  Frequency, f  fx  (—®  (x—XF  fx—X 
  

  

  

  

  

a8 3 144 -205 42025 12.6075 
49 1 59  —105 1.1025 12,1275 

50 28 1400 -005 0.0025 007 
51 16 816 095 0.9025 14.44 
52 2 104 195 3.8025 7.605 
  

Total 60 3003 48.85 
 



268 STATISTICS 

  

Calculate: a the mean 
b the standard deviation. 

=fx_ 3003 
a x Yf f—SOOS 

_ [ G- _ (4685 _ b= /72f = o = 0884 

Exercise 6.6.1 

Using a GDC or otherwise, calculate: 
i) the mean 
i) the range 
iii) the interquartile range 
iv) the standard deviation 
for the data given in questions 1—4. 

126238759924 
b 72,84, 83,81, 69, 77, 85,79 
 16,29,37,55,4.2,39,28,45,42,5.1,3.9 

2 The number of goals a hockey team scores during each match in a season. 

  

  

Number of goals o1 [2]3][a|s]s 
  

Frequency 3fe[n|7][a]2]n 
  

3 The number of shots in a round for each player in a golf tournament 
  

Numberofshots | 66 | 67 | 68 | 69 | 70 | 71 | 72 | 73 | 74 
  

Frequency 121 a[nf|afs]3 
      

4 The number of letters posted to 50 houses in a street 
  

Numberofletters | 0 | 1 | 2 | 3|4 |5 |6 
  

Frequency s|8|n[s|7]8]2                     

5 A class of 25 students was asked to estimate the number of coins (x) in a jar. The 
results of their estimations are summarized below. 
Xx = 2000 32 = 163554 

Calculate: 
a the mean of their estimates 
b the standard deviation of their estimates.
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Worked example 

Scatter diagrams, bivariate data and linear correlation 269 

6 The results for a series of experiments are given below. 
  

  

  

                        

Experiment 1]2[3]a[s][e|[7][8]9]10 

Result 62|61[63|63|6761]62[63]61]59 

Experiment 1M |12[13[1a[15]16]17[18[19]2 

Result 6062616360 |6162|63]61     
The result for experiment 20 is obscured. However itis known that the mean (%) 
for all 20 experiments s 6.2. 
Calculate: a the value of the 20th result 

b the standard deviation of all the results. 

Scatter diagrams, bivariate data and 
linear correlation 
When we record information about two different aspects (or variables) of a data 
item, such as height and mass of children or temperature and number of ice creams 
sold on particular days, we are collecting bivariate data. We can use the value of 
the two variables fora data item as the coordinates of a point to represent it on a 
graph called a scatter diagram (or scatter graph). Scatter diagrams are particularly 
wseful if we wish to see if there is a relationship between the two variables. How the 
points lie when plotted indicates the type of relationship between the two variables. 

The heights and weights (masses) of 20 children under the age of five are recorded. 
The heights were recorded in centimetres and the weights in kilograms. 
  

Height | 32 | 34 | 45 | 46 [ 52 [ 59 |63 | &4 | 71 | 3 
  

Mass | 5834 | 3.792 | 9.037 | 4225 | 10.149| 6.188 | 9.891 [16.010 |15.806 | 9.929 

Height | 86 | 87 | 95 | 9 | 9 | 101 | 108 | 109 | 117 | 121 

Mass | 11.132 | 16.443 | 20.895 | 16.181| 14.000| 19.459 | 15.928 | 12.047 | 19.423 | 14.331 

  

                        
  

a Plot ascatter diagram for the data above. 
b Commenton any relationship that you see. 

a0l 

  Lo 1111111, 
0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 

Height (om)
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Worked example 

  

b The points tend to lie in a diagonal direction from bottom lefc to top right. This 
suggests that as height increases then, in general, weight increases too. Therefore 
there is a positive correlation between height and weight. 

Lines of best fit 
If the scatter diagram shows that there is a relationship between the two variables, 
we can use a line of best fit to estimate the value of one variable given a value of 
the other variable. To do this we draw a straight line passing through the data,i.e. 
aline of best fit. Iewill pass through the point (5, 3) and leaves approximately half 
the points above the line and half the points below it. It does not need to pass 
through the origin. 

Using the data about the height and weight of children above, estimate the weight 
of achild with a height of 80cm. 

We have to assume that this child will follow the trend set by the other 20 
children. To deduce an approximate value for the weight, we draw a line of best fit 
through the data, passing through the point (5, 3). 
x=1T1.15,5=12.535 

  

L1 L L 1L L L, 
0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 

Height (om) 

‘The line of best fit can now be used to give an approximate solution to the 
question. Ifa child has a height of 80cm, you would expect hisfher weight, by 
reading from the graph below, to be in the region of 13kg. 

  

  
10 20 30 40 50 60 70 80 90 100 110 120 130 140 

Height (om)
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Your GDC and graphing software can plo scatter diagrams and analyze them. 
For example, plot the following data for an ice cream vendor on a scatter 

diagram and, if appropriate, draw a line of best it. 

  

Temperature (°C) 1524 (18 (24 19|26(22 (24 27|28 30|25 |22 17 
  

                            Number of ice creams sold | 8 | 34 |20 |38 28 (37| 322933 |35 |44 | 28|30 25 
  

  

Casio 
  

  

(@D @D toselect the stat. mode. 
Enter the temperature data in List 1 and the 
number of ice creams sold in List 2. 

@ to access the statistical graphing menu. 

  

          

  

  

  

Statgraehl 

  

& to check the setup. izt 
FasRTe 

The graph type is ‘scatter’ with the x values R 
  from List 1 and the y values from List 2. Each 

data value is to be counted once. 

7D o plot the scatter diagram. 

  

  

  

@M to select the graph calculation menu. 

Zo0m 
(™D as the line of best fit required is 

linear. The following screen summarizes the 
properties of the line of best fit in the form 
y=ax+b. 

  

  

  

    |87 1o plot the line of best fit. 
    

  

Note: The screen which gives the properties of the line of best fit also 
gives the value of r. This represents the product-moment correlation 
coefficient which is dealt with later in this topic.         
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Texas 
  

  

Enter the temperature data in List 1 and the 
number of ice creams sold in List 2. 

B ] - e e s 
plot setup. 

Turn ‘Plot 1" to ‘On'. Choose the scatter 
diagram and ensure the x values are from 
List 1 and the y values from List 2. 

_) toset scale the scale for each axis. 

) to plot the scatter diagram. 

to select the ‘Calc’ menu. 

Illl iillii 

m to find the linear equation of the line 

of best fit through the points. 

wlo| |=lo 
to calculate the equation of the line of best 
fit with x values from List 1 and y values 
from List 2. 

to display the equation in the form 
y=ax+b.   

  

  

EDIT TESTS 

  

—\ar Stats 
2-Var Stats 
lecl-ted 

HLInReS ax+h) 
Guiadkeg 

&:Cibickea 
Fiinarires 

T
 

    

LinRegCax+bd Lis 
| 
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On the 2D-graph page option, dlick on 
[ to enter the data. 

Enter the temperature in the x column 
and the number of ice creams sold in 

the y column. 

Click “OK" to graph the data. 

To identify the coordinate (%, 7), select 
‘Object’ followed by ‘centriod". 

To draw a linear line of best fit, select 
‘Object’ followed by ‘Best fit'. A straight 
line is a polynomial of order 1. 

Click “OK’ to graph the line of best fit. 

Select the line. Its equation will appear 
at the base of the screen.     

' 

o 

    

Straigrt Line: y=1 708x-3.081   
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Types of correlation 
There are several types of corelation depending on the arrangement of the points 
ploted on the scatter diagram. These are described below. 

v 

  

  
  

A strong positive correlation. 
The point lie tightly around the line of bestfit. 
As xincreases, so does y. 

A weak positive correlation. 
Although there is direction to the way the pointsare 
ying, they are not tightly packed around the line of 
bescie. 
As x increases, y tends to increase to0. 

No correlation. 

There is no pattern to the way in which the points 
are lying, i.¢ there is no correlation between the 
variables x and y. As a result, there can be no line of 
bescit. 

A strong negative correlation. 
The poins lie tightly around the line of best fit. As x 
increases, y decreases. 

A weak negative correlation. 
The points are not tightly packed around the line of 
bescfit. As x increases, y tends to decrease.
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B Exercise 6.7.1 

1 State what type of correlation you might expect if any, if the following data was 
collected and plotted on a scatter diagram. Give reasons for your answer. 

a A student’s score in a mathematics exam and their score in a science exam 

b A student’s hair colour and the distance they have t travel to school 
¢ The outdoor temperature and the number of cold drinks sold by a shop 
d The number of goals your opponents score and the number of times you win 
e A person’s height and the person'’s age 
£ A car'’s engine size and its fuel consumption 

2 The table shows the readings for the number of hours of sunshine and the 
amount of rainfall in millimetres for several cities and towns in the UK. 

    c Hrs. of sunshi Rainfall 
Aberdeen 98 03 
Aviemore 28 o 
Befat a1 66 
Bimingam 64 08 
Boumemouth 93 43 
Bristol 102 18 

Cadff 108 28 
Fokestone 105 0 
Hastings 72 03 

Isle of Man 93 25 
eofwight 107 03 
fondn 101 15 
Manchester 46 20 
Margate 109 o 

Newcaste 82 05 
Newquay a1 23 
Oxford 101 30 
Scarborough 106 18 
Skegness 120 33 
Somhpot 82 74 
Torquay 88 15 

a Plot a scatter diagram of hours of sunshine against amount of minfall. Use a 
spreadsheet or graphing software if possible. 

b What type of correlation, if any, is there between the two variables? 
Comment on whether this is what you would expect.
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3 The United Nations keeps an up-to-date database of statistical information on 
its member countries. The table below shows some of the information avalable. 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

Country Life expectancy atbirth  Adult iliteracy  Infant mortality 

(/3695 (or 1,000 biths, 
(years, 1990-99) 1990-99) 

Female Male Total 
Australia 81 76 0 6 
Barbados 79 74 26 12 
Brazil 7 63 168 2 
Chad 29 26 519 1 
China 72 68 185 a 
Colombia 74 67 96 30 
Congo 51 26 256 % 
Cuba 78 74 a4 9 
Egypt 68 65 489 51 
France 82 74 o 

Germany 80 74 0 5 
india 63 62 28 7 

iraq 64 61 2 % 
srael 80 76 49 8 

Japan 83 77 0 a 
Kenya 53 51 27 6 
Mexico 76 70 105 31 
Nepal 57 58 641 & 
Portugal 79 72 10 9 
Russian Federation 73 61 09 8 
Saudi Arabia 73 70 278 3 
United Kingdom 80 75 0 % 
United States of America 80 73 0 Z 
  

a By plottinga scatter diagram, decide if there is a corelation between the 
Adultilliteracy rate and the Infant mortlity rate. 

b Are your findings in part a above what you expected? Explain your answer. 
¢ Without plotting a scatter diagram, decide if you think there is likely to be 

acorrelation between male and female life expectancy at birth. Explain 
your reasons. 

d Plot a scatter diagram t test if your predictions in part ¢ were correct.
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4 The table below gives the average time taken for thirty pupils in a class to get to 
school each moming and the distance they live from the school. 
  

Distance (km) | 2 {10 (18 (15| 3 | 4 | 6 5|23 s[7]8|2 
  

Time (mins) | 5 1732|388 1415 31|37 18/13)15]8 
  

  

2 3 

7 5 

Distance (km) (1915 (11| 9 |2 |3 |4 |3 |14[14[4 12127 |1 

9 9 Time (mins) |27 | 40|23 |30 10 10| 8 1523 20[27]18] 4                                   
  

a Plot a scatrer diagram of distance travelled against time taken. 
b Describe the correlation between the two variables. 
¢ Explain why some pupils who live further away may get to school quicker 

than some of those who live nearer. 
d Draw a line of best fit on your scatter diagram. 
e A new pupil joins the class. Use your line of best it to estimate how far 

away she might live if she takes, on average, 19 minutes to get to school 
each moming. 

Pearson’s product-moment correlation coefficient 
Karl Pearson was a statistician who was one of the few mathematicians who 
launched a totally new field. In his case he joined the zo0logist Walter Weldon to 
study what he called ‘biometry, that is, he applied statistical analysis to animal 
evolution, among other arcas. 

Pearson’s product—-moment correlation coefficient, r, measures the correlation 
between two variables x and . 

The range of values for ris ~1 <7< 1 

where  —lindicates a perfect negative correlation between x and y. 
Oindicates no correlation between x and y 
Lindicates a perfect positive correlation between x and . 

The value for r can be calculated by the following formula 
5 'y 
i 

where s, represents the covariance of x and y (a measure of how much two 
variables change together) 
5, represents the scandard deviation of x 
s, represens the standard deviation of . 

Note: You will be given the value of the covariance s_ i the formula is needed in 
an examination. However, it can be calculated using the formula 

3o- (Z)(Zy) 

n 

r 
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Worked example 

  

‘The table below shows the position of a football team in the English Premier 
League and the goal difference, that s the difference between the goals scored and 
goals conceded. 
  

  

  

                          

  

Position 1 2 3 4 5 6 F 8 9 

Goal difference 423 | 420 | +21 +18 | +14 | +16 | +11 +9 +3 

Position 10 n 12 13 14 15 16 17 18 

Goal difference o =2 -4 -1 -9 -10 -14 -17 =33 

a Ifs, = ~77.14, calculate 
i)) s, 

B 
i) 

b Interpre the value of r. 

: a i) 5= 2 wherer= [ 2 

2109 
= T'9.5DZ=5.19 

iy e 2 

    

i) 5= 

@—1942-1525 

—T1.14 
) r- S;, =smx535- 090 

b ris very close to ~1, implying a strong negative correlation. In this case this s 
misleading, as one would expect that the higher the position in the table the 
greater the goal difference. However, in this case a higher position in the table is 
represented by a lower number, i.c. the top position is 1 rather than 18.
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The values for s,, s and r can be calculated using the GDC. 

  

Casio 
  

  

T“ B to select the stat. mode. 

Enter the position data in List 1 and the u 

goal difference data in List 2. 

  

  
  

    

    
  

  

0 to access the calculations menu. 

) to check the setup. 

  

  

      

The data has 2 variables (position and goal 
difference). They are in List 1 and List 2 

respectively and each data value is to be 
counted once. 

Lo 
(T to perform the statistical calculations 

with two variables. 

  

  

  

  The screen summarizes the results. Where S, 
is x0,and S, is yo,, 

To access the value of r from this screen, 
aur Vindow 

press (@) followed by @D toselect 

the regression menu. 

@D to choose the linear regression 

    

  

option. 
The equation of the line of best fi 
including the value of r.        
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Texas 
  

- m to enter the data into lists. " 
Enter the position data in List 1 and the goal 
difference in List 2. 

to select the ‘Calc’ menu. 

- 

e E OIS || 
m to perform statistical calculations on 

  

  

    
  

    

the 2—-variable data with x values in List 1 

The screen summarizes the results for both 
sets of data. s, is o,and 5, is o,   

  

Access the equation for the line of best fit 

and the value of r from this screen by 

to select the ‘Calc’ menu. 

u 

m to select ‘LinReg (ax + b)' and type 

EEscIca 
to calculate the equation of the straight line 
and give the value of r. 

    

    
  

Note: The calculator gives two types of standard deviation, 5,and . 
The standard deviation you will need on this course is o, even 
though the formula for standard deviation uses the notation s,. 
If r s not displayed on the screen, “DiagnosticOn” needs to be set. 
This     
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B Exercise 6.7.2 

You are expected to use a GDC to calculate the value of the product—moment 
correlation coefficient. 
1 The table below shows the height of women in an Olympic high jump event and 

the maximum heigh they jumped. 
  

Height of competitor (m) | 176 [ 1.83 | 1.74] 175 180] 181 [ 173 180 178 | 182 

Height jumped (m) 183206175 | 188204 202 178|190 178 [ 1.90 
  

                        
  

a Plot a scatter diagram of the results. 
b Calculate 5, the mean height of the competitors, and 3, the mean height 

jumped. 
¢ Draw a line of best fit on your scatter diagram. 
d Give the value of , the product—moment correlation coefficient, and 

comment on its value. 
2 The table below shows the percentage scored by a group of students in a mock 

English examination and what they scored in the final examination. 
  

Mock% | 72|68 83|81 |54|59|77 |82 69|81 |32|54[37 88|28 
  

                                  Final % 75|66 90| 81|48 52 81|85 70|90 2752349617 
  

a Plot a scatter diagram of the results. 
b Calculate 5 the mean practice score, and 3, the mean final score. 
¢ Drawa line of best fit on your scatter diagram. 
d Give the value of , the product—moment correlation coefficient, and 

comment on its value. 
3 The same group of students also took amock and final examination in 

mathematics. Their percentage scores are in the table below. 
  

Practice % | 72 | 68| 84 | 78|53 |59 | 77 [82 | 55 62|30 [ 51 [ 40|88 43 
  

Final % 76 |71 |90 |80 |58 |81 7790|5467 50|58[60 87|64                                     

a Calculate rand comment on its value. 
b Comment on any differences between r calculated in this question and the 

previous question.
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4 The product—moment correlation coefficient was calculated for data on each of 
the relationships listed below. 

& The distance someone travels to work and the time it takes 
= A group of students' results in an art examination and their results in a 

‘mathematics examination 

& The value of a second-hand car and its age 
& The size of a pumpkin and its weight 
a Which relationship is ikely to have the following values of 7 Give reasons 

  

b Estimate a value for r for the relationship not chosen in parta ahove, Give 
reasons for your answer. 

5 For the students in your class, measure in centimetres their height and the 
length of their right foor. 

Plot a scatter diagram of the results. 
Calculate %, the mean height, and 3, the mean foo size. 
Drawaline of best fit on your scatter diagram. 
Give the value of r, the product—moment correlation coefficient, and 
comment on its value. 

e Would you expect the value of r be very different f the data had been 
collected from a class of 11-year-old pupils? Give reasons for your answer. 

a
n
o
w
 

6.8 The regression line for y on x 
Lines of best fit were drawn by eye in the earlier part of this work on correlation. 
Another, more accurate, line s called a regression line for y on x. This line is the 
optimum line of best fic. 

The formula for the regression line fory on xis 

y-3=gte-9 
whete  Xis the mean of x 

Jis the mean of y 
s, is the standard deviation of x 
Sy is the covariance.
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Worked example The table below shows the number of hours 20 students spent studying Spanish in 
the month before an examination and their percentage score. 
  

Hoursofstudy | 21 | 32 | 13 15 [ 26 [ 27| 18] 19| 10 
  

Bam mark (%) | 62 | 90 | 58 8 | 66 | 5 |62 | 68 | 50 
  

Hoursofstudy | 21 | 22 | 33 25 |46 | 17 |28 | 19|20 
  

8
2
|
3
8
 

Bam mark (%) | 74 | 70 | 76 63 | 95 | 57 | 69 | 58 | 64                           

    a Find the correlation coefficient r, where r = 

b Find the equation of the regression line for y on x. 
¢ Estimate the score for the student who studies 30 hours in the month before the 

examination. 

-85 s ._&_1373_688 
= n n 

/ ¢ _n. [14114 20 - 248 =968 

- o (91268  cogr s,=a L=, [ 2B 68 = 1140 

S (B o H6x13% 
om0 _gag 

20 
  ey a 

_ Sy __ 8086 _ Therefore r = T s@ i~ O 

Note: The values for 5 3, ¢, 52, Ty 5,5, and r can all be taken from your 
calculator, once the data has been entered in two lists as shown before. 

  

80.86 
9681( 

y-688= - 248) 

y = 0.863 (x - 248) + 688 
y = 0.863x + 4739 
Note: As there are many stages to these calculations, there is the possibilicy of 
‘rounding errors. The full answer at each stage should be saved in the memory of your 
calculator. 
The equation of the regression line for y on x can be calculated on your GDC as 
shown before.
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Autograph has the facility to produce the equation of the regression line fory on 
x efficiently as shown below. 
  

  

On the 2D-graph page option, click on 
Bk to enter the data. 

Enter the hours of study in the x column 
and the percentage score in the y 
column. 
Click “OK" to graph the data. 

    

To plot the regression line for y on x, 
dick ‘Object’ and select ‘y-on-x 
Regression Line’. 

  

Its equation will appear at the base Of | -y, Fegsssn e yea 334738 
the screen.         

¢ As the equation for the regression line has been calculated, this can now be used 
t© estimate further values. 
Substitute x = 30 into the equation of regression line: 

.863x + 47.39 

.863 x 30 +47.39 = 73.29 

Therefore the estimated score for a student who studied 30 hours is 73%. 

  

When the predicted value falls within the range of the given data, then estimates 
are generally valid (interpolation). However, when the predicted value falls outside 
the range of the data (extrapolation), it is susceptible to large errors as there is the 
assumption that the data continues to behave linearly outside the given range. 
For example, if using the data above we attempred to predict the examination 

score for a student who studied for 100 hours in the month prior to the exam, the 
extrapolation may produce invalid results as the data ranges from 10 to 46 hours of 
study, and 100 hoursis clearly outside of this range. 

Substituting x = 100 into the equation gives: 

y=10.863 x 100 + 47.39 = 133.7 

“This indicates a score of 134%, which is clearly not possible.
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B Exercise 6.8.1 

Use your GDC to answer the following questions. 
1 A group of club cyclists take part in a 25 kilometre race. The table below shows 

the time taken and the mean number of hours training per week done by each 
cyclist in the ten weeks prior to the race. 
  

Hourstraining |12 [20] 3 | 6 [28]22[16] o | 1 [11]2a]17]13] 0 
  

                                Race time (mins) | 80 55 |90 | 86 |52 |66 | 70 |80 88 | 74 |56 |69 | 74 | 78 
  

a Calculate the correlation coefficient r. 
b Calculae the equation o the regression line for y on x. 
¢ Estimate how long, to the nearest minute, the race would have taken for 

someone who trained, on average, 18 hours per week. 
d Comment on the validity of your answer to part c above. 

2 The score (out of 161) for ten pupils in an IQ test at the age of 11 was compared 
with their percentage in an IB mathematics examination. The results are shown 

  

  

below. 

1Q score 90 | 100 | 105 | 88 | 96 | 125|130 | 142 | 128 | 105 

1B exam score 52 | 66 | 58 | 50 | 60 | 86 |90 | 97 | 84 | 73                           

a Calculate the correlation coefficient r. 
b Calculate the equation of the regression line for y on x. 
¢ Two further students had IQ results of 95 and 155. Predict their respective 

B scores. 
d Comment on the validity of your answers to part ¢ above. 

3 The table shows the salary and the number of years experience of a group of fire 

  

  

fighters. 

Salary $(000's) 32|27 |40 (40| 36|32 |25|30 |27 |40 |37 |33 

Years of experience | 7 | 4 |20 (18| 11| 7 1 5|3 |17 (15|12                               

a Calculate the correlation coefficient r and comment on its value. 
b Calculate the equation of the regression line for y on x. 
¢ Estimate the salary of a fire fighter with ten years' experience. Comment 

on the validity of your estimation. 
d A firefighter has a salary of $100000. Estimate his age using your equation 
of the regression line from part b. Comment on the validity of your answer.
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4 The air temperature was taken at various heights by a meteorological balloon. 
The results are shown below. 
  

Height (000'sm) 4|8 1216|2024 |283236 |40 
  

Temperature (°C) 8 | 4 | 20| 32|40 46 |-48 | -51|-57 | 60                           

a Galculate the correlation coefficient r. Comment on its value. 
b Calculate the equation of the regression line fory on x. 
¢ Estimate the height of the balloon if the outside temperature is recorded as 

~70 °C. Comment on the validity of your answer. 

6.9 The y? test for independence 

  

A chi-squared (?) test for independence is used to assess whether or not paired 
observation, expressed in a contingency table (two-way table) are independent. 

For example 
Volunteers are testing a new drug in a clinical trial. It s claimed that the new 

drug will result in a more rapid improvement rate for sick patients than would 
happen if they did no receive the drug. 

The observed results of the rials are presented in the contingency table below. 

improved  Did not improve Total 
55 0 % 
2 3 8 
97 & 180 

Tis difficult to tell from the results whether or nor the drug had a significant 
positive effect on improvement rate. Although the results show that more 
volunteers improved than did not improve when given the drug, it is not certain 
whether the difference in results is significant enough to justfy the claim. In order 
0 verify the claim, a chi-squared (z?) test for independence can be carried out. 

‘The firse step s to setup a null hypothesis (H,). The null hypothesis is always 
that there is no link between the variables and it is contrasted against an 
alternative hypothesis (H, ) which states that there isa link between the variables. 
“The null hypothesis is treated as valid unless the data contradicts it. 
In the example aboves 
Hy: There is no link between patients being given the drug and improvement rates. 
H,: There is a link between patients being given the drug and improvement rates. 
The observed results need to be compared with expected or theoretical population 
results. 
O the 180 people in the sample, 95 were given the drug. So, from this we 

estimate that, in the population, the probability of being given the drug is 135 
A total of 97 patients in the trial improved. From the null hypothesis, we would 

expect 755 of these to have been given the drug, i.c. the expected number of 
improved patients who had been given the drug is 755 97 = 51.19.
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The next stepis to draw up a table of expected frequencies for a group of 180 
patients under the null hypothesis that having the drug is independent of 
improvement. 

    

    

improved Didnot improve _ Total 

Given drug BXT_ g1 BXEB_ 438 95 180 

Not given drug 35;097 =a581 BXB g0 85 

Toal o 8 180 

Note: The full answer to each calculation should be stored in your calculator's 
memory. 

The formula for calculating 2 is as follows: 

2B GIR  e Fom thie S Frequencien 

    

£ are the expected frequencies 
(55— 5LI9P (40— 43811 (42— 45817 (43 - 39.198 

Thereforey’ ===57 15— *+g351 *~ sl * B0 
=129 

The importance of this number depends on two other factors: 
& The percentage level of significance required (p) 
& The number of degrees of freedom of the data (v). 
The level of significance refers to the percentage of the data you would expect to be 
outside the normal bounds. 

“The number of degrees of freedom of the data relates to the amount of data that 
is needed in order for the contingency table to be completed once the totals for 
each row and column are known. In the example above, if any one of the four 
picces of data are known, the rest can be deduced. 

In general, if the data in a contingency table has ¢ columns and r rows, then the 
number of degrees of freedom, v = (¢ — 1)(r - 1). 

“The result for 72 above needs to be compared with the result in a z? able. (This 
is provided in the information booklet in your examination.) 

  

307 sn 

p| 005 oo oms ocs 01| 05 a9 ows  oss awms 
T [ ooom oo@ owr oue oo | 278 s@e ewms w5 
2| oo oom oot 0w o | aes swi 7ws 920 107 
3 007 0115 0216 03I 058 | 6251 78S 9M8 11Ms 12m8 pP=RX<Q 
4| o o o o tos | 779 sam 16 1327 tasso 
5| oam ossw omt 1w 160 | S35 1w 2Es s 16750 
6| oe% omm 1z tes 2o |i0es s aws teaz iasE P 
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215 258 3w 30 ases |1se 17 2043 2329 2518 
2603 305 386 455 som |15 1 2190 275 26757 

44 sk 634 1856 2125 233 2627 2830    
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Al the values in this table are known as critical values. The highlighted value of 
3.841 is the critical value for the 5% level of significance for data with 1 degree 
offreedom. 

Our calculation of 72 gave a value of 1.299. As 1.299 < 3.841, the null 
hypothesis s supported, i.. there is no evidence of a link between being given the 
drug and improvement rates in patients. 

If the calculated value of 72is greater than the critical value then the null 
hypothesis is rejected. 

"The table above has values for 1 degree offreedom (v = 1), Sometimes it is felc 
that these estimates are not sufficiently accurate and a different method known as 
Yates' cortection can be used. However, this metho is beyond the scope of this book. 

The value of 72 can be calculated using your GDC for the example above. 
  

  

Casio 

The observed data needs to be entered as a 
matrix. 

seroe   

@ @D 7 toenter the matrix 

menu. [ to select matrix A, The 
dimensions refer to the number of rows x 
columns of the matrix, ie. 2 x 2 () - ", 
Enter the observed data in matrix A. 
Now the 2 test can be applied: 
s o 

  

  

  

  

43 

  

P 
@9 to access the test 

  

  

menu within the statistics mode. sy 

i S3ve Rest Hone 
@ to select ‘CHI". Execute 

GEmy Select the observed matrix as A. Select the 
destination of the expected matrix as B. m 
The value of ;2is displayed as 1.29915596. 

  

  

b 

To check the expected values matrix B from 
this screen: 

i B L é O to select matrix B e 
e e 

m 1o display the expected matrix B. w7 
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Texas 
  

  

The observed data needs to be entered as a 

matrix. 

to enter the edit mode. 

n 10 edit matrix A. Enter the dimensions | | FRTRIRIAT 2 =2 1ot 

  

  

of matrix A as rows x columns, i.e. 2 x 2. 

2 
Enter the observed data into matrix A. MATRIXIA] 2 x2 

s 
Now the 42 test can be applied: the 1 

to et the 

“Tests’ option within the statistics menu. 

Scroll down to select ‘C: > Test:. n 

The default is for the observed data to be in 
matrix A and the expected matrix to be 
entered into matrix B. 

Select ‘Calculate’. fl 

The result for ;2is displayed on the screen. 

  

  

  

  Test 
Observed: (4] 
E-»s:tedilfil Calculate Orau 

  

  

  

  

To check the expected values of matrix B 
from this screen: 

w] oo | . 
The matrix is displayed on the screen. Scroll 
across to view all the expected results. 
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Worked example 

  

A television presenter on amotoring show claimed that ‘men like cars with big 
engines and women do no?. In order to test the validity of this claim, data is 
collected from a random sample of men and women about the engine size of the 
cars that they own. This s presented in the contingency table below. 
  

  

  

                        

Engine size (litres) 16 18 20 23 28 30 50 | Total 

Male (f)) 2 16 18 26 8 & 3 100 

Female (£, 2 (17 |27 |0 | 11| 4 o | 100 

Total 45 B 45 46 19 9 3 200 

a Setup anull and alternative hypothesis. 
b Construct an expected frequency contingency table. 
¢ Calculate the value of 2. 
d State the number of degrees of freedom of the data. 
e State, giving reasons, whether the presenter’s statement was statstically valid at 
10% level of significance. 

a H, Choice of engine size is independent o gender. 
H, Choice of engine size s dependent on gender. 

  

  

    

  

                        

   

b 
Engine size (litres) 16 18 20|23 28|30 |50 |Total 

Male (7) 100x45_555|190%33_155|225| 23 |95 |45 |15 | 100 
200 200 

Female (f)) 225 16.5 225( 23 |95 (45|15 | 100 

Total a5 33 45 |46 (19| 9 3 | 200 

G- (24-225 _ (16 — 165 
RS s 
dv=(2-1)(7-1)=6 
e Look at the z2table. 5 

p=RX<q 

0 c 

  

0o 00 owms om  a1| 03  oss ows  oss ass 
Qomos 0002 OGN O 00 | 2706 3se1 s Ges  7Es 

0010 002 0ot 01 0211 | 465 S®1 738 S20 10557 
0om 015 026 03 oS | 6251 7ms S8 115 12me 
0207 0297 o4 07N 108 | 779 Sam 11w 1327 14se0 
04z 0SSt om1  LMs 160 | S2% 100 1288 106 16750 
o6 os2 1z ies 220 125 1aas emz tasi 
0SB 129 10 21w 283 1207  Me 603 1aers 20278 

8| 13w ves 2w 2m reo 13w sy ss 200 218 

As the 72 value of 6.398 is less than the critical value of 10645, the null 
hypothesis s supported, i.¢. the presenters statement s not supported by 
statistical evidence. 
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B Exercise 6.9.1 

Check your answers using a GDC. 
1 A survey of cyclists and non-cyclists was carried out to see whether their 

opinions differed as to whether helmets should be compulsory for cyclists. 
The results of the survey are given below. 

Helmet compulsory  Helmet voluntary  Total 

  

6 235 300 
185 115 300 

250 350 600 

a Setup anull and alternative hypothesis. 
b Construct an expected frequency contingency table. 
¢ Calculate the value of 2. 
d State the number of degrees of freedom o the data. 
e State, giving reasons, whether the null hypothesis s supported or rejected 

at a 5% level of significance. 
2 Patients are given anew cancer drug. The patients selected for the trial were not 

expected to live for more than three months, For comparison purposes, a second 
group of similar patients were given a placebo (a tablet which contains no drug). 
The results of the trial are given in the contingency table below. 

  

ive after 3months  Not alive after 3months  Total 

Givendug & s 140 
Given placebo 65 65 130 

a Setup anull and alternative hypothesis. 
b Construct an expected frequency contingency table. 
¢ Calculate the value of 2. 
d State the number of degrees of freedom of the data. 
e State, giving reasons, whether the null hypothesis is supported ot rejected 

at a 1% level of significance.



292 STATISTICS 

3 A survey was carried out to establish whether or not smoking is related to high 
blood pressure. 
The blood pressure of a random sample of smokers and non-smokers was taken 
and the results are summarized in the contingency table below. 

High blood pressure  Normal blood pressure  Total 
Nonsmoker & 4 130 
‘Smoker 362 108 470 

Total 446 154 600 

a Set upanull and alternative hypothesis. 
b Construct an expected frequency contingency table. 
¢ Galculate the value of . 
d State the number of degrees of freedom of the data. 
e State, giving reasons, whether the null hypothesis is supported or rejected 

ata 1% level of significance. 
4 A survey i done to see if the type of holiday preferred by French people is gender 

dependent. 
The results of the survey carried out on a random sample of French people are 
shown below. 
  

  

  

Beach  Walking  Cruise sail ki Total 

Male 62 51 2 31 a 210 
Female 89 37 45 28 51 250 
Total 151 88 67 59 9% 460 
  

  

Set up a null and alternative hypothesis. 
Construct an expected frequency contingency table. 
Galculate the value of 2. 
State the number of degrees of freedom of the data. 
State, giving reasons, whether the null hypothesis is supported or rejected 
at a 10% level of significance. 

6o 
o
n
o
e
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5 A music magazine carried out a survey to see if a person’s preference in music 
was dependent on their age. The results from a random sample of people are 

  

  

  

  

  

shown below. 

Music  Rock Pop Blues Jazz  Classical  Total 

40 52 11 17 9 129 
18 6 18 33 16 131 

12 14 28 24 1 89 
70 12 57 74 36 349 

  

  

a Setup anull and alternative hypothesis. 
b Calculate the value of 2. 
¢ State the number of degrees of freedom of the data. 
d State, giving reasons, whether the null hypothesis s supported or rejected 

at a 5% level of significance. 

M Student assessment 1 

1 Identify which of the following types of data are 
discrete and which are continuous. 
a The number of goals scored in a hockey 

match 
b The price of a kilogram of carrots 
¢ The speed of a car 
d The number of cars passing the school gate 

each hour 
e The time taken to travel to school each 

‘moming 
£ The wingspan of butterflies 
g The height of buildings 

2 Maria helps her father feed their chickens every 
Sunday. Over a period of one year she kept a 
record of how long it took. Her results are 
shown in the table below. 
  

  

  

  

  

  

  

Time (mins) | Frequency | Frequency density 

0st<30 8 

30<t<45 5 

45<t<60 8 

60st<75 9 

755t<90 10 

0 =t<120 12           

a Copy the table and complete it by calculating 
the frequency density correct to one decimal 
place. 

b Represent the information on a histogram. 
Twenty students take three long jumps. The 
best result for each student (in metres) is 
recorded below. 
43 54 43 40 38 51 3.6 55 6.2 47 
52 38 24 47 39 56 58 47 33 29 

The students were then coached in long jump 
technique and given three further jumps. Their 
individual best results are recorded below. 
4.7 59 48 46 45 53 52 55 63 49 
52 49 56 53 68 54 58 54 43 55 

Draw a back-to-back stem and leaf diagram of 
their long jumps before and after coaching. 
Comment on your diagram.
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4 Four hundred students sit their mathematics 
IGCSE exam. Their marks (as percentages) are 

  

  

  

  

  

  

  

  

shown in the table below. 

Mark (%) | Frequency | Cumulative frequency 
3140 21 
21-50 55 

51-60 125 
61-70 74 
71-80 52 
81-90 a5 
91-100 28         
  

a Copy and complete the above table by 
calculating the cumulative frequency. 

b Draw a cumulative frequency curve of the 
results. 

¢ Using the graph, estimate a value for 
the median exam mark 
the upper and lower quartiles 

iii) the interquartile range. 

  

5 Eight hundred students sit an exam. Their marks 
(as percentages) are shown in the table below. 
  

  

  

  

  

  

  

  

  

  

  

Mark (%) | Frequency | Cumulative frequency 

1-10 10 
11-20 30 
21-30 0 

31-40 50 
41-50 70 
51-60 100 
61-70 240 
71-80 160 
8190 70 
91-100 E)         
  

a Copy and complete the above tble by 
calculating the cumlative frequency. 

b Draw a cumulative frequency curve of the 
results. 

¢ AnA grdeis awarded to any pupil 
achieving at or above the upper quartile. 
Using your graph, identify the minimum 
mark required for an A grade. 

d Any pupil below the lower quartile is 
considered to have failed the exam. Using 
your graph, identify the minimur mark 
needed 50 as not to fail the exam. 

e How many pupils failed the exam? 
£ How many pupils achieved an A grade? 

6 A businesswoman travels to work in her car 
cach moming in one of two ways; either using 
the county lanes or using the motorway. She 
records the time taken to travel to work each 
day. The results are shown in the table below. 
  

  

  

  

  

  

  

  

Time (mins) | Motorway | Country lanes 
frequency frequency 

0st<is 3 o 

15<t<20 5 o 

0st<2s 7 9 

25st<30 2 10 

0st<3s 1 1 

3B st<d0 1 o 

wst<as 1 o       
  

a Complete a cumulative frequency table for 
each of the sets of results shown above. 

b Using your cumulative frequency tables, 
plot two cumulative frequency curves — one 
for the time taken o travel o work using 
the motorway, the other for the time taken 
to travel to work using country lanes. 

¢ Use your graphs to work out the following 
for each method of travel: 

the median travelling time 
i) the upper and lower quartile travelling 

times 

the interquartile range for the travelling 
times. 

d With reference to your graphs or 
calculations, explain which is the mos 
reliable way for the businesswoman to get to 
work. 

e If she had to get to work one moming 
within 25 minutes of leaving home, which 
way would you recommend she goes? 
Explain your answer fully. 

   

  

 



7 Two classes take a maths test. One class 
contains pupils of similar ability; the otheris a 
mixed ability class. The results of the tests for 
each class are presented using the box and 
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11 Thirty families live in a street. The number of 

children in each family is given in the table 
below. 
  

  

    

  

              

  

                  
  

whisker plots below. Number of o|1]2[3|4]|5]|6 
dhildren 
Frequency 3|s|s|of3]o]2 

A a Calculate the mean number of children per 
family. 

b Calculate the median number of children 
L per family. 

Explain clearly, giving your reasons, which of 
the two box and whisker plotsis likely o 
belong to the mixed ability maths class and 
which is likely to belong to the other maths 
class. 

8 Find the mean, median and mode of the 
following sefs of data. 
a 45567 

b 6372728486 

c 3812181824 

d 49387113538 

9 The mean mass of the 15 players in a rughy 
team is 85kg. The mean mass of the team plus 
a substitute is 83.5 kg. Calculate the mass of 
the substitute. 

10 Thirty children were asked about the number 
of pets they had. The results are shown in the 

table below. 
  

Numberofpets | 0 | 1|2 [3 4|56 
  

                  Frequency s|s{3f[7]3][1]se 
  

a Galculate the mean number of pets per 
child. 

b Calculate the median number of pets per 
child. 

¢ Galculate the modal number of pets. 
d Drawa frequency polygon of the data. 

¢ Calculate the modal number of children. 
d Drawa frequency polygon of the data. 

12 The number of people attending a disco at a 
club's over 30s evenings are shown below. 
8 94 32 45 57 68 127 138 
B 77 99 47 44 100 106 132 
28 56 59 49 96 103 90 84 
136 38 72 47 58 110 

a Using groups 0— 19, 20-39, 4059, etc., 
present the above data in a grouped 
frequency table. 

b Using your grouped data, calculate an 
estimate for the mean number of people 
going to the disco each night. 

M Student assessment 2 

1 The number of people attending thirty 
screenings of a film at a local cinema is given 
below. 

21 30 6 71 10 37 24 21 
6 50 27 31 65 12 38 34 
53 34 19 43 70 34 271 28 
52 57 45 25 30 39 

a Using groups 1019, 20-29, 30-39, etc., 
present the above data in a grouped 
frequency table. 

b Using your grouped data, calculate an 
estimate for the mean number of people 
attending each screening. 

2 Find the standard deviation of the following set 
of numbers. 
8,8,10, 10, 10, 12, 14, 15, 17,20
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3 A hockey team scores the following number of goals in their matches over a season. 
  

  

                
  

Goalsscored |0 [ 12 [3[4]5s 

Frequency afuls|[nfalr 

Calculate: 
a the mean 
b the range 
¢ the standard deviation. 

4 State what type of correlation you might expect, if any, if the following data was collected and plotred 
on a scatter diagram. Give reasons for your answer. 
a The age of a motorcycle and its second-hand selling price 
b The number of people living in a house and the number of rooms the house has 

5 A deparment store decides to investigate whether there is a correlation between the number of pairs 
of gloves it sells and the outside temperature. Over a one-year period it records, every two weeks, how 
many pairs of gloves are sold and the mean daytime temperature during the same period. The results 
are given in the table below. 
  

Mean temp. (*C) 3|6 |8 [10/10]11]12]14(1616(17 18|18 
  

Number of pairs of gloves | 61 | 52 | 49 | 54 | 52| 48 | 44 | 40 |51 |39 |31 43|35 
  

Mean temp. (*C) 19 (19|20 (21 (22| 22|24 25|25 |26 |26 |27 |28 
  

Number of pairs of gloves | 26 | 17 | 36 | 26 | 46|40 |30 |25 (11| 7|3 |2 |0                               
  

a Plot a scatter diagram of mean temperature against number of pairs of gloves. 
b What type of correlation is there between the two variables? 
¢ How might this information be useful for the department store in the future? 

6 The popularity of a group of professional football players and their yearly salary is given in the table 
below. 
  

  

  

  

Popularity 1 N T A R 

Salary (€ million) 48 | 36 | 45 [ 31 | 77 [ 63 | 29 | 31 | 41 | 1.8 

Popularity M |12 13 1a]55]w6|17]18]1w]2 

Salary (€ million) 45 | 31 | 27 | 39 | 62| 58 | 41 53|72 65                         
  

a Calculate the equation of the regression line for y on x. 
b Calculate the value of the correlation coefficientr. 
¢ The statement is made in a newspaper ‘Big money footballers are not popular with fans'. Comment 

on this statement in the lightof your results above.



Student assessments 297 
  

7 A group of dogs with kidney problems were given a new drug. A control group were not. The results 
were as follows. 

  

improved Did not improve Total 
Givendrig 162 e 260 
Notgivendrug 104 4 150 
Total 266 144 410 

a Set upanull and altemative hypothesis. 
b Construct an expected frequency contingency table. 
¢ Galculate the value of 
d State the number of degrees of freedom of the data. 
e State, giving reasons, whether the null hypothesis is supported or rejected at a 5% level of 

sgnificance. 
8 A vote was taken for or against a ban on foxhunting. The results for town and country dwellers are 

recorded in the contingency table below. 

Town dwellers  Country dwellers Total 
Banfoxhunting 4240 1263 5503 
Allow foxhunting 1360 2537 3897 
Total 5600 3800 2400 

a Setupanull and altemative hypothesis. 
b Galculate the value of . 
¢ State, giving reasons, whether the null hypothesis is supported or rejected at a 1% level of 

sgnificance.
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Andrew Wiles 

Andrew Wiles, a Cambridge mathematician, worked secretly for many years to find 
a proof. This proof was extremely complex, building on work on elliptical curves by 
Eves Hellegouach, and required a proof of the Taniyama-Shimura conjecture. 
However, the final proof by Wiles is acceped as a work of genius because of the 
innovative way in which he brought together ideas. 

Everyone accepts that Andrew Wiles proved Fermat's Last Theorem. However, 
this is not the case with the discovery of calculus. Sir Isaac Newton (1643-1727), 
another Cambridge mathematician, is accepted as one of the most influential men 
in human history. His work on gravitation and the Laws of Motion in his book, 
Philosophae Naturalis Principia Mathematica, influenced mathematics and science for 
hundreds of yeass. His work was only taken further by the great mind of Albert 
Einstein. Newton is credited by many as discovering calculus. 

Gottfried Wilhelm Leibniz (1646-1716), the German mathematician and 
Philosopher, worked on what we now term calculus at the same time as Newton. 
The suggestion that Leibniz, who wrote poetry in addition to writing on maths, 
politics, law, theology, history and philology, had stolen Newton’ ideas on 
calculus and merely improved them, caused a bitter argument that went on long 
after they had both died. 

Claims as to who should get the credit for an invention are not unusual. Did 
Alexander Graham Bell or Antonio Meucci invent the telephone? Did the Scot John 
Logie Baird, the American Philo Taylor Famsworth or the Russian Vladimir Kosma 
Zworkin, discover television? It often depends upon the country in which the book 
you read was published. It has been suggested that ‘there is a time fora discovery' and 
that if one person had not made the breakthrough, someone else would have. This 
claim is supported by one of the great modem discoveries, the structure of the DNA 
‘molecule. Watson and Crick discovered the double helix structure but other 
scientists, particularly Rosalind Franklin, were very close o a solution. 

Calculus is the comerstone of much of the mathematics studied at a higher 
level. Differential calculus deals with finding the formula for the gradient of a 
function. In this topic, the functions will be of the form f(x) = ax® + bx™! + ... 
where n is an integer. 

Gradient 
Youwill already be familiar with finding the gradient of a straight line, shown 
below. 

The gradient of the line passing through points (x; ;) and 
(59 is calculared by 323, Therefore the gradient of 
the line passing through points P and Qs % =5=1 

  

Q1,10     The gradient of a linear function (a stmight line) is 
constant, .¢. the same at any point on the line. However 
non-linear functions, such as those that produce curves 
when graphed, are more difficult to work with as the 
gradient is not constant. %
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The graph opposite shows the function 
f(x) = 2. Point Piis on the curve at (3, 9). If 
P moves along the curve to the right, the 
gradient of the curve becomes steeper. If P 
moves along the curve towards the origin, the 
gradient of the curve becomes less steep. 

  

43210123 4 x 

See GeoGebra file 7.1 Gradient of y =%, 
The gradient of the function f(x) = ** at the point P(1, 1) can be calculated as 

Bllows. 
Mark a point Q,(3, 9) on the graph and draw the line segment PQ, The gradient 

of the line segment PQ, is only an approximation of the gradient of the curve at P. 
9-1 

3-1 

Mark a point Q, closer to P, for example (2, 4) and draw the line segment PQ, The 
gradient of the line segment PQ, s still only an approximation of the gradient of 
the curveat P, but it s a betrer approximation than the gradient of PQ,. 

4   Gradient of PQ, = 

  

If a point Q, (1.5, 1.5%) is chosen, the gradient PQ; will be an even better 
approximation. 

Gradient of PQ, = 

  

) 
For the point Q, (125, 1.25%), the gradient of PQ, = % =225 

X 
For the point Q, (L1, 1.12), the gradient of PQ, = 22 =1 21 
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@ See GeoGebra file ‘7.1 Gradient of line segment PQ". 
The resulta above suggest that, as point Q gets closer to P, the gradient of the 

line segment PQ gets closer to2, 
Tt can be proved that the gradient of the funcion is f(x) = 2 is 2 when x = 1. 

    

    

  

(1+h, (1+ b 4oy 

x 

Consider points Pand Q on the function f(x) = % Pis at (1, 1) and Q, h units 
from P in the xlirection has coordinates (1+h, (L+h)?). 

(L+hY = 1 _ 142h4k2 — 1 _ h2+h) 
+h-1 - h  ~ & 

As Q gets closer to P, h gets smaller and smaller (tends to 0), therefore the gradient 
(2 +h) of the line segment PQ tends to 2. 
Thercfore the gradient at P(L, 1) = lim(2 + h) = 2 

10 
iic. the limit of 2 + hash tends to Ois 2. 

       Gradient of line segment PQ = =2+h 

In general: 
The gradient of a curve at the point P is the same as the gradient of the 

fangent to the curve at P. 
See GeoGebra file 7.1 Line passing through P and Q. 

B Exercise 7.1.1 
1 Using the proof above as a guide, find the gradient of the function f(x) = £ 

when: 
ax=2 b x=3 e x=-1 
d By looking at the pattern in your results, complete this sentence. 

For the function f(x) = «, the formula for the gradient s ... . 

2 Find the gradient of the function f(x) = 2+2 when: 
ax=1 b x=2 e x=-2 
d By looking at the pattern in your results, complete this sentence. 

For the function f(x) = 222, the formula for the gradient is ... . 

3 Find the gradient of the function f(x) = 3% when: 
ax=1 b x=2 e x=3 
d By looking at the pattern in your results, complete this sentence. 

For the function f{x) = $x2, the formula for the gradientis ... .
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In each case in Exercise 7.1.1, a rule was found for calculating the gradient at any 
point on the particular curve. This rule is known as the gradient function f(x) or 
% i.e. the function f{x) = 2 has a gradient function f(x) = 2x 

a2 

  

‘The above proof can be generalized for other functions f(x). 
Gradient o line segment PQ = JUcth) — 1) 

Gradient at P = im(Gradient of line segment PQ) 
e 

=t fh) = 2 
ok 

“This is known asfinding the gradient function from first principles. 

[rpm—— Find, from first principles, the gradient function of f(x) = £ + x. 
&y H) = 1) 

o 
i (et h2+ (x+h)) - (2 + x) 

  

=0 h 
i X2t xh = lim T2t ox 
k0 
i 22 = lim R 
k=0 

= lim(2x+h+1) 
k=0 

= 2x4l 

i.e. the gradient at any point P(x, y) on the curve y = 2 +xis given by 2x+1. 

You can check this by graphing a function and its gradient function simultancously 
ona computer.
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= Type equation y = x*+ X 
 Select curve. 
= dlick on the gradient 

function icon 

  

  

  = Type equation 
100 =+ x 

& Type Derivative [f] 

      
  

Note: The equation of the gradient function is given in the algebra 
window.     

B Exercise 7.1.2 

1 Using the worked example above as a guide, find from first principles the 
gradient functions of cach of the following functions. 

  

  

  

  

  

  

  

  

  

  

  

  

  

a f(x) 
b fx) Function f(x) | Gradient function f(x) 

< flx) 2 
d f(x) 
e f(x) 22 
ffx) = e 

2 Copy and complete the tble by ik ] 
entering your gradient functions from 
question 1 above and from Exercise » 
711 2 

R+ 2x 

-2 

3x=-3 

22-x+1        
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Worked examples 

D = 

D 12 

Worked examples 

3 For each of the functions given in question 2, use a computer to: 
i) graph, on the same axes, the function and gradient function 
ii) check that the equation of the gradient function is the same as the one you 

calculated. 

4 Describe any pattems you notice in your table for question 2, between a function 
and its gradient function. 

‘The functions used so far have all been polynomials. There i a relationship 
between a polynomial function and its gradient function. This is summarized below. 
() = ax d,mj‘fi = anx, 
ie. to work out the gradient function of a polynomial, multiply the coefiicient of x 
by the power of x and then subtract 1 from the power. 

1 Calculate the gradient function of the function f(x) = 223, 

% =3 x 2430 = 6x2 

2 Calculate the gradient function of the function f(x) = 5x*. 

B gt =200 

Exercise 7.1.3 

1 Calculate the gradient function of cach of the following functions. 
a fl) = b fix) =5 © f(9) =32 
d fix) =50 e fix) =62 £ (0 =87 

2 Calculate the gradient function of cach of the following functions. 

a fl) =12 b fix) =%x4 ¢ f(x) =%x1 

d flx) =1t e fl) =22 ff) =30 

Differentiation 
The process of finding the gradient function is known as differentiation. 
Differentiating a function produces the derivative or gradient function. 

1 Differentiate the function f(x) = 3 ¥, 
with respect to x. 50 
The graph of f(x) = 3 is a horizontal af 
line as shown. — 

‘A horizonial line has a gradient of 2 
zero. Therefore, ik 

f(")=3='%=°' 240 1238 4567 8x  
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This can be calculated using the rule for differentiation: 
f(x) = 3 can be written as f(x) = 3<° 

%=°X3X‘“”=° 

In general therefore, the derivative of a constant i zero. 

Differentiate the function f(x) = 2x with respect to x. 
The graph of f(x) = 2x is a straight line as 
shown. 

From work done on linear graphs, you know 
the gradient is 2. Therefore, 

fx) = Zxfi%xl -2 
This too can be calculated using the rule for 
differentiation: 

24 

  

fx) = 2x can be written as i 
gii{ = 1% 2x0-D = 20 

- d But 20 = 1, therefore 3 

    

I genersl,thercfoe, if (<) = ax = & 

  

Differentiate the function f(x) = 32 - 2x + 4 with respect to x. 
Graphically the function and its derivative are as shown. 

  
It can be seen that the derivative of the function f(x) is a quadratic. The 
derivative can be calculated to be f'(x) = £ ~2. 
“This suggests that the derivative of a function with several terms can be found by 
differentiating each of the terms individually, which is indeed the case. 
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4 Differetiae the functon f(x) = 2~ idh respect to 5. 
Before differentiating, rewrite functions as sums of terms in powers of x. 
20 +o2 2, & can be written as 2 + = x E 

and simplified o 247 + x. 
2042 

x 

  

  Therefore f(x) = =zx1+x:gxl=4x+1. 

Note: A common error here is to differentiate each of the terms individually. 
20+, 6+ 2x 

is not 
x 1 
  

  The derivative of 

B Exercise 7.2.1 

1 Differentiate each of the following expressions with respect to x. 
a 50 b 72 c 4 
d i e 2 £ 35 
g5 h 6x it 

2 Differentiate the following expressions with respect to x. 
a 3+ 4x b 50— 222 ¢ 108 - 12 
d 62 -3 +x e 12— 22 45 fi0-Idex—4 

g -3 +ad-1 h 6543 -xl i RO -8 

3 Differentiate the following expressions with respect o x. 
      

  

  

e P 60422 
= ¢ T 

a "ZLZ"Z & Aaevd £ 22(x—2) 

g (457 h (Qx-Dx+4) i (2eax-3) 

Negative powers of x 
So far all the polynomials that have been differentiated have had positive powers of 
. This section looks at the derivative of polynomials with negative powers of x, for 
example differentiating from first principles the function f{x) = x! with respect to x.
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You will know from your work on v 
indices that i can be written as - 

The function f(x) is shown graphically 
. 1 1 with P(x, ;) and Q(x +h m) 

fc+h) 

  

  

Gradient of line segment PQ 
1 1 x+h __x h 
XTxeh (k) Xath) 
    e R 

g I e i 
Thereore i imy) =~ 
This tells us that for f(x) = -1 the derivaive f'(x)     
T can be seen that the original rule for the derivative of polynomials, namely if 
fix) = ax" then f(x) = anx, i sill valid when n is negative. 
) =xt 

flx) = -1 x 40 = —x2 

1 Find the derivative of x2. 

  

2 Caleulate & wheny = 27 + x? + 1. 

—1x 240 4 2 x 2D 40 
—2x? 23 

1,1 = _z(? + ;) 

3 Differentiate %wm, respect o x. 

  

First write the expression %in the form ax®, where a s a constant and n an 
integer: 

Risia g Ho ;—Z x;—lrf 

%x1=-5 x 2x(5D) 

=-1ox6=-10
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M Exercise 7.2.2 

Worked examples 

1 Find the derivative of each of the following expressions. 
a x! b o d —x? e -t f 1S 

2 Wite the following expressions in the form ax", where a is a constant and n an 
integer. 

  

1 2 3 2 3 2 

se By tm Hgm Egp f 53 
3 Calculate f'(x) for the following curves. 

a fx) =3x+2x b =22 +xt 41 

c ) =3t -+ 2x df(x)=$+x’ 

oL e ) €)= gk ol 
So far we have only used the variables x and y when finding the gradient function. 
“This does not always need to be the case. . 
Sometimes it is more convenient or 6 

appropriate to use other variables. 
I stone is thrown vertically upwardsfrom 4 

the ground, with a speed of 10ms, its 2 
distance () from its point of release is given 

by the formula s = 10t — 49, where ¢ is the o % 
time in seconds after the stones release. 

“This is represented graphically as shown. 

The velocity (v) of the stone at any point can be found by calculating the rate of 
change of distance with respect to time, i.e. . 

Therefore, if s = 10 - 49¢ 3 =$= 10- 98¢ 

1 Caleutate & forthe funcrion s = 62 — 4+ 1 
d& %= 12t- 4 

2 Calalate & for the funcion r = § + 22 -1, 
Rewriting the function as v = 6r2 + 222 -1, 
d     

  

126 + 4e = ‘%H; 3 
3 Galeulte $fo th functon o = (7 + 1) 

  

:-) 
Expanding the brackets gives: v = 2r — 13 + % -1 

  

dv 4 Therefore § =2 - 32 -4
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B Exercise 7.2.3 

1 Differentiate cach of the following with respect to t. 
ay=3+c  bo=20+2 cm=5-¢ 
dy=2t er=1r? fs=d-c2 

2 Calculate the derivative of each of the following functions. 
ay=3'+4  bs=2'-t 

d P=%+zz eppilid    
3 Caleulate the derivarive of each of the following functions. 

2 y=xx+4) br=ui-1 c.,=z(%+3) 

dp=rf-3) eamsfcey ty-re 

4 Differentiate each of the following with respect to . 

  

    

ay=(c+D(-1) br=(t—1)(2t+2) 

cp=({+1)(%~1) da=(2+ 0 -2) 

”=(23i+1)(z—1) ‘y=(23[—z)(21—3?) 

Calculating the second derivative 
T the previons section we looked at the position of a stone thiown vestically 
upwards. s velocity (v) at any point was found by differentiating the equation for 
the distance (s) with respect o & L. v = % 

However, acceleration (a) is the rate of changs of velocity with time, L.e;a = & 
Therefore, ass = 10¢ - 49¢ ‘ 

  

= % =10-98 

a= % 9.8 (acceleration due to gravity) 

You will have noticed that the equation for the distance was differentiated twice to 
get the acceleration, i.¢. the second derivative was obtained. Calculating the 
second derivative is a useful operation as will be seen later. 

The notation used for the second derivative follows on from that used for the 
first derivative. 

f(x) = ax* y=ax 

= f) =t o Beamer 

% = anfn - )2 
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Socither f'(3) or 53 i wsed o represent the second dervative when diffreaaring 
with respect to x, depending on whether the original function is given in the form 
fx) = axtory = ax'. 

  

& 
[ ! Fnd T}when y 

2 Find f'(x) when f(x) 
fx) =22t 4 22 

£ = 25— 
P =4 +3c4= 24 

  

  
3 

L3    

" 
3 Find $3ifs = 3e 4+ 4o, 

ds_ Go3+e 

s 
¥=1 

B Exercise 7.2.4 

1 Find the second derivative of each of the following. 

  

    

ay=28 by=x-i2 

cy=1f dy=32-2 
¢ yul £ y=3x e 

2 Find & for cac ofthe following. 
o ymich by=xi+d 

21 
¢ 3=t dy 

ey=i-3 £ y= 

3 Differentiate the following twice with respect o x. 
a v=x-3) bP=le(+s) 

¢ t=x!(l4+ ) a.;% 

ey=@+D@-0 r=M
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@ 7.3 The gradient of a curve at a given point 
You have scen that differentiating the equation of a curve gives the general 
equation for the gradient of any point on the curve. Using the general equation of 
the gradient, gradients at specific points on the curve can be calculated. 

For the function f(x) = 322 — 2x + 4, the gradient function f'(x) = x — 2. The 
gradient at any point on the curve can be calculated using this. 

For example, when x = 4, f'(x) = 4 - 2 
=y 

ie. the gradient of the curve f(x) = 1<% ~2x + 4is 2 when x = 4, as shown below. 

    
   

f Gradient of curve 
latx=4is2 e 

o 

10123456867 x 

GDCs and graphing software can also help to visualize the question and check the 
solution. 

  

Casio 
  

serue 
au and enter the 

equation of the curve. 
é 1o plot the graph. 

Y1=1,2K2-2K+4      

     
dvodi=2 
v=y   

  

The gradient of the curve at 
x= 4 is displayed on the screen.     
Note: If the %Xy-derivanve feature is not displayed on the screen, it 
can be turned on via the set up menu.      
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Texas 
  

. and enter the equation of 
= the curve. 

", to plot the graph. 

- dy E and select <. 

m o calculate the P 
gradient when x = 4.   

  

  
  

Autograph 
  

= Type equation y = 3x2 - 2x+ 4 
 Select the curve. 

dlick on coordinate icon () 
and enter the value x = 4. 

  

A point is plotted on the curve 
atx=4. 

= Click on the point. Select 
‘object’ followed by ‘tangent'. 

Atangent is drawn to the curve 
at x =4. Its equation and the 
wordinate of the point are 
displayed at the base of the screen. 
  

Note: The equation of the tangent is displayed at the base of the 
screen, i.e. y = 2x - 4. The gradient can therefore be deduced from this. 
  

  

  

GeoGebra 

= Type equation i 
fx)= A2 -2x+ 4 

= Type ‘Tangent{4, ]". This / 
draws a tangent to the curve A A 
atx=4.   
  

Note: The equation of the tangent is displayed in the algebra window, 
ie. y = 2¢-4. The gradient can therefore be deduced from this.     
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Calculate the gradient of the curve f{x) = x' + x - 6 whenx = ~L. 
The gradient function f'(x) = 3 + 1. 
When x= 1, f/(~1) = 3(-1)2 + 1 = 4, 
ice. the gradient is 4. 

Exercise 7.3.1 

1 Find the gradient of each of the following functions at the given values of x. 
a fl) =xhx=3 

  

  

  

  

b fix) =4 - 2x=-3 
¢ f() =33 -4 -Zx=0 
d fl) = -+ 2x - Lix 
e flx) x‘+x*3;    
£ fx) = 6xx= 

2 Findche grdient ofcach of thefllowingfuncions ac th given valuesof x. 

    

£ fx) 

3 The number of people, N, newly infected on day ¢ f a stomach bugcutbreak i 
given by N = 52 - 1¢. 

a Calculate the numberof new infections, N, when: 
De=1 i) t=3 

x X 

  

iv) £=10. 

b Calculate the rate of new infections with respect to', i calculate ‘h” 
¢ Calculate the rate of new infections when: 

=1 i) t=3 i) 
d Usinga GDC, sketch the graph of N against «. 
e Using your graph as a reference, explain your answers to parca. 
£ Using your graph as a reference, explain your answers to part c. 

4 A weather balloon is released from the ground. Its height h (i) after time 
¢ (hours) is given by the formula h = 302 — &, ¢ < 20. 

a Calculate the balloon’s height whens 
i)t=3 ii) £=10. 

b Calculate the rate at which the balloon is climbing with respect to time t. 

iv) t=10. 
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Worked example 

¢ Galculate the rate of ascent whens 
i)t=2 i) t=5 iii) t=20. 

d Using a GDC, sketch the graph of h against t. 
e Using your graph as a reference, explain your answers to part c. 
£ Use your graph to estimate the time when the balloon was climbing a its 

fastest rate. Explain your answer. 

Calculating x, when the gradient is given 
So far we have calculated the gradient of a curve for a given value of x. Itis 
possible to work backwards and calculate the value of x, when the gradient at a 
point is given. 

Consider the function f(x) = *2 - 2x + 1. Itis known that the gradient at a 
particular point on the curve is 4. Itis possible to calculate the coordinate of 
the point. 

The gradient function of the curve is f'(x) = 2x — 2. 
As the gradient at this particular point is 4 (i.e. f (x) = 4), an equation can be formed: 

2x-2=4 
2: 

  

      

x=3 

Therefore, when x = 3, the gradient of the curve is 4. 
Once again a GDC and graphing software can help solve this type of problem. 

The function f(x) = * — x* — 5 has a gradient of 8 at a point P on the curve. 

CGalculate the possible coordinates of point P. 

The gradient function f'(x) = 3% — 2x 

AtP,32 - 2x=8. 

“This can be rearranged into the quadratic 3x* — 2x — 8 = 0 and solved either 
algebraically or graphically as shown in Topic 2. 
Graphically 
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From the graph it can be seen that x = 
positions for point P. 

  1} and x =2, i.e. there are two possible 

By substituting these values of x into the equation of the curve, the y-coordinates of 
P can be calculated. 

e 
f2)=2-22-5=-1 
Therefore, the possible coordinates of P are (-1, ~9:%) and (2, -1). 

Algebraically 
The quadratic equation 3x? — 2x — 8 = 0 can be solved algebraically by factorizing. 

Gx+4)(x-2)=0 
Therefore, (3x+4) = 0= x~$or (x~2) = 0= x=2. 

  

Your GDC can also be used to solve (quadratic) equations. 

  

Casio 
  

seroe 
@D 2nd select Equation mode. 

  

75 toselect Polynomial. 
B 

  

™ FEK WY 
= 1o select polynomial of degree 2. 

e 
       

  

  

Enter the values of a, b and c. (- 

7= tosolve the equation. | 2 

Texas 

H to select equation solver and | [EQUATION SOLVER 
then enter the equation. |ean: B=IKE-2K-2 

  

  

u o find one solution. SR2-79=8=0 
n¥=-1, IIIIIITIT.. 
bound={-1e33, 1. 

= left-ri=o 

SHI-ZH-8=0 
=A=2 
bound={-1£99, 1., 

" left-rt=0 

    

    

Change the value of x to a number closer 
to the second solution, e.g. x = 1. 

u to find the second solution. 

    

      
  

Note: To find the second solution, you will already need to know 
approximately where it is. This can be done by graphing the 
equation first.     
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Once the values of x have been calculated, the values of y can be calculated 
as before. 

B Exercise 7.3.2 

1 Find the coordinate of the point P on each of the following curves, at the given 
gradient. 

a fix) = - 3, gradient = 6 
b fx) =3 + 1, gradient = 15 
© fx) = 2 — x + 4, gradient = 7 
d f(x) = 12 - 3x 1, gradient = -3 

  

e f(x) = 2% + 4x, gradient = 6 

£ flx) = —32 + 2x + 1, gradient = 4 

2 Find the coordinate(s) of the point(s) on each of the following curves, at the given 
gradient. 

a f(x) =32 + 12 + 4x, gradient = 6 

b f(x) = $2° + 2x2 + 6x, gradient = 3 

¢ fix) =10 - 2, gradient = —4 

d fix) =~ £ + 4x, gradient = 5 
3 A stone is thrown vestically downwards off a tall chif. The distance (5) it ravels 

in metres is given by the formula s = 4c + 52, where t i the time in seconds 
afte the stone's release. 

4 What is the mate of change of distance with time g;z (This represenits the 
velocity.) ‘ 

       

b How many seconds after ts release s the stone travelling at a velocity 
o Yms1? 

¢ The stone hits the ground travelling at 34 L. How many seconds did 
the stone take to hit the ground? 

d Using your answer to partc, calculate the distance the scone falls and 
hence the height of the cliff. 

4 The temperature (T °C) inside a pressure cooker is given by the formula 
T =20+ 122 - & t < 8, where tis the time in minutes after the cooking started. 

a Calculate the temperature at the start. 
b What is the rate of temperature increase with time? 
¢ What is the rate of temperature increase when: 
D=1 t=4 i) t=8 

The pressure cooker wasswitched off when 1= 3. 
How long after the start could the pressure cooker have been switched off? 

¢ What was the temperature of the pressure cooker if it was switched off at 
the greater of the two times calculated in part d7 

  

a 
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Equation of the tangent at a given point 
As was seen in Section 7.1, the gradient of a tangent drawn at a point on a curve is 
equal to the gradient of the curve at that point. 

What is the equation of the tangent to f(x) = 32 + 3x + 1 in the graph below? 

‘The function f{x) = ® + 3x + 1 has a gradient function of f'(x) = x + 3 

At point P, where x = 1, the gradient of the curve is 4. 

The tangent drawn to the curve at P also has a gradient of 4. 

  

Asitis a straight line, it must take the form y = mx + c. The gradient m is 4 as 
shown above. 
Therefore, y = 4x + c. 

As the tangent passes through the point P(1, 43), these values can be substituted 
for x and y so that ¢ can be calculated. 
H=4+c 

sc=t 
The equation of the tangent is therefore y = 4x + 5. 

Exercise 7.3.3 

1 For the function f{x) = x* = 3x + 1: 
a calculate the gradient function 
b calculate the gradient of the curve at the point A (2, 1). 

A tangent is drawn to the curve at A. 
 What is the gradienof the tangent? 
d Calculate the equation of the tangent in the form y = mx + c. 

2 For the function f(x) = 2 — 4x - 2: 
a calculate the gradient of the curve where x 

A tangent is drawn to the curve at the point (2, ~2). 
b Calculate the equation of the tangent in the form y = mx + c. 

  

2
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7.4 

3 A tangent is drawn to the curve f(x) = 322 — 4x ~2 at the point P (0, -2). 
a Calculate the gradient of the tangent at P. 
b Calculate the equation of the tangentin the form y = mx + c. 

4 A tangenc T, is drawn to the curve f{x) = —x* + 4x + Lat the point A (4,1). 
a Galculate the gradient of the tangent at A. 
b Calculate the equation of the tangent in the form y = mx + c. 

Another tangent T, is drawn at the point B (2, 5). 
¢ Calculate the equation of T, 

5 A tangent T, is drawn to the curve f(x) = <% = 3x + 1 at the point P (-2, 6). 
a Calculate the equation of T, 

Another tangent, T,, with equation y = 10, s also drawn to the curve at a point Q. 
b Calculate the coordinates of pointQ. 
¢ T,and T, are extended so that they intersect. Calculate the coordinates of 

the point of intersection. 

6 The equation of a tangent T, drawn on the curve f(x) = —5x2 — x — 4 at P, has 
an equation y = ~3x - 6. 

a Calculate the gradient function of the curve. 
b What is the gradient of the tangent T? 
¢ What are the coordinates of the point P? 

Increasing and decreasing functions 
The graph shows the heart rate of an adult male overa period of time. 

He
ar

t 
ra
te
 

Time 
By simply looking at the graph, it s casy to see when his heart rate s increasing, 

decreasing and when it s at a maximum. 
By comparing the shape of the graph with its gradient, we can sce that when the 

gradient is positive, the heart rate is increasing. When the gradient is negative, the 
heart rate is decreasing. When the gradient is zero, the heart rate is at its maximum. 

“This section will lock at the properties of increasing and decreasing functions.
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For the function f(x) = 22 the following observations can be made. 
‘When x > 0 the gradient is positive, therefore f(x) is an increasing function for 

this range of values of . 
‘When x < 0 the gradient is negative, therefore f{x) is a decreasing function for 

this range of values of x. 
‘When x = 0 the gradient is zero, therefore f(x) is stationary at this value of x. 

14 

543210 1 23 4 5x 

o p—— 1 a Using your GDC, sketch the function f(x) = «* — 5<2 + 8. 
b Calculate the range of values of x for which {(x) is a decreasing function. 

  
b f(x) = - 5x + 8, therefore f'(x) = 3x2 - 10x. 

For a decreasing function, f'(x) < 0. 
Therefore, either solve the inequality 3x? — 10x < 0 to find the range of 
values of x. 
Or, from the graph it can be 
deduced that the function is A 
decreasing between the stationary 
points A and B. 
At the stationary points, f'(x) = 0 
so the quadratic 3 — 10x = Ois 
solved to find the stationary B 
points. 

32 - 10x=0 
x3x - 10) 

1 x=0or 
Therefore fix) 

  

    
  

   

10 3 — 552 + 8 is a decreasing function in the range 0 < x< 22, 
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@ 7.5 

2 Show that f(x) = x* + x — 8 is an increasing function for all values of x. 

) =32+1 
For f(x) to be an increasing function, f/(x) > 0. 
3¢ + 1> 0 forall values of x as 2 is never negative. 
Therefore f(x) is an increasing function for all values of x. 

Exercise 7.4.1 

1 For cach of the following, calculate: 
i) f'(x) 
ii) the range of values of x for which f(x) is increasing. 

a fx)=+-4 b f(x) = £ = 3x + 10 
e flx) =22 +10x - 21 ® = 122 + 48x - 62 
e f(x) = - + 25x g     

2 Using the functions and your calculations in question 1 above find, in each case, 
the range of values of x for which f(x) is a decreasing function. 

3 a Prove that f(x) = $+° + Jx is an increasing function for all values of x. 

b Prove that f(x) = 32 — x ~1< is a decreasing function for all values of x. 

4 Calculate the range of values of k in the function f{x) = #* + =% — kx, given that 
f(x) is an increasing function for all values of x. 

Stationary points 
In the previous section we looked at the concept of increasing and decreasing 
functions. If the gradient of a curve is positive (i.c. f/(x) > 0), then it is an 
increasing function for that value of x. If the gradient of a curve is negative (i 
£1(x) < 0), then the function is a decreasing one for that value of x. 

However, there are cases where the gradient function is zero (i.c. f'(x) = 0). This 
section looks at those cases in more detail. 

  

D =0 
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The curve on the previous page is an increasing function between A and B and 
between Cand D (where x takes values in the range x, < x < x, and x,< x < %, 
respectively). It is a decreasing function between B and C, between D and E and 

between E and F (where x takes values in the range 1, < x < x, %, < x < xand x, < 
< 1, respectively). However, at points B, C, D and E the gradient function is zero. 

These are known as stationary points. 
There are different types of stationary point. Points B and D are called local 

‘maxima. Point C is a local minima, whilst point E is a point of inflexion. 
T is not necessary to sketch a graph in order to find the position of any 

stationary points or to find out what type of stationary point they are. 

a Find the coordinates of the stationary points on the curve with equation 
y=1d—4x+5 

b Determine the nature of each of the stationary points. 

a Lfy=§x'-4x+5,:xl=xz-4. 

At astationary polnt, %xl =0 

Therefore, solve 2 —4 = 0 to find the x coordinate of any stationary point. 

  

x=2orx=-2 

When x = 2 and x = 2 are substituted into the equation of the curve, the y- 
coordinates are found. 
When x ler-42) +5= 

Whenx = -2: y=3(=2" - 4(-2) + 5= 10} 

The coordinates of the stationary points are (z, -;) and (—z, 10;). 

b There are several methods that can be used to establish the type of stationary 
point. 

i) Graphical deduction 
As the curve is a cubic of the form y = ax) + bx? + cx + dand a, the 
coefficient of =, is positive, the shape of the curve is of the form 

N 
therefore it can be deduced that the coordinates of the stationary points are 

     

(. 108) 

@) 
Hence (-2, 10%) is a maximum point and (2, ~5) aminimum point.
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ii) Gradient inspection 

The gradient of the curve either side of a stationary point can be calculated. 

At the stationary point where x = 2, consider the gradient atx = 1 and x = 3. 

  

The gradient has changed from negative to positive as x increased, therefore 
the stationary point must be a minimum. 

A the stationary point where x = 2, consider the gradientatx = —3 and 

  

whakis "J*iz 5 

whenx=-1,82= 3 
The gradient has changed from positive to negative as x increased, therefore 
the stationary point must be a maximum. 

In general: 

A maximum stationary point 

A minimum stationary point 

A point of inflexion stationary point 

<0 

  

AGDC and graphing software can also be used to find the position of any 
stationary points. For example, find the coordinates of the stationary points for the 
gaphofy =1 — 4x+ 5.
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Casio 
  

  @ 2 to select the graph mode. 

Enter the equation y = 3x* - 4x + 5 

  

  oor 
&7 to graph the function. 
Gsav 
@ to access the graph solve menu. 

2oom 
€ to find any maximum points. 

The results are displayed on the graph. 
it vwinion 
£ @ o find any minimum points.     

  

  

  

  
  

Texas 

o to enter the function. 

Enter the equation y = 1x* - 4x+ 5 / fi}, 5/ 

\“_3 to graph the function. }/’ 

i o to search for the 
) maximum point. 

B move o e etiorine 
p—— 
E o move to the right of the 

maximum point. 

u um find the maximum point. 

< By L B oo | 
minimum point, followed by the same / 
procedure described above for the 
maximum point. 

    

  

      
  

= 3333333           
 



326 INTRODUCTORY DIFFERENTIAL CALCULUS 

Select . and enter the equation 

y=$e-ax+5 

Select the curve then click ‘Object” 
followed by f'(x) = 0", 

The solutions appear at the base of the 
screen or more clearly in the results box 
by selecting [ . 

To change the scale on the axes use |¢*. 

  

Equation Sobrer 
Selution” x=-2, y=10.53 
Solution: x=2, y=-0.3333 

  

  

Enter the equation 

y=3x"3 -4x+5 into the input 
field. 

To find the position of any 
stationary points type ‘Extremum 
(f into the input field. The points 
are plotted on the graph and their 
coordinates displayed in the 
algebra window.     

  

    

3 
There s also away of finding stationary points wing the second derivative .3 
Althongh it is beyond the scope of this texthook, you may wish to investigate it s 
itis, in most cases, an efficient method. 

Exercise 7.5.1 

For questions 1 and 2, calculate: 
i) the gradient function 
ii) the coordinates of any stationary points. 

    Lafg)=2—6:+13 b f()=x+12x+35 
c flx) = — +8x— 13 d = —6x+7 

2 a f(x)= 2 - 122 + 48x - 58 b flx) =2 - 12 

  

¢ fix) =¥ =32 = 45x+ 8 d fl)=42+32—4x-5



For questions 3 and 4: 
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i) calculate the gradient function 
ii) calculate the coordinates of any stationary points 
iii) determine the type of stationary point 
iv) calculate the value of the y-intercept 
v) sketch the graph of the function. 

3afW=1o4-2 
¢ fx)=—20+38 —4x 

4 f(x)=2 - 92 +27x— 30 

B Student assessment 1 
1 Find the gradient function of each the 

following. 
ay=x 

ey=-32+2x 

2 Differentiate the following functions with 
rspect b0, 
a fix) = x(x+2) 
b = (c+ 2D -3) 
==t dfg =1 

EpEl £ A0 = 

3 Find the second derivative of both of these 
functions. 

ay=t-3¢ 

  
  

+2   

b () =26 - 

4 Find the gradient of the following curves at the 
given values of x. 
af()=32+x x=1 
bflx) = -+ 22+ x 

c flx) = +x, 

d f) = (x = 3)(x+8); 

  

5 A stone is dropped from the top of a cliff. The 
distance it falls (5 is given by the equation 
5 = 5¢, where s is the distance in metres and 
¢ the time in seconds. 
a Calculate the velocity v, by differendiating 

the distance s with respect to time ¢ 
b Galculate the stone’s velocity after 3 seconds. 

1P -4+ 12c-3 
x“—*xl—30x+4' 

o — 420 + 16x 

  

b ) = 

© The stone hits the ground travelling at 
42 ms™!. Calculate: 

i) how long it took for the stone to hit the 
ground 

i) the height of the cliff. 

B Student assessment 2 
1 The functionf(x) = > + x> = L hasa 

gradient of zero at points P and Q, where 
the x-coordinate of P is less than that of Q. 

CGalculate the gradient function f'(x). 
Calculate the coordinates of P. 
Galculate the coordinates of Q. 
Determine which of the points P orQis a 
maximum. Explain your method clearly. 

2 a Explain why the point A (1, 1) lies on the 
curvey =2 - x+ 1. 

b Calculate the gradient of the curve at A. 
¢ Calculate the equation of the tangent to the 

curve at A. 
3fx)=(x—22+3 

a Calculate f(x). 
b Determine the range of values of x for which 

()i s decreasing function. 
4 fl0) = — 22 
alc..lm £(2). 
b Deaming the coonliiatss of any stationary 

points. 
¢ Determine the nature of any stationary point. 
d Find where the graph intersects or touches: 

the yeaxis 
ii) the x-axis. 

e Sketch the graph of f(x). 

a
n
o
w
 

 



Discussion points, j , project ideas 

and theory of knowledge 

1 Ifyou look up'histmy o
f 

Calculus, you will find that 

Leibniz and Newton both 

giscovered calculus at the same 

time, Their work followed on 
the earlier work of the 

\ragi mathematician 1bn al 

Haytham. Is there & ‘readiness’ 

for major discoveries to be 

‘made? Discuss with reference 

o the telephone, television, 

radioactivity and the structure 
of DNA. 

  

     
     

   
5 ‘Calculus is the point at 

which mathematics and 

real life part company’- 

piscuss with reference 0 

calculus and other 

advanced ‘mathemat
ics.



‘.q 
= 

‘ good 
ryo)      

      

GDC means 2 
i g 

vone i capable of 
o 

doing igher maths. Bl e 

Discuss with p 
Tontiersof nowledde. 

reference to caloul: 
{tink eucidean geomey 
o rigonometry) aren 
time studied by yound 

  

  

   children, will calculus' 
studied in pr 
by the end of the 

10 The spread of pandemic can be 
calculated using 

Caleulus, This coylg 

e 40 

    

11 The introduction ©© this 

topic suggests that @ 
genius is one who 'brings 

ideas together in a new 

way'. Do you agree with 

thi definition or do you 
have another?



To
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c 

  

Financial mathematics 

Syllabus content 
8.1 Currency conversions. 

82 Simple interest: use of the formulaT = %, wher C = capital,r = % mate, 
1 = number of time periods and I = interest. 

83 Compound interest e of the formilal = C (1 + fi) —c 

Depreciation. 

The value of r can be positive or negative. 
84 Construction and use of tables: loan and repayment schemes; investment 

and saving schemes;inflation. 

Introduction 
Juno Moneta (Juno the Alone) was the Roman 
God of Finance. The word money is derived 
from her name. In Rome, financial contracts 
and Loans, etc. were swom before this god and 
contracts were lodged in her temple. 

The kingdom of the Lydian King Croesus (Lydia is now part of Turkey) is credited 
as being the first to mint coins in about 560 BC. The expression ‘As rich as 
Croesus' came to describe people of vast wealth. 

Numismatics is the study of money and its history. Numismatists are coin and 
note collectors, 

One hundred thousand years ago in what is now Swasiland in Africa, trading was 
done using red ochre as a form of money. In other parts of the world conch shells 
and precious metals, particularly gold and silver, were used as currency by traders to 
supersede the straight exchange of goods. 

For a substance to be used as money it must be a ‘scarce good'. It may be red 
ochre, diamonds or, in some circumstances, cigarettes. Scarce goods like gold are 
aalled ‘commodity money'. Bank notes, which came later, are called ‘representative
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money’ s the paper tself has no value, but it can be exchanged for other goods. 
One pound sterling is 5o called because it could, on demand, be exchanged for one 
pound weight of sterling silver. 

What are the advantages and disadvantages of paper money compared to 
commodity money? 

Currency conversion 
The Eurozone is a term that describes those European countries that replaced their 
previous currencies with one common currency, i.e. the euro. 

In 2002, just after its launch, its exchange rate against the US dollar (USD or §) 
was below parity, i.e one euro was worth less than one dollar. 

In June 2008 before the banking crisis, one euro was worth approximately one 
dollar and sixty cents. The value of a bank note relative to other currencies can 
change, sometimes very rapidly. 

When changing currencies, banks take a commission (a fec). This meant that 
when Europe had a large number of different currencies, traders lost money paying 
these commissions and currency fluctuations meant long-term planning was 
difficult for exporters. 

Commission can either be a fixed sum or a percentage of the money exchanged. 
In addition, when you exchange money, there are two rates; one for when selling 
and another for buying, For example, a bank might buy £1 sterling (GBP) for $1.30 
and sell for $1.35. So if you changed £1000 into dollars you would receive $1300 but 

if you changed your dollars back into pounds you would receive 1300 + 1.35 = 
£963, a cost of £37. Had they charged a percentage commission of 3%, it would have 
cost £30 to make the original exchange. So you would get £970 x 1.30 = $1261. 
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e 

The table below shows the rate at which countries entering the euro in 2002 
changed their old currency for one euro. 

Country Currency Exchange for 1 euro 
France Franc 6.56 francs 
Germany Deutsche mark 1.96 Deutsche marks 

ttaly lira 1940 lire 
Spain Peseta 166 pesetas 
Holland Guilder 220 guilders 
Austia Schillng 13.76 schilings, 
Belgium Franc 0 francs 

finland Markka 5.95 markkas, 
Greece Drachma 341 drachmas 
Ireland Punt 0.79 punts 

Portugal Escudo 200 escudos 
Luxembourg Franc 40 francs 

The euro became the single currency for the twelve countries above on Lst January 
2002. It was the biggest change in currencies Europe had ever scen. By 2008 
Andorra, Cyprus, Malta, Monaco, Montencgro, San Marino, Slovenia and Vatican 
City had joined the euro. European countries still to join include Great Britain, 
Sweden and Denmark. Why do you think these countries have not joined the euro? 

Note: There is no universal agreement about whether the € sign should go before 
or after the number. This depends to a great extent on the conventions that were 

in place in each country with its previous currency. 

Using the exchange rate in the table above, change 15 000 pesetas into guilders. 
From the table: 16 pesetas = 1 euro = 2.20 guilders 

166 pesetas = 2.20 guilders 

    

   
1 220 gilders 

15000 pesetas = 2229 x 15000 guilders 

Therefore, 15000 pesetas = 198.80 guilders. 

Exercise 8.1.1 

Using the exchange rates in the table above, convert cach of the following. 
1 100 Deutsche marks into French francs 

2 500 guilder into drachmas 
3 20000 lira into schillings 
4 7500 pesetas into escudos
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Worked example 

51000 Belgian francs into French francs 
6 Lmillion puntinto markkas 
7 200000 lira into pesetas 
8 3000 Deutsche marks and 1000 schillings into punts 
9 5000 Deutsche marks into lira 

10 2500 guilder into shillings 

“This gives you some idea of the many changes occurring every day in Europe 
‘before 2002. 

The pound sterling was a ‘reserve currency’. Many economists think that the 
euro could become a ‘reserve currency’. What does the term mean? 

Curtencies change their value with respect to each other because of the change 
in economic circumstances in each country. 

For example, in 2002 1€ could be exchanged for $1.04. In 2008 1 euro could be 
exchanged for $1.54. 

The exchange rate today can be found from what s called the currency 
exchange market. 

In 2008, visitors to the USA from Germany would have found the country 
cheap to visit. Americans visiting Europe would have had the opposite experience, 
since their dollars did not buy as many euros as in previous years. In theory the 
extemal exchange rate does not affect the intemal worth of the currency. In 
practice, because countries need to import and export goods and services, the 
strengeh or weakness of a currency will directly affect people. For example if your 
currency weakens compared to the dollar, then the cost of il and gas, which are 
priced in dollars, will increase. Sometimes a currency becomes so weak that it is 
impossible to import goods. In 2008, the currency of Zimbabwe was not accepted 
for overseas trade payments. The economy suffered badly and many Zimbabweans 
could notfind work. 

In 2001 Kurt and his family travelled to the USA. The flights cost $1630, hotels 
cost $2200 and other expenses were $4000. At that time, the exchange rate was 
1€ = $1.05. 

In 2008 they took the same vacation but the costs in dollars had increased by 10%. 
The exchange rate was now 1 euro = 1.55 dollars. 
a What was the total cost in euros in 20017 

b What was the total cost in euros in 20087 
a Total costin dollars = $7850 

$1.05 = 1€ = $1 = 095€ 
Thercfore total cost in euro was 7850 x 0.95 = 7476€. 

b A 10% increase is equivalent to a multiplier of 1.10. 
Total cost in dollars = 7850 x 1.10 = $8635 
$1.55 = 1€ = $1 = 0.65€ 
Therefore total cost in euros was 8635 x 0.65 = 5613€. 
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8.2 

Worked examples 

Exercise 8.1.2 
1 The rate of exchange of the South African rand is £1 = 12.8 rand. 

£1 = 1.66 US dollars. 

a How many pounds could be exchanged for 100 rand? 
b How many rand could be exchanged for $10007 

2 An apartment in Barcelona is offered for sale for 350 000€. The exchange rate is 
£1 =124€. 

a What was the cost of the apartment in pounds? 
b The value of the pound against the euro increases by 10%.What s the new 

cost of the apartment in pounds? 
3 The Japanese yen trades at 190¥ to £1. The dollar trades at $1.90 to the pound. 

a’ What is the yen—dollar exchange rate? 
b What is the dollar—yen exchange rate? 

4 The Russian rouble trades at 24 roubles to $1. The Israeli shekel trades at 
3.5 shekels to $1. 

a What is the rouble—shekel exchange rate? 
b What is the shekel-rouble exchange rate? 

5 Gold s priced at $930 per ounce. 16 ounces = 1 pound weight. 
a What is the cost of 1 ton (2240 pounds) of gold? 
1 dollar = 0.62 curos and 1 dollar = 41 Indian rupees. 
b What does 1 ton of gold cost in rupees? 
¢ What does 1 ton of gold cost in euros? 
d What weight (in ounces) of gold could be bough for 1 million euros? 

Simple interest 
Tnterest is money added by a bank or building society to sums deposited by 
customers, or money charged to customers for borrowing. The money deposited or 
borrowed is called the capital. The percentage interest i the given rate and the 
money is usually left or borrowed for a fixed period of time. 

The following formula can be used to calculate simple interest: 

  

T = percentage rate. 

1 Find the simple interest eamed on €250 deposited for 6 years at 8% p.a. 
1=Cm 

100 
[ _250x8x6 
=10 

1=120 
The interest paid is €120.
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2 How long will it take for a sum of €250 invested at 8% to earn interest of €807 

Cm 

I=To 
250x8xn 

80 100 

8000 = 2000n 

n=4 

It takes 4 years for €250 to earn €80 of interest. 

  

3 What mate per year must be paid for a capital of £750 to eam interest of £180 in 
4 years! 

= Ot 
100 
750 x rx 4 180= 27X 3 

180= 30r 
r=6% 

A rate of 6% must be paid for £750 to cam interest of £180 in 4 years. 

The total amount A after simple interest is added is given by the formula 
e Cm a=c+Sm 

This canalso be wrtten a5 A = C +n X or_ 
Compare this with the formula fo the nth termn of an arithmetic sequence used in 
Section 2.5: 

  

uy=uy + (= 14 
In simple interest calculations, the final amounts afrer each year (A) form an 
arithmetic sequence with first term u, = C and common difference d = % 

Exercise 8.2.1 

Al rates of interest are annual rates. 
1 Find the simple interest paid in each of the following cases. 

Capital Rate Time period 
a NZ$300 6% 4 years 
b £750 8% 7 years 
© 425¢ 6% 4years 
d 2800 baht 45% 2 years 
 HK$880 6% 7 years
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2 How long will it take for the following amounts of interest to be camed? 
Cc 
500 baht 
5800¥ 
/AU$4000 
£2800 
900€ 
C = 400Ft -6

 
o6
 

on
 

R 
6% 
4% 
7.5% 
8.5% 
4.5% 
9% 

1 
150 baht 
96¥ 
AU$1500 
£1904 
243€ 
252Fc 

3 Calculate the rate of interest per year which will eam the given amount of 
interest in the given time period. 

Interest 
1120€ 

Us$224 
210 baht 
£675 
3406 
AU$275 

4 Calculate the capital required to eam the inerest stated in the number of years 

Capitals Time periods 
a 4006 4years 
b US$800 7 years 
© 2000 bahe 3 years 
d £1500 6 years 
e B50E 5 years 
£ AUS1250 2years 

and with the rates given. 
Interest Time period 

a 8OFc 4 years 
b NZ$36 3 years 
© 3406 5 years 
d 540 baht 6 years 
e 5406 3 years 
£ US$348 4years 

Rate 
5% 
6% 
8% 
75% 

4.5% 
7.25% 

5 What rate of interest is paid on a deposit of £2000 that carns £400 interest in 
5 years? 

6 How long will it take a capital of 350€ to cam 56€ interest at 8% per year? 
7 A capital of 480 Ft carns 108Ft interest in 5 years. What rate of interest was 

being paid? 
8 A capital of 750€ becomes a total of 1320€ in 8 years. What rate of interest was 

being paid? 
9 AUS1500 is invested for 6 years at 3.5% per year. What is the interest camed? 

10 500 baht is invested for 11 years and becomes 830 baht in total. What rate of 

interest was being paid?
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@ 8.3 Compound interest 

Worked example 

I this section we move on from simple inerest to look at compound interest. For 
the first time period, there is no difference between the two types: a percentage of 
the capital is paid as interest. However, simple interest is calculated using the 
criginal amount whereas compound interest is paid on the total amount, which 
includes the interest paid in the first time period. Simple interest has few 
applications in real life: when we talk about interest in real lfe, it will usually be 
compound interest. If you have a savings account the money in it will carn 
compound interest and when people take out a loan they will pay compound 
interest on the money they have borrowed. 

For example, a builder is going to build six houses on a plot of land in Spain. He 
borrows 500000 eurs at 10% p.a. and will pay off the loan in full after 3 years, 
when he expects to have finished building the houses and to have sold thern. 
At the end of the first year he will owe: 
500000€ + 10% of 500000€ i.e. 500000€ x 1.10 = 550 000€ 

At the end of the second year he will owe: 
550000€ + 10% of 50000€ i.e. 50000€ x 1.10 = 605 000€ 

Ac the end of the third year he will owe: 
605000€ + 10% of 605000€  i.e. 605000€ x 1.10 = 665 500€ 

The amount of interest he has to pay is: 
665500€ — 500 000€ = 165 500€ 

The simple interest is 50000€ per year, i.c. a total of 150 000€. 
‘The difference of 15500€ is the compound interest. 
The time taken for a debt to grow at compound interest can be calculated as shown 
in the example below. 

How long will it take for a debt to double with a compound interest rate of 27% p.a.? 
An interest rate of 27% implies a multiplier of 1.27. 

  

Time (years) 0 1 B 3 

Debt C 127¢ 127:C=161C | 1273C=205C 
  

            
  

Boee it ol o 

X127 X 127 x 127 

The debt will have more than doubled after 3 years. 
Using the example of the builder's loan above, if C represents the capital he 

borrows, then after 1 year his debt will be given by the formula: 

, where ris the rate of interest. D=c(1+fi)
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Afiazymm:b=c(1+lL)(1+W'0) 

Afia}yenm:D=C(l+fi)(l+Wro)(l+fi) 

“This formula for the debt includes the original capital loan. By subtracting C, the 
compound interest s calculated. 

  

Compound interest is an example of a geometric sequence. You studied geometric 
sequences in more detail in Topic 2.6. 

The nth tem of a geometric sequence is given by: 
u, =yt 

Compare this with the formula for the amount of money eaming compound 
interest at 1%; 

. 
A=t ) 
Note: The differences between this and the formula for calculating compound 
interest. u, is analogous to the amount in an account, A, but is used differently in 
the two formulse. The initial amount in an account, C, is when n = 0 whereas the 
firt term of a geometric sequence, w, is when n = 1. r represents the common 
difference in the formula for the nth term of a geometric sequence. The common 
difference in a sequence of the amount of maney 
in an account earning compound interést is ( 1+ fi), whee v & the tate of 
interest. 

The interest is usually calculated annually, but there can be other time periods. 
Compound interest can be charged or credited yearly, half-yearly, quarterly, 
monthly or daily. (In theory, any time period can be chosen.) 

s pem— 1 Alex deposits 1500€ in his savings account. The interest rate offered by the 
savings account is 6% compound interest each year for a 10-year period. 
Assuming Alex leaves the money in the account, calculate how much interest 

he has gained after 10 years. 
6 \o 

1= 1500(1 +m) — 1500 

1= 1268627 — 1500 = 1186.27 
The amount of interest gained is 1186.27€.  
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2 Adrienne deposits £2000 in her savings account. The interest rate offered by the 
bank for this account s 8% compound interest per year. Calculate the number of 
years Adrienne needs to leave the money in her account for it to double in value. 
An interest rate of 8% implies a common ratio of 1.08. 

“This can be found by generating the geometric sequence using the recurrence 
rule w,,, = 1, x 1.08 on your calculator as shown on page 37. Think of the 
initial amount as u;. 

u, =2000 x 1.08 = 2160 
160 x 1.08 = 2332.80 
332.80 x 1.08 = 2519.42 

    

u, = 399801 
o= 4317.85 
Adrienne needs to leave the money in the account for 10 years in order for it to 
double in value. 

3 Use your GDC to find the compound interest paid on a loan of $600 for 3 years 
at an annual percentage rate (A.PR.) of 5%. 
The total payment is $694.58 so the interest due is $694.58 — $600 = $94.58. 

4 Use a GDC to calculate the compound interest when $3000 is invested for 18 
months at an APR of 8.5%. The interest is calculated every 6 months. 

Note: The interestfor each rime period of 6 months is %%, There will 
therefore be thros ime periods of 6 menths cach. 
3000 x 1.0425° = £3398.99 

‘The final sum is $3399, so the interest is $3399 — $3000 = $399. 

Exercise 8.3.1 

1 A shipping company borrows £70 million at 5% p.a. compound interest to build 
a new cruise ship. If it repays the debr after 3 years, how much interest will the 
company pay? 

2 A woman borrows 100000€ for home improvements. The interest rate is 15% 
paa. and she repays it in full after 3 years. Calculate the amount of interest 
she pays. 

3 A man owes $5000 on his credit cards. The APR is 20%. If he doesn't repay any 
of the debt, calculate how much he will owe after 4 years. 

4 A school increases s intake by 10% each year. If it starts with 1000 students, 
how many will it have at the beginning of the fourth year of expansion? 

5 8 million tonnes of fish were caught in the North Sea in 2005. If the catch 

i reduced by 20% each year for 4 years, what weight is caught at the end of 
this time?
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6 How many years will it take for a debr to double at 42% p.a. compound 
interest? 

7 How many years will it take for a debt to double at 15% p.a. compound 
interest? 

8 A car loses value at a rate of 15% each year. How long will it take for its value 
to halve? Give your answer in years and months. 

9 $3600 is invested for 18 months at 9.5% APR compound interest. What is the 
total interest paid when interest s calculated: 

a annually 
b half.yearly 
¢ monthly? 

10 960€ is invested for two years at 7.5% APR. What is the total interest paid 
when it is compounded: 

a annually 
b every 6 months 
c monthly? 

8.4 Your money 
Loans and repayments 
Banks and other lenders often supply customers with the kind of repayment tables 

  

  

  

  

  

  

shown below. 
The table shows the repayments due each calendar month on a loan of $100000 

borrowed over different time periods. 

Interest rate 

6% | 5% | 7% | 75% | 8% 

5 1933 | 1956 | 1980 | 2003 | 2027 

Tmein| 10 | 1110 | 135 | 1161 | 1187 | 1213 

years |15 844 871 899 927 956 

20 | 64 | 76 | 775 | 805 | 836                 
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A customer borrows $200000 at 6% interest at a repayment tem of 20 years. 
a What is the monthly repayment? 
b What is the total repayment over the term of the loan? 
a $200000 at 6% has a repayment of 2 x $100000 at 6%, thercfore using the 

table above, the monthly repaymentis 2 x $644 = $1288. 
b Repayment will be $1288 x 12x 20 = $309 120. 

Note: The table is the same for all currencies. 

Savings schemes 
If you put money into a savings scheme or bank, the interest is usually paid 
annually. Some schemes, for example those intended to be used for a pension, may 
calculate monthly interest (although the annual amount s published). 

The table below shows interest paid on an investment of 100 000€ (not including 
capital). 

“This is compound interest with no withdrawals. 
  

Percentage rate 
5% 6% % 

Yearly | Monthly | Yearly | Monthly | Yearly |Monthly 

  

  

  

  

  

  

  

1 500 | st | 600 | 67| 700 723 
2 | 1025 | 1050 | 1236 | 1272 | 1450 | 1500 

L 2763 | 2834 | 332 | 3849 | 4025 | 4176 years 
10 | 6290 | 6470 | 7909 | 8194 | 972 | 10100 

20 | 16533 | 17126 | 22071 | 22310 | 26700 | 30387                     
‘What is the interest on 500000€ invested at 6% for 5 years calculated: 

a annually 
b monthly? 
a 3382 x 5= 169106 
b 3849 x 5 = 19245€ 

Inflation 
The price of goods and services tends to increase over time, as do salaries. Which 
comesfirstis a ‘chicken and egg’situation. 

Most governments keep a check on prices to produce a measure of price 
increases. In the UK this is called The Retail Price Index. This indicates the rate of 
inflation in the economy. 

The rate of inflation is compounded year on year.
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Worked example In London, from 2002 to 2007, house price inflation was 18% compounded. 
In the same period, average salaries increased by 4% annually. 
In 2002 a house cost £240000 and a couple with a combined income of £60000 
could justafford to buy it 
a What was the value of the house in 20072 
b What was the couple’s combined income in 2007, if their salaies increased in 

line with the average? 
¢ Whatis the price to camings ratio in: 

i) 2002 i) 20077 
240000 x 1.18% = £549 062 
60000 x 1045 = £72999 

c i) 240000 : 60000 =4 : 1 
i) 549062 : 72999 ~ 7.5 : 1 

s
 

Exercise 8.4.1 

For questions 1—4, use the loan and repayments table on page 340. 
1 Calculate the total repayment on a loan of $250000 at 6.5% interest for 20 years? 

2 Atwhat rate of interest will a loan of 100000€ cost 161820€ to repay in 15 years? 

3 The repayments on a loan taken for 20 years at 6% were £386400. How much 
was borrowed? 

4 $9962.50 was paid monthly on an investment for 5 years at 6%. How much was 
invested? 

5 a Inflation in the Eurozone s 3.5%. How long before prices double? 
b Ifinflation doubles to 7%, how long will it take before prices double? 

6 Atwhatrate of inflation will prices double in 5 years? 
7 An economy has a rate of inflation of 3%. Savings are paid at 4.5% compound 

interest. Whatis the ‘real’ return on $50000 of savings over 10 years?
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M Student assessment 1 M Student assessment 2 

1 Vincent Van Gogh painted his Sunflower series 
of still lfe paintings. One was called Vase with 

15 Sunflowers. His brother bought it in 1887 
for the equivalent of $10. In 1987, the 
Japanese Insurance millionaire Yasuo Goto 
bought it for the equivalent of $40 million. 
What was the compound rate at which the 
painting increased in value? 

2 €l is equivalent to $1.35 and £1 is equivalent 
to 1.32€. What is 1 million dollars worth in 
pounds? 

3 Whatis the difference in percentage terms 
between 10% simple interest for 10 years and 
10% compound interest for 10 years? 

4 The population of a town increases by 5% 
cach year. If the population was 86 000 in 
1997, in which year would you expect the 
population to exceed 100000 for the first time? 

5 €3 million is borrowed for two years ac an 
interest rate of 8%. Find: 

a the simple interest 
b the compound interest. 

6 A house increases in value by 20% cach year. 
How long will it take o double in value? 

7 The population of a type of insect increases by 
approximately 10% each day. How many days 
will i take for the population to double? 

8 A man borrows €5 million for 3 years at an 
interest rate of 6%. Find: 
a the simple interest 
b the compound interest 
¢ the compound interest calculated quarterly. 

9 A boat loses 15% of its value each year. How 

long does it take to halve in value? 
10 A couple borrows $250000 over 20 years at 

7.5% interest to buy a house. Use the table on 
page 340 to calculate: 
a the monthly repayment 
b the total repayment 
¢ the value of the house if prices increase by 

11% annually. 

1 Jackson Pollock sold his abstract painting 1948 
number 5 in 1949 for the sum of $100000. It 
was most recently bought by David Martinez at 
an auction in 2006 for $140 million. What was 
the compound rate at which the painting 
increased in value? 

2 €l is worth $1.35 and £1 is worth 1.32€. What 
is one million pounds worth in dollars? 

3 What is the difference in percentage terms 
between 12.5% simple interest for 20 years and 
12.5% compound interest for 20 years? 

4 The population of a city increases by 15% 
each year. If the population was 800000 in 
1997, in which year would you expect the 
population to exceed 3000000 for the first 
time? 

5 €5 million is borrowed for 12 years at an 
interest rate of 5%. Find: 
a the simple interest 
b the compound interest 

6 A house increases in value by 12.5% cach 
year. How long will it take to double in value? 

7 The population of a type of insect increases by 
approximately 7% each day. How many days 
will it take for the population to double? 

8 A man borrows four million dollars for three 
years at an interest rate of 8.5%. Find: 
a the simple interest 
b the compound interest 
¢ the compound interest calculated quarterly. 

9 A carloses 129% of its value cach year. How 
long will it take before it s only worth 25% of 
its original value? 

10 A couple borrows $350000 over 15 years at 
7% interest to buy a house. Use the table on 
page 340 to calculate: 
a the monthly repayment 
b the total repayment 
¢ the value of the house if prices increase by 

11% annually.
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1 Find the current exchange rate 

ofthe Us dolar to the euro. Find 

websites offering currency 

exchange with and without 

commmission and compare the 

xchange rates. How mary euros 

would be given by each for 

$10007 How many dollars do you y 

have to exchange for the mamber 

of euros o be the same? 

2 1n 2008 th 
e world 3 

markets fioze o ! 
% 

termed “The Cregi 
s o 

. What was this P 
4 Why do investors ¢ 

& 
gold’ in fims? ‘tum to 

3 Mark Twain said in 1900: uncertainty f financial 

“put your money in land. 

and how was it causeg 

They have stopped making 
‘What did he mean and 

    

   

      

   
   

    

  

remain s 
these two men? DiscUss 
the quotes. 

5 Compound ngst has 

been described as the 

eighth wonder of the 

world. With reference o 

question 1 of the student 

assessments about the sale 

of the Van Gogh and 
Jackson pollock paintings, 

‘what do you think that 

means?



   6 What do these stock ' 
e i 5 :. 

. 8 what is the difference 7 Discuss the amw" ' 
isad beween the Sated and disadvantages of g e "'::n" ines 

single monetary system mza"d‘ e 
controlled by g worig e 

al Bani. 

  

9 What are ‘hedge funds’ 
and how do 
function? 

e  



I . Revision exercises 

2.2 Approximation 
Approximation: decimal places; significant figures. Percentage errors. Estimation. 

1 Round each of the following numbers to the nearest: 
i 1000 i 100 iii 10 
a 2842 b 12938 < 9581 d 496 

2 Round each of the following numbers to: 
i 1 decimal place i 2 decimal places 
a 21827 b 09181 

3 Round each of the following numbers to: 
i lsignificantfigure i 2significant figures i 3 significant figures. 

d 0.0386 

  

a 39467 b 2036 < 001548 4 09752 
4 Without using a calculator estimate the answer to the following calculations. 
Show yout method clearly. s 

a 305x9 b 1922 o B8 
87 x 19 d408+188 o £ (322x3.) 

213 

5 Estimate the area of each of the following shapes. Show your method clearly. 
12.30m b T 

38om 
4.9¢m l      51.6cm 

S 4 520m 

18.10m 8.7cm Sucn 

<—22.40m —> <—22.4cm—> 16.4cm 

6 a Calculate the actual area of each of the shapes in question 5. 
b Calculate the percentage error in your estimates for each of the areas.
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7 A certain brand of weighing scales claim that they are accurate to within 3% of the actual mass 
being weighed. 
A suitcase is weighed and the scales indicate a mass of 18.5kg. Calculate 
a the maximum possible mass of the case 
b the minimum possible mass of the case. 

8 The value 7 is sometimes approximated o either 3 or 2. 
A circle has a radius of 8cm. 
a Using the 7 button on your calculator, calculate the area of the circle, giving your answer correct 

0 5 decimal places. 
b Calculate the percentage error in the area f 1 is approximated to 3. 

. o ) z ¢ CGaleulate the percentage eror in the area if  is approximated to 2, 

9 The formula for converting temperatures given in degrees Celsius (C) to temperatures in degrees 

Fahrenheit (F) is F = gc +32. 

a The temperature in a classroom is recorded as 18°C. Convert this to degrees Fahrenheit using the 
formula above. 
An approximate conversion is to use the formula F = 2C + 30. 
Calculate the temperature of the classroom in degrees Fahrenheit using the approximation above. 
Calculate the percentage error in using this approximation for a temperature of 18°C. 
What would the percentage error be for a temperature of 30°C? 
At what temperature would the percentage error be zero? 6

0
 

o 

10 The formula for calculating the velocity of a stone dropped from rest off a cliff is given by v = g, 
where v is the velocity in ms™, g the acceleration in ms2 and t the time in seconds. 
a Taking g as 9.81 ms?, calculate the velocity of the stone after 6 seconds. 
b Galculate the velocity of the stone if g is approximated to 10ms2. 
¢ Galculate the percentage eror in the approximation.
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2.3 Standard form 
Expressing numbers in the form a x 10 where 1 < a < 10 and k € Z. 
Operations with numbers expressed in the form a x 10% where 1 < a < 10 and k € Z. 

1 Which of the following numbers are not in the form a x 10* where 1 <a < 10andk € 27 
a 713x 10° b 604 x 102 ¢ 1L0x 102 
d 05x10° e 3874 10° £ 8x10¢ 

2 Write the following numbers in the form a x 10t where 1 < a < 10 and k€ Z. 
a 32000 b 620 © 777000000 
d 90000 ¢ 8million £ 485 million 

3 The distance (in kilometres) from London to five other cities in the world is given below. 
London to Tokyo 9567km 
London to Paris 343km 
London to Wellington 18831 km 
London to Cambridge 78km 
London to Cairo 3514km 

‘Write each of the distances in the form a x 10* where 1 < a < 10 and k € Z correct to two 
significant figures. 

4 Calculate each of the following, giving your answers in the form a x 10 where 1 = a< 10and k€ Z. 
a 500 x 6000 b 20 x 450000 
¢ 3million x 26 d 5 million x 8million 

5 Write the following in the form a x 10* where 1 <a < 10andk € Z. 
a 0.04 b 0.0076 < 0.000005 d 0.03040 

6 Wite the following nurbers in ascending order of magnitude. 
36x 109 25 102 74 x 107 
9.8 x 107! 8.7x 10* 14 x 102 

7 Calculate cach of the following, giving your answer n the form a x 10+ where 1 2 < 10 and k€ Z. 
a 63 x 10* + 8.4 x 10° b 400 + 800000 

& Tx 100+ 42 x 10° s *10° 
- 9 x 10’ 

8 Deduce the value of n in cach of the fllowing. 
a 0.0003 =3 x 10" b 0.000046 = 4.6 x 10" 

¢ 0.0052=25x 10" d 0.0006" =2.16 x 1071 

9 A boy walks 40km at a constant rate of 2ms~L. 
Calculate how long, in seconds, the boy takes to walk the 40k, 

Give your answer in the form a x 10* where I sa < 10and k € Z. 

10 The Earth's radius is approximately 6370km. 
Calculate the Earth's circumference in metres, giving your answer in the form a x 10% where 1 < a < 10 
and k € Z comrect to three significant figures.
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2.4 Sl units of measurement 
SI (Systeme Intemationl) and other basic units of measurement: for example, gram (g), metre (i), 
second (s), litre (1), metre per second (m s), Celsius and Fahrenheit scales. 

1 Write an estimate for the following using the appropriate unit. 
a The mass of a large suitcase 
b The length of a basketball court 
¢ The height of a two-storey building 
d The capacity of a car's fuel tank 
e The distance from the Norch Pole to the South Pole 
£ The mass of a table-tennis ball 

2 Conver the following distances. 
a 20cm into millimetres b 35km into metres 
¢ 46mm into centimetres d 60m into kilometres 
¢ 320m into millimetres £ 95mm into kilometres 

3 Convert the following masses. 
a 100kginto tonnes b 60g into kilograms 
¢ 36 tonnes into kilograms d 14ginwo milligrams 
e 8.67kg into milligrams £ 2560g into tonnes 

4 Convert the following capacities. 
a 2600ml inolitres b 80ml into litres 
© 165 litres into milllitres d0.085 litres into milllitres 

5 The masses of four containers are as follows: 
25kg 035¢ 650g 027kg 

Calculate the total mass of the four containers in kilograms. 

6 The lengths of five objects are asfollows: 
56mm 24cm 0.672m 1030mm 1.5cm 

Calculate the length, in metres, of the five objects if they are laid end to end. 
7 The liquid contents of four containers are emptied into a tank with a capacity of 30 litres. The 

capacities of the four containers are s follows: 
3250ml  1.05litres 26000ml 762ml 

Calculate the overspill, in licres, after the liquids have been poured in. 

8 The following formula converts temperatures in degrees Celsius (C) to temperatures in degrees 
Fahrenheit (F). 
=ic+3n 

a Rearmange the formula to make C the subject. 
b Convert the following temperatures in degrees Fahrenheit to degrees Celsius. 

i 120°F i 65°F iii 255°F continued on the next page. .
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9 Using the formula F = 2C + 32 for converting temperatures in degrees Celsius (C) to temperatures 
in degrees Fahrenheit (F), calculate the temperature that gives the same number in degrees 
Fahrenhei as it does in degrees Celsius. 

10 The formulae for converting temperatures between degrees Celsius (C), Fahrenheit (F) and Kelvin 
(K)areF =2C +32and K= C + 273. 
Convert the following temperatures. 
a 25°C to degrees Fahrenheit b 300K to degrees Celsius 
¢ 650°K to degrees Fahrenheit d 125°F to Kelvin
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2.5 Arithmetic sequences and series 
Asithmetic sequences and series, and their applications. 
Use of the formulae for the nth term and the sum of the firsen terms. 

1 In cach of the following sequences, the recurrence relation and u, are given. 
Calculate and wy, u; and u,. 
State whether the sequence s arithmetic or not. 

a u, =, -6 =15 by, = 12— u,u =15 
u -5 

©u, =3+ 2u =1 du, = 

  

     

  

2 In cach of the following arithmetic sequences 
i deduce the formula for the nth term i calculate the 20th tem. 
2 4,9,14,19,24 b 3,-5,-13, =21, -29 
¢ -45,-2,05,3,55 d 35,315,3,25, 2.5 

  

3 In the following arithmetic sequences 

      

    

i deduce the common difference d ii- the formula for the nth term. 
a -25, -1 b7 14 
© 1y=-12, 1,y = 100 du 

4 Writc in full the terms of the following series. 
5 g 

a);zn—l béflm cgé—%. di‘J(—n'iZ) 

5 Wirite the following arithmetic series using the X, notation. Each series starts atn = 1. 
a2+6+10+14+18 b 543+ 14-14-3+-5 
A+l +2% 4445047 d 41+ 42+-43+ 44 

6 Evaluate the following. 
a $3n bf;zo—n c);nn d}?wz”so 

7 The 5th and 15¢h terms of an arithmetic series are ~10 and 10 respectively. 
Caleulate: 
a the common difference d b the first term 
¢ the 20th term d S, 

8 The 11th term of an arithmetic series is 65. If S, = 495, calculate: 
a the fint erm 
b the common difference 

Sy 

9 The Tth term of an arithmetic series is 2.5 times the 2nd term, x. If the 10th term is 34, calculate: 
athe common difference in terms of x 
b the first term 
¢ the sum of the first 10 terms. 

10 The first term of an arithmetic series is 24. The last term is ~12. If the sum of the series is 150, 
calculate the number of terms in the series.
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2.6 Geometric sequences and series 
Geometric sequences and series, and their applications. 

Use of the formula for the nth term and the sum of n terms. 

1 Describe in words the difference between an arithmetic and a geometric sequence. 

2 In each of the following geometric sequences, the recurrence relation and w, are given. 
i Calculate the values of u,, u, and ,. 
i State whether the sequence is geometric or not. 
2w, =4u +2u=0 bou,,=3u,u=1 

s 
€ U= =6 du,,= 

  

3 For the geometric sequences below calculate: 
i the common ratio r 

i the nex two terms 
e formula for the nth term. 

   

  

a 5,15,45, 135 b 1296,216,36, 6 
© 36,24,16, 10% d 4,-10,25, 623 

4 The nth term of a geometric sequence is given by the formula u, = —3 x 42~1. 
Calculate: 
a2 wu,wandu, 
b the value of n if u, = ~12288. 

5 Part of a geometric sequence is given s ..., 27, ..., ..., L, ... where u, and us are 27 and 1 
respectively. Calculate: 
a the common ratio r bou e g 

6 A homebuyer takes out a loan with a mortgage company for £300000. The interest rate is fixed at 
5.5% per year. If she is unable to repay the loan during the first four years, calculate the amount extra 
she will have to pay by the end of the fourth year, due to interest. 

7 Evaluate the following sums. 
5 s u o 

a ¥ b 32071 < 3er 4 393 

  

8 Ina geometric series, u; = 10 and u; = 3 Calculate: 
a the common matio r 
b the first term 
¢S, 

9 Four consecutive terms of a geometric series are (p - 5), (p), (2p) and (3p + 10). 
a Galculate the value of p. 
b Calculate the two terms before (p - 5). 
¢ Iu,= (p-5), calculate S,,. 

10 In a geometric series u, + u,= 5. If r = 3 find the sum of the infinite series.
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2.7 Graphical solution of equations 
Solutions of pairs of linear equations in two variables by use of a GDC. 
Solutions of quadratic equations: by factorizing; by use of a GDC. 

For these questions, use of a GDC or graphing software is expected. 

1 Sketch the following straight-line graphs on the same axes, labelling each clearly. Wiite the 
coordinate of the point at which they intercept the y-axis. 

ay=x-5 by=2-5 cy=-x-5 

2 The diagram shows four straightline graphs. The line y = x + 2is marked. Write down possible 
equations for the other three graphs. 

y=x+2 

3 Find the coordinates of the points of intersection of the following pairs of linear graphs. 

ay=8-x b 3x+2y=2 cy=3-4x dy 
y=2x-1 3y=x+14 3y+ 10x=16 X Ea

'e
l -3 

=i 

4 a Sketch the following linear graphs on the same axes. 
y=l+3 x=2+8 

b Explain why there are no points of intersection. 

5 Sketch each of the following quadratic equations on separate axes. 
ay=x+6x+8 by=x-16 
cy=9-2 dy=—(x=3)x-5) 

6 For each of the following quadmatic equations: 
i sketch the graph 
i find the coordinates of any roots. 
ay=x-10c+21 by=12+4x-2 
¢ y=-2+10x-25 dy=22-12x+20 
e y=82-2x-1
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3.1 Set theory 
Basic concepes of set theory: subsets; intersection; union; complement 

1 In the following questions: 
i describe the setin words 
i write another two clements in the set. 
a {Egypt, Morocco, Zimbabwe, Nigeria, ...} 
b (3,6912 ..} 
¢ {Amazon, Nile, Mississippi, ...} 

1234 #fid 

2 In the following, set A = integers between 20 and 50}. 
a List the subset B {even numbers}. 
b List the subsetC {prime numbers}. 
¢ List the subset D {square numbers}. 

3 In the following, setP = {a, b, . 
1fQ C P, listall the possible sets Q. 

4 State whether each of the following statements s true or false. 
a {odd numbers) C {real numbers} 
b {1,3,5,7, 9} C {prime numbers} 
¢ [New York, Paris, Tokyo} ¢ [cities} 
d {euro, dollar, yen, rupee] C [currencies) 

5 If the universal set U = {5, 10, 15, 20, 25, 30, 35, 40, 45, 50} 
A= (35,40, 45, 50} where A C U. Deduce the set defined by A”. 

6 U = {days in the week} and P = {Monday, Sunday}. Deduce the set defined by P'. 

7 The set M = {Alex, Johanna, Sarah, Vicky, Asif, Gabriclla, Pedro} and the 
set N = (Alex, Gabriella, Frances, Raul, Luisal. 

If the universal set U = M U N, write the following sets. 
a MUN bMNN e MNN' 

8 The set E = feven numbers), F = {odd numbers} and the universal set U = fpositive integers). Describe 
the contents of the following sets. 
a EUF bENF e B'NF
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3.2 Venn diagrams 
Venn diagrams and simple applications. 

1 a Copy the Venn diagram below. 
  

A B 

      

U = {Integers from 1 to 20}, 
1,3,5,7,9,11, 13, 15,17, 19} 

B=1{2,3,57,11,13,17, 19} 

b Enter the information above in the Venn diagram. 

2 The Venn diagram below shows three sets of numbers. 

  

  u 

      

  

3 The Venn diagram below shows three sets of numbers. 
Complete the following. 

} 

  

f MULNN={.} 

  

  
  

    

continted on the next page. .
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4 In the Venn diagram below, the numbers shown represent the number of members in each set. 
For example, n(E) = 3. 

P 8 
a State whether the following statements are true or false. 

  

A 

    
  

i ccB i ECA i DNC=2 
b Give the number of members in each of the following statements. 

i n(B) ii n(A) iii n(ANB) 

  

nAUE)  vn(ANBND)  vi n(A’ND) 

5 Represent the following sets in a Venn diagram. 
A=(3,478 B={1,2,45619% C={(1,26 

6 In a college 60% of students study mathematics and 40% study science. 
75% of students study cither maths or science or both. 
Represent this information in a Venn diagram. 

7 Alanguage school offers three languages for its students to study: English, 
Spanish and Chinese. Each student is required to study at least two languages. 
85% study English, 50% study Spanish and 20% study all three. 
Copy and complete the following Venn diagram for the information above. 

  u 
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3.3 Sample space 
Sample space: event, A; complementary event, A'. 

1 Two ordinary dice are rolled and their scores added together. 
Write down the sample space of the combined scores. 

2 A packet of sweets contains sweets of three different colours: red, yellow and green. 
Write down the sample space if two sweets are picked at random, 

3 Two students sit a maths exam. 
a What are possible complementary results? 
b Whatis the sample space? 

4 Ina football match the total number of goals scored is 5. 
a What are the possible complementary results? 
b Whatis the sample space for the number of goals scored by each team? 

5 A mother gives birth o triplets. 
a Whatis the number of events for the sex of the babies? 
b Whatis the sample space for the sex of the babies? 

6 A pack of cards is shuffled thoroughly. Assuming that, for a particular game, three cards are picked at 
random and only their colour is important: 
a what are the complementary event 
b whatis the sample space for the colour of the three cards?
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3.4 and 3.5 Logic and Sets and logical reasoning 
Basic concepts of symbolic logic: definition of a proposition; symbolic notation of propositions. 
Compound statements: implication, =5 equivalence, <; negation, =; conjunction, ; disjunction, v; 
exclusive disjunction, . 
Translation between verbal statements, symbolic form and Venn diagrams. 
Knowledge and use of ‘exclusive disjunction’ and the distinction between it and ‘disjunction’. 

1 State whether the following are propositions. 
For each proposition state whether it is true, false or indeterminate. 
a Five squared is twenty-five. 
b Linear equations can include values of 2. 
© y equals plus nine. 
d No dogs can talk. 
e Itis snowing today. 
£ How many students are there in your class? 

2 Wite the following compound propositions using the symbols for conjunction (and), disjunction (or, 
or both) and exclusive conjunction (or but not both). 
p: Anna has a brother. 
g Petra has asister. 

a Anna has a brother and Petra has a sister. 
b Anna has a brother or Petra has a sister or both are true. 
c Anna has a brother or Petra has asister but not both are true.
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3.6 and 3.7 Truth tables and Implication; 

converse; inverse; contrapositive and logical 

equivalence 
Truth tables: the use of truth tables to provide proofs for the properties of connectives; concepts of 
logical contradiction and tautology. 
Definition of implication: converse; inverse; contrapositive. 
Logical equivalence. 

1 Draw a truth table for the three propositions p, q and r. 
Compare it with the sample space for the result of ossing three coins. 

2 Whyis paqand p v qacontradiction? 

3 A truth tble for the propositions p and g is given below. 
Copy and complete the table. 

P q -p Pvg PAG PYq 
T T 
  

  

                  

4 Construct a truth table to show that = (p v q) s logically equivalent to (=p) a (~q). 

5 For the following propositions, 
i rtewrite the propositions using Yif ... then’ 
i state the converse, inverse and contrapositive of the propositions 
iii state whether the propositions are true or false. 

An 0dd number is divisible by two. 
An octagon has eight sides. 
An icosahedron has twelve faces. 
Congruent triangles are also similar. 

Draw a truth table for (p = q) v (g p). 
Comment on the meaning of (p = q) ¥ (9= p) by referring to your table. 

a
n
o
s
 

-
 

7 a Ilustrate the proposition (= @) v (4= p) on a Venn diagram by shading the correct region(s). 
b Describe the shaded region(s) using set notation.
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3.8 and 3.9 Probability and Combined events 
Equally likely events. o 
Probability of an event A given by P(A) given by P(A) = 1A). 

Probability of a complementary event, P(A’) = 1 — P(A). 
Venn diagrams; tree diagrams; tables of outcomes. Solution of problems using ‘with replacement’ and 
‘without replacement’. 

0y 

1 There are 10 red, 6 blue and 8 green sweets in a packet. 
a If asweet s picked at random, calculate the probability that it is: 

ired i red or blue. 
b 1f the first sweet taken from the packet is blue and not put back, calculate the 

probability that the second sweet is: 
i red ii blue or green. 

2 Afoursided dice (numbered 1 to 4) and a six-sided dice (numbered 1 to 6) are rolled 
and their scores added together. 
a Copy and complete the two-way table below showing all the possible outcomes. 
  

Sixsided dice 
  

10234 56 
  

1 6 
  

2 
  

3 5 
                    Fo

ur
-s
id
ed
 d

ic
e 

a 
  

b Calculate the probability of getting a total greater than 8. 
¢ Calculate the probability of getting a total score of 6. 

3 A hexagonal spinneris split ino sixths as shown. 

  

The spinner is spun twice. 
a Drawa tree diagram to show all the possible outcomes. 
b Wit the probability of each outcome on each branch. 
¢ Calculate the probability that the spinner lands on blue on both occasions. 
d Calculate the probabilicy that the spinner lands on blue at least once 

outof the two spins.
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4+ A football ceam plays three matches. The team can cither win, draw orlos. The reuls 
of ach match are independent o each other. The probabiliy of winning is  and the 
probability of drawing is +. 
a Galculate the probability of losing. 
b alculate the probability that the team winsall three matches. 
¢ Galculate the probability that the team does not lose all three matches. 

5 A student buys 15 tickets for a raffle. 300 tickets are sold in total. Two tickets are drawn at random. 
Calculate the probability that: 
a she wins both prizes 
b she wins at least one prize. 

6 Acollege offers three sports clubs for s students to attend after school. They are volleyball (V), 
basketball (B) and Football (F). The number of students attending each is shown in the Venn 
diagram below. 
  u 

v 8 

    
  

a How many students attend none of the sports clubs? 
A studentis picked at random. Calculate the following probabilities. 
b The probability that the student plays volleyball 
¢ PVNB) dPVNBNF) e PVUF) £ P(E) 

7 The following are three sets of numbers. 
A=1{2,4,68,10, 12, 14,16, 18, 20, 22,24, 26, 28, 30} 
B=03,6,9, 12,15, 18, 21, 24,27,30} 
C=1{5,10, 15, 20,25, 30} 

  

a Draw a Venn diagram showing the three sets of numbers. 
b A numberis picked at random. Calculate the following probabilities. 

i P(A) i P(BUC) iii P(A’ N B) 

8 Inaclass of 30 students, 24 study Biology, 14 study Chemistry and 1 studies neither. 
a Draw a Venn diagram to show this information. 
b A studentis picked at random. Calculate the following probabilities. 

i P(B) i PBUC) (BN C') 
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3.10 Laws of probability 
Laws of probability. 
Combined events: P(A U B) = P(A) + P(B) — P(A N B). 
Mutually exclusive events: P(A U B) = P(A) + P(B). 

1 Ina 100m sprint, the record holder has a probability of 0.85 of winning. He has a 0.08 probability of 
coming second. 
a Whatis his probability of finishing in the first two? 
b Given that he hasn't come first, what is the probability that he has come second? 

2 1spin a coin and throw a dice. What s the probability of getting: 
a a tail and a multiple of 2 
b a tail or a multiple of 2 
¢ a il or a multiple of 2, but not both? 

3 Three friends have a birchday i the same week. Assuming that they are independent events, calculate 
the probability that they are all on different days. 

4 Raul takes a bus followed by a train to work. On a particular day the probability of him catching the 
bus is 0.65 and the probability of catching the train is 0.6. 
The probability of catching ncitheris 0.2. A represents catching the bus and B the train. 
a State P(A U B)' 
b Find P(A U B) 
¢ Given that P(A U B) = P(A) + P(B) — P(A N B) calculate P(A 1 B). 
d Calculate P(BI A), the probability of catching the train given that he caught the bus. 

5 Julie revised for a multiple choice science exam. Unfortunately she only managed to revise 60% of the 
facts necessary. During the exam, if there is a question on any of the topics she revised she ges the 
answer correct. 

If there is a question on any of the topics she hasn't revised, she has a + chance of getting it right. 
a A question is chosen at random. What is the probability that she got the answer correct? 
b 1f she got a question correct, what s the probability that it was on one of the 

topics she had revised? 

6 Miguel has a diiving teston one day and a drama exam the next. The probability of him passing the 
driving test is 0.82. The probability of him passing the drama exam is 0.95. The probability of failing 
both is 0.01. Given that he has passed the driving test, what s the probabilicy that he passed his drama 
exam too?
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4.3 Quadratic functions and their graphs 
The graph of the quadatic function: f(x) = a® + bx +c. 
Properties of symmetry; vertex; intercepts. 

1 For each of the quadratic functions below: 
i use a GDC to sketch the function 

write the coordinates of the points where the graph intercepts the x-axis 
i write down the value of the y-intercepr. 

    

  

a flx)=2-9x+20 b f(x) =22 -3x—18 
c flx) = (x—4)? d f(x) =+ 10+ 27 

2 Wite the equation of the axis of symmetry of each of the following quadratic functions. 
2 y=d-12x b y=—£—4x 
cy=x(5-%) dy=-2+3x-10 

3 Give a possible equation of a quadratic function with each of the following axes of symmetry. 
ax=6 bx=-5 

4 Factorize the following quadratic functions. 
a flx) =2+ l1x+30 b fx) =2+ 4x— 12 
¢ flx)= -2 +8x~15 d f(x) = 2 - 36 

5 Solve the following quadratic equations by factorizing. 
a 2-3x-4=0 b x2-2x-24=0 
e —2+10x-16=0 d=11x-28 

6 The following quadratic equations are of the form ax? + bx + ¢ = 0. 
  

  

Solve them by lrig the quadratic formula x w. 
a 2+5x-25=0 b x’+9x-24=0 

c 42 +8x+3=0 d-2+9%-15=0 

7 For each of the following: 
i form an equation in x 
i solve the equation to find the passible value(e) of x. 
a x+6 b 
  

x Area = 160m? 
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4.4 Exponential functions and their graphs 
The exponential expression: @ b € Q 
Graphs and properties of exponential functions. 
fix) = a5 flx) = @5 f(x) = ka* + cik, 0, ¢, A€ Q. 
Growth and decay; basic concepts of asymptotic behaviour. 

1 i Plot the following exponential functions. 
State the equation of any asymptotes. 

af@=2+1 bfx)=-24+2 cf     
2 A tap s dripping at a constant rate into a container. The level (Icm) of water in the container is given 

by the equation | = 3t + 5, where ¢ s the time in hours. 
Calculate the level of water in the container at the start. 
Calculate the level of water in the container after 4 hours. 
Calculate the time taken for the level of the water to reach 248cm. 
Plot a graph to show the level of water over the firsc 6 hours. 
Use your graph to estimate the time taken for the water to reach a level of 1m. 6 

mn
 

o 

Plot a graph of y = 5% for values of x between —1 and 3. 
Use your graph to find approximate solutions to the following equations. 
i 5%=100 ii 5*=50 

4 The graph below shows a graph of the function f(x) = 2= 

e
 

4 
2 g 

‘ri   0 

*l l IS 1 
- 4 

  

  

    

  

      

»|   
L | 

| | 
44-4@-151 3 4% 
  

a Copy the graph and on the same axes sketch the graph of f(x) = 2¢ + 3. Label it clearly. 
b On the same axes sketch the graph of f(x) = —2¢ + 6. Label ic clearly. 

5 The half-life of plutonium 239 is 24000 years. How long will 2g of plutonium 239 take to decay to 
62.5mg!
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4.5 Trigonometric functions and their graphs 
Graphs and properties of the sine and cosine functions: 
f(x) = asinbx + c;f(x) = acosbx + G 4, b, c € Q. 
Amplitude and period. 

1 Sketch the graph of the trigonometric function f(x) = sinx for the values of x between 0° and 360°. 

2 Copy and complete the following sentences. 
a The sine curve has a period of ... and has an amplitude of . 
b The cosine curve has a period of -....... and oscillates between . and - 

3 The graph of the function f(x) = cosx is shown below. 

         

     

  

    

180 
1] 

3| 

a Copy the graph and on the same axes sketch the graph of f(x) = cosx + 2. Label it clearly. 
b Sketch the graph of f(x) = 3 cos xon the same axes and label it clearly. 

4 The graph of f(x) = cos xis shown below. Point A(180, —1) is marked on it. 

  

  

Give the coordinates of point A after each of the following transformations. 
a fix) = 2cosx b f(x) = cosx+3 
© fix) = costx d f(x) = —cosx—1 

5 Usinga GDC, solve the following equations graphically, finding all the solutions in the 
mnge ~180° < x < 180°. 
a snx=04 b —snx=05 
e 3cosx—1=-25 d cosx=1+sinx 
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5.2 Straight lines 
Equation of a line in two dimensions: the forms y = mx + ¢ and ax + by +d = 0. 

Gradient; intercepts. 
Points of intersection of lines; parallel lines; perpendicular lines. 

1 Galculate the gradient of the line passing through the points with the following coordinates. 
a (3,5)and (5, 13) b (6,1) and (10, -9) 

2 The gradients (m) of straight lines are given. Calculate the gradient of a line perpendicular to each of 
the ones stated. 

    am=4 bm em=} 

3 Find the length of the following line segments. 
4, 15) 

13,9 

"4 @n 

4 Calculate the coordinates of the midpoint of the line segments in question 3 above. 

5 The following tables give the x- and y-coordinates of several points on a line, Deduce from the 
coordinates the equation of the line in the form y = mx + c. 

  
  

  
  

  
  

  
  

  
  

  
                
  

a b 
x|y x|y 
PIE] 2] 0 
il -a B 

0|1 o1 

2 s 

205 22 

6 Deduce the gradient and y.intercept of the following straight lines from their equations. 
ay=x-1 by=-3x+1 
c2y-4x+6=0 d3y+5x-12=0
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7 Calculate the equation of the stmight line passing through the following pairs of points. Give your 
answers in the form 
iy=mx+c il ax+by+d=0 

@) 
4,15) 

6.1 
[25) 

8 Plot the following straight lines. Indicate clearly where they intercept both axes. 
ay=2x-4 b 2x+2y-1=0 

9 Solve the following simultancous equations either algebraically or graphically. 
ay-2x=1 by=5-2x 
Sy+2x=17 x+3y=5 

10 The cost of buying three cups of tea (¢) and one cake (c) is £4.40. The cost of buying two cups of tea 
and three cakes s £4.80. 
a Construct two equations from the information given. 
b Solve the two equations simultaneously and work out the cost of: 

i one cup of tea ii one cake.
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5.3 Right-angled trigonometry 
Right-angled trigonometry. 
Use of the ratios of sine, cosine and tangent. 

1 Copy the right-angled triangle below. The angle x is shown. 
In relation to the angle x label the sides ‘opposite’, ‘adjacent’ and ‘hypotenuse’. 

| 

2 Calculate the size of the angle marked x in each of the following right-angled triangles. 
6.5cm a b 

6om 
10cm 

13cm 

3 Calculate the length of the side marked ain each of the following right-angled triangles. 

‘ R 

NN 
15.20m
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4 Calculate the length of the sides marked a and the size of the angles marked x in cach of the following 
diagrams. 

  

6cm 

5 Towns A, Band C are situated as shown. B s due North of A, whilst C s due East of A. 

B 

  

17km    - 
A 25km o 

a Calculate the distance BC, giving your answer to three significant figures. 
b Calculate the bearing of C from B. 

continted on the next page. .
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6 Two towers X and Y are 120m apart. The height of tower X is 58m and the height of tower Y is 72m. 
A tightrope walker attaches a rope from X to Y as shown. 

we
L 

58
m 

  

~———120m 

a Calculate the angle of elevation of the tightrope. 
b Calculate the distance walked by the tightrope walker getting from X to Y. 

7 Three villages X, Y and Z are shown in the diagram below. X is Northwest of Y and 20km away. Z is 
Northeast of Y. The distance XZ is 56 km. 
Calculate the distance between villages Y and Z. 

z 

56km 

20km



Trigonometry and non-right-angled triangles 371 

5.4 Trigonometry and non-right-angled triangles 
a b 

Th:xlmmlc.m—m &e 

  

  

The cosine ul: = B + = 2bocasd; cos A =20 =& 
Area of a triangle = 3absin C. 
Construction of labelled diagrams from verbal statements. 

1 Giveall the possible solutions for the angle x, where 0 < x < 180° for each of the following. 
a snx=0.65 b sinx =025 c sinx=1 d snx=0 

2 Giveall the possible solutions for the angle 6, where 0 <6 < 360° for each of the following. 
a cosf=05 b cosd = —0.4 ¢ cosf= -1 

3 Use the sine rule to find the length of the side marked x below. 

  

4 Find the size of angle A in the triangle below. 

./ 

  
continted on the next page. .
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5 Use the cosine rule to answer the following questions. 
a Find the length of the side labelled a. 

120m 

850cm 

b Calculate the size of angle a. 

7.60m 

53cm 

10.20m 

6 Calculate the area of the following triangle. 

  

7 Calculate the size of angle C in the triangle below. 

A 186m 5 

8 a Construct the following triangle with a ruler and a pair of compasses. 
Triangle PQR with PQ = 6cm, PR = 7cm and QR = 9cm 

b Calculate the size of angle PRQ.
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5.5 Geometry of three-dimensional shapes 
Geometry of three-dimensional shapes: cuboid; prism; pyramid; cylinder; sphere; hemisphere; cone. 
Lengths of lines joining vertices with vertices, vertices with midpoints and midpoints with midpoints; 

H, G 

e 106m 

c 

10om 

A 10cm B 

sizes of angles between two lines and between lines and planes. 

1 The cube in the diagram has edge lengths of 10cm as shown. 
Calculates 
a the length BD 
b the length of the body diagonal BH 
© the size of angle DBH. 

2 The diagram shows a square-based pyramid. The centre 
of the base, X, s directly beneath the 
pyramid's apex E. M is the midpoint of CB. 
Calculates 
a the length CX 
b the height of the pyramid EX 
c the distance XM 
d the angle the face BCE makes 

with the base of the pyramid. 

3 Calculate the total surface area of the shapes below. 
a b 

    
    

E 

150m 

c 

M 

B 8om 

.sw 

continted on the next page. .
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4 The diagram shows a triangular prism. Its cross-section is 
arightangled isosceles triangle. 
Calculates 
a the length of the edge O] 
b the total surface area of the prism 
c the volume of the prism 
d the angle OL makes with the base JKLM. 

  

5 The sector shown has a radius of 14cm and an angle ac 
its centre of 260°. 

Calculates 
a the length of the arc 
b the area of the sector. 

  

6 The sphere and cube below have the same volume. 

  

7om 
Calculate the radius, , of the sphere. 

7 Two points A and B are directly opposite each other on the surface of a cylinder as shown. 

160m 

A 

a Calculate the circumference of the top of the cylinder. 
b A line is drawn on the surface of the cylinder. It represents the shortest distance from A to B on the 

cylinders surface. Calculate the length of this line from A to B.
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6.3 and 6.5 Grouped discrete or continuous data 
and Measures of central tendency 
Grouped discrete or continuous data: frequency tables; mid-interval values; upper and lower boundaries. 
Frequency histograms. 
Stem and leaf diagrams (stem plots). 
Measures of central tendency. 

For simple discrete data: mean; median; mode. 
For grouped discrete and continuous data: approximate mean; modal group; 50th percentile. 

1 The amount of milk (in litres) drunk by a group of scudents in a week is given in the table below. 
  

Numberoflitres [0 [ 1|2 |3|4|5|6 |78 
  

                      Frequency 6|1]alo|n|16[2]a]1 
  

a Draw a frequency histogram for this data. 
b State the modal value. 
¢ Galculate the mean number of litres drunk per student. 
d Galculate the median number of litres drunk per scudent. 

2 The masses Mkg of suitcases being checked-in for a flight at an airport are recorded. The results are 
shown below. 
  

Mass(kg) | 0SM<5 | 5SM<10 [10SM<15 15SM<20|20<M<25 25<M<30 
  

                Frequency 6 8 6 105 o 18 
  

a State the modal group. 
b Estimate the mean mass of the suitcases. 
¢ State, giving reasons, which group the median mass belongs to. 

3 An omithologist records the wingspan (in centimetres) of a particular type of bird. He measures 20 
adule birds. The results are listed below. 

151 158 146 147 157 15.6 156 157 156 152 
141 149 158 157 161 162 144 148 155 154 

a Drawa stem and leaf diagram of the results. 
b Using the stem and leaf diagram, state the median wingspan. 

4 The mass Mkg of football players in a team is recorded. 
For the team of 11 players, M = 836kg. 
a Galculate the mean mass, M, of the 11 players. 
b The mean of 11 players and 1 substitute is 76.75 kg. Calculate the mass of the substitute. 

continted on the next page. .
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5 The cost (C euros) of a ltre of unleaded petrol at different petrol stations is shown in the frequency 
histogram below. 

10   
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a How many petrol stations were surveyed? 
b Estimate the mean price of unleaded petrol.
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6.4 Cumulative frequency 
Cumlative frequency tables for grouped discrete data and for grouped continuous data; cumulative 
frequency curves. 
Box and whisker plots (box plots). 
Percentiles; quartiles. 

1 The percentage test result (x) for 20 students in a class are given in the grouped frequency table below. 
  

Percentage 0<x<20 | 20<x<40 | 40<x<60 | 60<x<8 | 80<x<100 
  

Frequency 2 a 6 7 1                 

a Galculate the cumulative frequency for the data. 
b Draw a cumulative frequency curve for the results. 
¢ From your graph estimate the median test result. 

2 A business surveys its employees to find how long it takes them to travel o work each morming 
(¢ minutes). The results are displayed below. 
  

Time (min) 0<t<1s 15<t<30 | 30<t<d5 | 455t<60 | 60<t<75 
  

Frequency 1 3 12 2 12                 

a Galculate the cumulative frequency for the data. 
b Draw a cumulative frequency curve for the results. 
¢ From your graph estimate the median time taken to travel to work. 
d From your graph estimate the time taken to travel to work by the middle 50% of the employees. 
e Drawa box plor to summarize the data. 

“ 150 students enter an intemational maths competition. The scores are out of a maximum 300 points. 
The scores (x) for the 150 students are summarized in the table below. 
  

Score 0<x<50 | 50<x<100 |100<x<150 | 150 <x<200 | 200<x<250 | 250 <x <300 
  

Frequency 7 25 56 2 2 9                   

a Draw a cumulative frequency curve of the scores. 
b From your graph estimate the median score. 
¢ Students in the top 20% are invited to take partin the next round of the competition. From your 

graph estimate the score needed for a student to be in the top 20%. 

continted on the next page. .
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4 The mass (m grams) of forty apples of the same variety was recorded at a market and at a supermarket. 
The results are given in the table below. 
  

  

    

Mass (g) 60<m<100 | 100<m<140 | 140 <m< 180 | 180<m <220 | 220 <m < 260 

Frequency (market) 5 8 12 9 6 

Frequency (supermarket) 0 3 F3 9 0           
  

a On the same axes draw two cumulative frequency graphs, one for the mass of the apples at the 
market and the other for the mass of apples at the supermarket. 

b Using your graph complete the table below. 

  Minimum value | Lower quartile Median Upper quartile | Maximum value 
  Market 

        ‘Supermarket         
  

© Use your results table above to draw a box and whisker plot for each set of apple data.
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6.6 Measures of dispersion 
Measures of dispersion: range; interquartile range; standard deviation. 

1 For the following lists of numbers calculate: 
i the range i the interquartile range. 
2261214151517 2122 22 
b2627114187193 12 

2 The number of goals conceded by a football team is recorded. The results are given in the frequency table 
below. 
  

  

                  

Number of goals conceded | 0 | 1|2 |3 |45 
Frequency 762521 

Calculate: 
a the range in the number of goals scored 
b the interquartile range of the number of goals scored. 

3 Calculate the standard deviation using the formula s, 
23477788889 
b 146810121518 24 30 

  2 
4 The temperatures (in °C) at two holiday resorts are recorded every other day during the month of 

June. The results are given in the table below. 

— 2 of the following lists of numbers. 

  

Day 1[3]s 7o [n[B]is[w]w]a]a][s]z] 

Temperature Resort A | 23 | 24 | 22 | 24 | 25| 26 | 25 | 23 | 23 |24 |22 | 24| 24 | 26 | 27 

Temperature Resort B | 15 | 17 [ 24 | 28 | 33 [ 33 |26 | 22 |22 [19 [ 16 | 16 | 15 | 26 | 31 

  

  

                                  
  

Calculate the mean temperature for resort A and B. 
Calculate the range of temperatures at both resorts. 
Calculate the interquartile range of temperatures at both resorts. 
Calculate the standard deviation of the temperature at both resorts. 
Explain the meaning of your answer to part d. 6

6
 
o
n
 

5 The times (in seconds) taken by two sprinters to run 100m during their training sessions are recorded 
and given below. 

Sprinter A 11.2 109 11.0 10.8 109 11.0 1L.1 11.1 109 
Sprinter B 10.2 9.9 10.1 11.8 11.2 10.1 10.1 103 10.4 

a Calculate the mean sprint time for cach runner. 
b Calculate the standard deviation of the sprint times for each runner. 
© Which runneris faster? Justify your answer. 
d Which runner is more consistent? Justify your answer. 

continted on the next page. .
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6 Two maths classes sit the same maths exam. One of the classes has students of similar mathematical 
ability, the other has scudents of different abilities. A summary of their percentage scores s presented 
below. 
  

Mean | Standard deviation 
  

ClassA | 65 8 
  

Class B 50 2           

From the results table deduce which class is likely to have students of similar mathematical ability. 
Give reasons for your answer, which refer to the table above.
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6.7 and 6.8 Scatter diagrams, bivariate data and 
linear correlation and The regression line for y on x 
Scatter diagrams; line of best fit, by eye, passing through the mean point. 
Bivariate data: the concept of correlation. s 
Pearson’s product-moment correlation coefficient: use of the formula r = i 
Interpretation of positive, zero and negative correlations. 2 

  

The regression line for y on x use of the formula y 
Use of the regression line for prediction purposes. 

  

Rt 

1 Decide on the possible correlation (if any) between the following variables. Justify your answers. 
‘The height of a child and the child’s mass 
A student’s result in a maths exam and the same students result in a science exam 
A students result in a maths exam and the same student’s result in an art exam 
The outside temperature and the number of umbrellas sold 
‘The number of cigarettes a woman smokes during pregnancy and the mass of her baby 
The number of people living in a household and the amount of water which the houschold uses 
A person's height and their intelligence 
‘The number of DVDs sold and the attendance at cinemas T

w
m
e
 
e
 
e
 

2 Describe the correlation, if any, depicted in the following scatter diagrams. 
a 

  

3 A farmer wishes tofind a way of increasing the milk yield of his herd of cows. He decides to mix a 
special feed with the ordinary feed to see whether it has any effect on the yield. The results are shown 
in the table below. 
  

  

  

                    

Special feed (%) | 0 2 4 6 8 10 12 14 

Milk yield (litres)| 2050 2100 2180 2230 2300 2360 2390 2470 

Special feed (%) | 16 18 2 22 2 26 28 EY 

Milk yield (itres)| 2540 2600 2650 2720 2800 2830 2850 2860 
  

a Plota scatter graph of the results, with the yield on the y-axis. 
b Galculate the mean special feed % (%) and the mean milk yield (). 
¢ Plot the point (%, 5) on the graph and label it clearly. continted on the next page. . 
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d Asuming the relationship between the two variables is linear, draw a line of best fit passing 
through the point (%, §). 

e Use your line of best fit to predict the yield the farmer would get if the percentage of special feed 
was 15%. 

£ Calculate the equation of the line of best fitin the formy = mx + c. 
g Use your equation of the line of best fit to extrapolate the results and predict the milk yield if the 

percentage of special feed was 100%. 
b Do you think your answer to part h is valid? Justify your answer. 

4 A supermarket counts the average number of people entering the store during a period of time and the 
amount of money collected at the tills. The resuls are displayed below. 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

Average number of people in store | Amount collected at tills (€) 

72 3006 

51 2021 

12 812 

108 3102 

156 4671 

92 4092 

2% 1125 

a8 1995 

52 1991 

61 2082 

17 742 

5 306 

88 4128 

16 738       
  

a Using your GDC, calculate Pearson’s product-moment correlation coefficient. 
b Explain the meaning of your answer to parta. 

5 Alorry driver starts a journey with 1000 litres of fuel in his fuel tank. During his journey he records 
the amount of fuel left in the tank and the number of kilometres he has travelled. The results are 
displayed below. 
  

Distance travelled (km) | 0 | 50 | 150 | 300 | 700 | 1000 | 2000 | 4000 
  

                    Fuel in tank (litres) 1000 | 985 | 970 | 930 | 850 | 785 | 575 | 215 
  

a Using your GDC, calculate the equation of the y on x regression line, giving it in the form y = mx + c. 
b Explain the meaning of the value of m in the context of this problem 
¢ Use your equation to predict how much fuel he has left in the tank if he has travelled 3000km. 
d Use your equation o estimate how far he can travel on. 1000 litres of fuel.
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6.9 The y? test for independence 
The 22 test for independence: formulation of null and alternative hypotheses; significance levels 

contingency tables; expected frequencies; use of the formula 2 = 3} 
of tables for criical values; p-values. 

  

1 The numbers of male and female students getting either a distinction, pass or fail for a course are given 
in the contingency table below. 
  

  

  

  

Distinction | Pass Fail Total 

Male 18 8 8 130 

Female 20 132 18 170 

Total 38 216 46 300               

a State the number of degrees of freedom of the table. 
b Asuming the results are independent, construct a contingency table to show the expected 

frequencies. 
© Itis thought that the likelihood of failing is dependent on the gender of the scudent. 

i State the null hypothesis (Hy). 
i State the alternative hypothesis (H,). 

iy 
d Using the formula 2 = 3} (ffif" for testing independence, calculate the value of z2. 
e Decide whether failing is dependent on gender at the 5% level of significance. Justify your answer 

clearly. 

2 Researchers wish to know if students prefer a different type of ilm genre according to their gender. 
The results of their survey are given in the contingency table below. 
  

  

  

  

Romance | Horror Action | Comedy Total 

Male 3 14 15 18 50 

Female P 15 10 30 80 

Total 28 2 25 a8 130               
  

a State the number of degrees of freedom of the tble. 
b Asuming the results are independent, construct a contingency table to show the expected 

frequencies. 
© Itis thought that there is a difference in the viewing preferences of males and females. 

i State the null hypothesis (H,) - 
i State the alternative hypothesis (H,). 

d Galculate the value of . 
e State whether viewing preferences are dependent on gender at a significance level ofs 

i 10% i 5% iii 1%. - continued on the next page...
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3 Aholiday resort wishes to survey its customers as to their level of satisfaction with the resort. 
Customers were asked to rate the resort either as ‘excellent, ‘good’, ‘stisfactory’ or ‘poor’. In particular 
they wish to see whether the level of satisfaction is dependent on age. The results are displayed below. 
  

  

  

  

  

Excellent Good Satisfactory Poor 

Under 16 10 21 23 6 

16-25 6 1 12 4 

26-55 7 25 12 20 

Overss 8 38 40 19             
  

a State the null hypothesis. 
b Calculate the value of . 
¢ State whether the null hypothesis s rejected at a significance level of: 

i 1% i 5% iii 10%.
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7.2 and 7.3 Differentiation and The gradient of a 
curve at a given point 
The principle that f(x) = ax", f'(x) = anx™'and f"(x) = an(n — 1)x*-% 
The derivative of functions of the form f(x) = as® + b= + .., n € Z. 
Gradients of curves for given values of x. 
Values of x where f'() is given. 
Equation of the tangent at a given point. 

1 Differentiate the following functions with respect to x. 

  

2 flx)=R+3x—4 b f) =12 —5x+4 
¢ fix) =20 - 42 dflx)=3E-3-1 

2 Find the derivative of the following expressions. 
a x! b 
o x2+2xl-3 43 

3 For each of the following functions 
i find the derivative f/(x) with respect to x 
i find the second derivative f*(x) with respect to x. 

    

a fix) = x(x - 3) b fx) = 22(x + 2) 
¢ fl9=(x-2)(x+3) d (0 = (2 - 39(x +4) 

4 For each of the following expressions: 
i find the derivative ii find the second derivative. 
-2 L 22 

- 32 
i (x-e)(xz;— 1 

  

5 The graph of the function f{x) = 2 — 4x + 1 is shown below. 

LT # [ 
  

  

          

  

a Galculate the gradient function f'(x). 
b Galculate the gradient of the graph whens 
ix=3 iiox=2 fiix=0, continued on the next page...
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6 The graph of the function f{x) = 4 2 ~ 4x + 2 is shown below. 

  

  

  

  

  

  

  

  

        

  

      
  

a Calculate the gradient function f/(x). 
b Calculate the values of x at the points on the graph where the gradient is: 

i0 i 2 iii —5. 

7 A curve has the equationy = x3 + 4x + 2. 
o Fnd & 
b Deduce from youe ansver o par  the least possble value of &, Jusify your nswer 

& Cilisilate e valiuelal o e abicee %xlu: 
i7 i 4 iii 31. 

8 The function () = x! — 13x + 12 is shown below. 

  

  

a Calculate the gradient function f/(x). 
b Calculate the gradient of the curve when x = 3. 
¢ Give the gradient of the tangent to the curve at the point (3, 0). 
d Calculate the equation of the tangent to the curve at the point (3, 0).
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9 The function f(x) = — - 2x+ 8 is shown below. 

  

HH” 
Calculate the gradient function. 
Show that the points A(~2, 8) and B(1, 5) lie on the curve. 
Calculate the gradient of the curve at points A and B. 
Calculate the equation of the tangent to the curve at A. 
Calculate the equation of the tangent to the curve at B, 
Calculate the coordinates of the point of intersection of the two tangents. 

      

  

        

6
 

o6
 
o
n



388 REVISION EXERCISES 

7.4 and 7.5 Increasing and decreasing functions 
and Stationary points 
Increasing and decreasing functions. 
Graphical interpretation of f/(x) > 0, f/(x) = 0, f/(x) < 0. 
Values of x where the gradient of a curve is 0 (zero): solution of (x) = 0. 
Local maximum and minimum points. 

1 The function £ (x) = 2 + 6x + 7, is shown. 
From the graph deduce the range of values of x for 
which f(x) s a decreasing function. 

  

  

2 For each of the following calculate: 
i f(x) 
i the range of values of x for which £(x) is increasing. 
a flx) =2-18 & —10x+ 27 

2 =22 - 8x 

  

¢ f(x) = -2+ 8- 10 

3 Prove that f{x) = § £ + x is an increasing function for all values of x. 

4 Calculate the range of values of k in the function f(x) = 433 + =2 + kx, given that f(x) is an increasing 
function for all values of x. 

5 A function is of the form f(x) =  + bx + c. State: 
a the number of stationary points 
b the nature of the stationary point(s). 

6 For the function f{x) = § 2 + 32 = 20x + 2: 
a caleulate ' (x) 
b solve the equation f(x) = 0 
¢ explain the significance of your answer(s) to part b in relation o stationary points 
d from the equation of the function, deduce the nature of the stationary point(s). Give reasons for 

your answers. 

7 For the function f(x) = # — 12x-5: 
a calculate f/(x) 
b solve the equation f(x) = 0 
¢ determine the coordinates of the stationary points 
d determine the nature of the stationary points 
e 
£ 

  

calculate the yvintercept of the graph of the function 
sketch the graph.





390 REVISION EXERCISES 

5 $15000 is deposited in a savings account. The following geometric sequence represents the total 
amount of money in the savings account each year. Assume that no further money is either deposited 
or taken out of the account. 

  

Number of years Total savings in account ($) 
  

0 15000 
  

1 16500 
  

18150 
  

19965 
  

  

2 

3 

4 2196150 

5 24157.65 
  

  

n       
  

a Explain, giving reasons, whether the sequence above simulates simple interest or compound interest. 
b Calculate the interest rate. 
¢ State the formula for calculating the total amount of money (T) in the account after n years. 
d State the formula for calculating the total amount of interest (1) gained after n years. 

6 Find the compound interest paid on the following capital sums C, deposited in a savings accountfor n 
years at a fixed rate of interest of r% per year. 
a C =£400 r=3% 

r=6% 
r=45% 

7 A caris bought for €12500. Iis value depreciates by 15% per year. 
a Calculate its value after: 

i lyear ii 2 years. 
b After how many years will the car be worth Less than €1000? 

   

& €400 s invested for three years at 6% per year. Whatis the interest paid if the interest rate s 
compounded: 
a yearly? b half-yearly? 
¢ quarterly? d monthly? 
e daily?



  

Presumed knowledge 
assessments 

Student assessment 1 

1 b < c > a = 
d> 

2a e . 

p———— 

  

2 3 4 5 

T 
1 2 3 4 5 

e 
] 1 2 8 4 

T Pr—————lf— 
-3 -2 -1 o 1 

321409 
5% 1o 
Student assessment 2 
1a2 b 18 
2615 
3 9000 
4229 
53602 

| 3 7a 2L b3 
8a 04 b L75 

c 08 d16 
9a 4 b3 

1 | ¢ 1 d 2% 

Answers to exercises and 

student assessments 

Student assessment 3 

lad b 45cm 

2 a 375¢ b 625¢ 

3 a 450m b 80cm 

4a1:25 b L75m 

5 300:750: 1950 

6 60°,90°,90°, 120° 

7 150° 

8a 135h b 12pumps 

9 

8icm 

6icm 

  

10 a 4min48s b L6 litres/min 
Student assessment 4 
  

  

  

  

  

            

1 Fraction Decimal | Percentage 

1 025 25% 3 
3 06 0% 3 
5 0625 625% 3 
2 06 662% 

225 225 2 % 

2 750m 

3 525€ 

4 £97200 

5a 292% b 21.7% c 125% 
d 83% e 20% £ 10%
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6 83% 

7 a ¥6500 

8 $200 $25 $524 $10 

b 61.8% 

9 $462 $4000 $4500 $5500 
10 15 marks 
11 35000 
12 25000 units 
13 470 tonnes 

Student assessment 5 
1a 

c 
e 

g 

N 
o
 

s
 

6x— 9y +15¢ 
—8min + 4mn? 
-1x-12 
2 

8(2p —q) 
Spalp - 29) 
0 b -7 
7 e 

n=p-dm 
1 -1   
= 

"% dmn 

(a+1(p-30) 
750000 

P -2x-8 

X+ 2y +y? 
62— 13x+6 

(x=1)(x+7) 
(x-12)(x +12) 
(2x=3)(x+4) 

b 8pm — 28p 
d 20p%q - 8p’ - 8’ 
£ 220 - 14x 
h 3 -x 

b p(p - 69) 
d 3pq(3 - 2p + 4q) 

c 29 
£.35 

  

+O(1-0(1+ ) 

o - 16x + 64 
2-121 

£ 922 -30x+125 

b (- 3)x-3) 
d 3(x-2)(x+3) 
£ (x-5) 

b (1 
d 50 

b 
d 

  

Student assessment 6 
1279 b 11 c -4 
d6 

2al5 b7 w4 
d3 

3a-10 b 12 c 10 

d 1l 

  

6a 4x+40=180 b x=35 
c 35°,70° 75° 

8 30% 30% 30° 30% 305 30°, 305 45°, 453 45°, 45° 
9a xom 

(x—3em 

Perimeter = 54 cm 

b 4x—6=54 
¢ Length = 15 cm Width = 12em 

10 a x,x-8x-23 b 55,47,32 

Student assessment 7 

  

i aBxs b 2x¥F 

2a4x4x4 b 6x6x6x6 

3 a 800 b 27 

4al b -2 c -1 

43 
5a 2x3 b 2" 

6a6x6x6x6x6 

1 
"ZXZXZXZXZ
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Student assessment 8 

1 a Gircumference = 34.6cm 
Area = 95.0cm? 

b Circumference = 50.3mm 
Area = 201.1mm? 

2 99cm? 

3 a 393cm? b 34cm? ¢ 101.3em? 

4 a Circumference = 27.0cm 
Area = 58.1 cm? 

b Circumference = 47.1mm 
Area = 176.7mm? 

5 3258cm? 
6a565cm? b 108cm?  c 2545cm? 

Topic 1 

Exercise 1.1.1 
1a25 b 18 c 4 
2a 12 b6 c5 
3a 169 b4 <13 
4a 216 b9 c4 
5a 3510 b 14950 ¢ 0 
Exercise 1.1.2 
1all b -1 < 

d 144 €6 £ 18% 

2 a 100zem? 
b 36rcm? 
¢ C=16rcm’, D =nem? 
d 534cm? 
e the area of the circle pattern 

3a 18am’ b 24em? ¢ 106 cm? 
d 254 cn? 

4a 5236em’ b 23562cm’ ¢ 785.4cm’ 
Exercise 1.1.3 

1 a Graphvi) b Graph vii) 
¢ Graphii) d Graph ii) 
e Graphx) £ Graphi) 
g Graphv) h Graph ix) 
i Graphiv) j Graph viii) 

    

   

2 x5 by=2c—4 
—x#5?  dy=-(x-57-3 

3 —x+45 by=2x+4 
-5 dy=(x+5743 

4 Pupil’s screens 
Exercise 1.1.4 
1 a yintercept = —3 xintercept = * 1.7 

b yintercept = 11 xintercept None 
¢ yintercept =1 _xintercept ~ ~0.5, 1.3, 3.2 
d yintercept = 3.5 xintercept = —1.2 

2a 
b 

  

¢ (~1.29, ~0.67) and (1.29, ~0.67) 
d (=077, -1.71), (088, ~1.61) and (5.89, 15.3) 

Exercise 1.1.5 

  

  

  
  

          
  

                  
  

        

LaloTs 2o 123 

vy 224« [2]2]s 

biala2[a o1 ]2]3 
[y[2s]ca[z0]=0] = |2 |26 | 

“lxlofos| 1 [1s]2]25]3 
y| - [ 8|4 |267] 2 16133 

d 

x| -1 [os[ofos |1 [1s] 2 253 
y| o o |1 [122|1a| 158 173]187] 2                   

2 2 0,36,7.2,10.8,14.4, 18, 21.6, 252, 288, 
32.4,36mst 

b 18ms! 
3 a 0,625, 10, 11.25, 10,6.25,0, ~8.75, ~20m 

b 1125m 
c 15s 
d 3s 
e because they give negative heights 

Exercise 1.1.6 

1 a mean = 7.58, median = 8.5, mode = 10 
b mean = 14.7, median = 14, mode = 12.2 
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2 mean = 3.63, median = 3, mode = 2 
3 a Test A mean = 5.33, median = 6, mode = 6 

Test B: mean = 5.33, median = 6, mode = 6 
b Student’s answers 
¢ Student’s answers 

  

Topic 2 

Exercise 2.1.1 

1a NZQR bZ,Q,R 
<R d QR 

2 a Rational b Rational ¢ Irrational 

3 a Rational b Rational ¢ Rational 

4 a Imational b Rational ¢ Rational 

5 a Imational b Irmtional ¢ Rational 

6 a Rational b Rational ¢ Rational 

7 Rational 

8 Imational 

9 Rational 

10 Rational 

Exercise 2.2.1 

1 a 69000 b 74000 
< 89000 d 4000 
e 100000 £ 1000000 

2 a 78500 b 6900 
c 14100 d 8100 
e 1000 £ 3000 

3 a 49 b 690 
c 8850 d 80 
e0 £ 1000 

Exercise 2.2.2 

las6 b 07 
c 119 d 1574 
e 40 £ 150 
g 30 h 10 
i 120 

2a 647 b 9.59 
c 1648 d 009 
e 001 £ 930 
g 100.00 h 0.00 
i 3.00 

Exercise 2.2.3 
1a 50000 b 48600 c 7000 

d 7500 e 500 £ 257 
g 1000 h 2000 i 150 

22 009 b 06 c 094 
a1 e 095 £ 0003 
g 00031 h 0.0097 i 001 

3a 420 b 5.05 < 166 
4238 e 578 £ 4430 
g 194 h 411 i 0575 

Exercise 2.2.4 
Answers may vary slightly from those given. 
1a 1200 b 3000 < 3000 

d 150000 e 08 £ 100 
22 200 b 200 ¢ 30 

d 550 e 500 £ 3000 
3a 130 b 80 c1 

44 e 200 £ 250 
4 ¢ because 689 x 400 ~ 700 x 400 = 280000 

e because 7.9 x 22.6 ~ 80 x 20 = 1600 
84x46_80 oo _ £ because 34246 80, 50.- 3000 

5a 120m® b 40w ¢ 400cm? 
6a 20c’ b 4000cm’ ¢ 2000cm’ 
Exercise 2.2.5 
1a 04% b 2.04% c 08% 
2 The second player as his percentage error is 

3.2% and the first player's is 4%. 
3 a 9737.5m b 92625m 
4 a 1182kmh! b 29% 
Exercise 2.3.1 
1 dande 
22 6x10°5  b48x100 c 784x 10" 
d534x10° e 7x10° £ 85x10° 

32 68x10° b72x10° c 8x10° 
d75x100 e 4x1° £ 5x 107 

42 6x10°  b24x100 c L4x10° 
d3x10° e 12x108 f L8x 107 

5 144 x 10''m
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6a 88x10° b 204x 10" ¢ 332x 10" 
d 42x102 e 51x102  f 25x 105 

7a2x1®  b3x10° ¢ 4x106 
d2x100 e 25x10° f 4x10¢ 

8a 426 10° b 848 x 10° 
© 6388 x 107 d 3.157 x 10° 
e 45x 108 £ 601 x 107 
g 815x 100 h 356 x 107 

9 Mercury 5.8 x 107km 
Venus 1.08 x 108 km 
Earth 15 x 108 km 
Mars 228 x 10°km 

Jupiter 7.78 x 10°km 
Satum 143 x 10° km 
Uranus 287 x 10°km 
Neptune 45 % 10°km 

Exercise 2.3.2 
La 6x 10 b 53 x 105 

© 864 x 104 d 88 x 108 
e 7x 107 £ 4145 x 10 

22 68x 10 b 75 x 107 
¢ 42x 101 d 8x10° 
e 57x 101 £ 4x 1071 

3a -4 b -3 ¢ -8 
d -5 e -7 

468x10°  62x10° 8414 x 107 
6741x 104 32x 10+ 58x 107 
557 x 10~ 

Exercise 2.4.1 
1 a onehundred b a hundredth 

¢ one thousand d a thousandth 
e one thousand £ a thousandth 
g athousandth h one thousand 
i amilliliwe j onemillion 

2 a kilogmm b centimetre 
¢ metre or centimetre d millilitre 
e tonne £ metre 
g lire h km 
i lire j centimetre 

3 Student’s lines 

4 Student’s estimates — answers may vary 
considerably 

   

Exercise 2.4.2 
1a4mm b 62mm ¢ 280mm 

d 1200mm e 880mm  f 3650mm 
g 8mm h 23mm 

2a 26m b 89m ¢ 2300m 
d 750m e 25m £ 400m 
g 3800m  h 25000m 

3 a 2km b 265km ¢ 02km 
d 075km e O.lkm £ Skm 
g 15km h 75.6km 

Exercise 2.4.3 
1a2000kg b 7200k ¢ 28k 
d075kg e 450kg £ 3kg 
g 65kg h 7000kg 

2 a 2600ml b 700ml ¢ 40ml 
d 8ml 

3a L5lices b 528limes ¢ 0.75litres 
d 0,025 litres 

4 a 1383 tonnes b 1383 x 10°kg 
5 a 720ml b 053 litres 

Exercise 2.4.4 
1a 68°F b 176°F ¢ 392°F 
2a 10°C b 135°C c 415°C 
3 a 303K b 153K ¢ 308K 
4a 0°F b 190°F ¢ 430°F 
5a 29% b 80% © 9.7% 
6 10°C, 50°F 
Exercise 2.5.1 
1 a 8 13, 18; arithmetic 

b —20; not arithmetic 
¢ 1, -3, 13; not arithmetic 
d -2, 5, ~2; not arithmetic 
e 4,0, —4;arithmetic 
£ 9,3, 5 not arithmetic 

2a@)3n+2 )32 
bi)dn-4 )36 
ci)n-05 )95 
di) -3n+9 ii)-21 
e i)3n-10 ii)20 
£0) ~4n—5 ii)—45
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3a 
Position | 1 2 5 12|50 n 

Term 1 5 |17 | 45 |197 | 4n-3 

b 
Position | 1 2 5 (10|75 n 

Term 5 [ 11|29 |59 |449|6n-1 

c 
Position | 1 B 8 | 50 | 100 n 

Term 2 0 | -5 |-47(-97 |-n+3 

d 
Position | 1 2 3 | 10 | 100 n 

Term 3 0 | -3 |-24|-294|-3n + 6| 

e 
Position | 2 5 7 | 10|50 n 

Term 1 10 | 16 | 25 |145|3n -5 

£ 
Position | 1 2 8 20 | 50 n 

Term 55| =7 |-115|-34|-79 -15n-4 

4ai) +4 
b i) +1 
c i) +3 
di) +05 i) 05n+55 
e i) +4 i) 4n — 62 
£i) -3 i) —3n+75 

5 8 years 
Exercise 2.5.2 
1a 308 b 488 o -187 
do 

2a-15 b -95 ¢ -55 
4 nln + 17) 

3a3 b -5 ¢ 52 
d 470 

4205 b2 c 475 
5a 48 -44 ¢ -80 

      

6a % b6 c 150 

71 
8 a Studentsproof b 12 

c 19 
Exercise 2.6.1 
1 a Geometric b Geometric 

¢ Not geometric d Geometric 
e Not geometric £ Not geometric 

2ai) 3 i) 162, 486 
i) 1, = 23! 

s 5 

i) ~243, 720 

b8 
© 65536 

5 1338.23€ 
Exercise 2.6.2 
1ai?2 i) 

bi) -3 i) M1 
ci)ls i) 566.65 (2d.p) 
di) i i) 1LII111 1L 

2a)8 i) 3280 
bi)7 i 2 
ci)9 i) 4 

di)n 

3 a 1364 b 728} c 62 
1 o 4a6 bk o 2 

1 8 5a lo3 b -1 e B 
6a 823543 b 960800 
Exercise 2.6.3 
lez b -5 <y 
a5
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1 2 2al b4 e 2 
4 0000381 

3a3 b1 
n 

47 
Exercise 2.7.1 
1a (3,2) b (52) e @1 

d (-41) e (4,-2) f (3,-2) 
g (-L-1)  h(-3,-3) 
i Infinite solutions 
j No solution 

2 The linesin parti are the same line. 
The lines in part j are parallel. 

Exercise 2.7.2 

lai )    ii x=1and2 
bi ii No solution 

  

ii No solution 

  
ii x=—6and2
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2ai v Answers to questions 6-8 may vary from those given 
r — below. 

M 1 6 18000 yards 
‘ 7a25 b4 c 4 

| 2 
FTFET0 128 45 6% 85170em) 

T I T 9 a 168.02cm? b Students's calculation 

- Zmdj 10 1.63% 
W " "'; Student assessment 2 i 

ST 1a6x10° b 45x 107 
L ] ¢ 38x 10° d 361 x 1077 

e 46 10° £ 3% 10° 
741x 10 36x 105 55x 10 
421x107  62x 107 49x 108 
a 6x10°  82x10° 44x 107 
8x10 5210t 

b6x10°  82x10° 52 104 
8x10  44x107 

a3 bo ¢ -3 
a6 e -1 £8 
a 12x 10° b 56x 10° 
¢ 2x105 d 25x 10° 
432 minutes 
473 x 105km 
162 x 10 mm, 
Thg 

Student assessment 1 10a 14F b 932°F 
1 a Rational b Irmtional ¢ Rational Student assessment 3 

d Ratonal ¢ Rational £ Irmaonal y pa 3 37 
23 6470 b 88500 65000 bi) —3n+4 i)-26 

4710 28 u=2ug =597 b u=15u,=-46 
3a38 b 68 c 085 B 

d 158 e 100 £ 0008 # |position| 1|2 |3 |10|25| 
4240 b 54 < 006 Term [ 17 [ 14| 11 [-10[-55| 30420 

d 49000 e 700000 £ 687000 
5 923 cm? b Trosition | 2 | 6 | 10 | 8 n 

Term <l 20| 1,4 
3                



4 $405 
5a -1 b 243 c 10 

6a 70 b 595 
Ta 43 b -12 c 330 
8a +4 b4 e 220 
9ai) 1l i) 20470 

bi)13 i) 2Bt 

10 a 363 b % 

b (-2,3) 

  

    

  

      
i) x=4and 6 

Topic 3 

Exercise 3.1.1 
1 a i) Continentsof the world 

i) Student’s own answers 
b i) Even numbers 

i) Student’s own answers 
i) Days of the week 
i) Student’s own answers 

d i) Months with 31 days 
i) Student’s own answers   
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e i) Triangle numbers 
i) Student’s own answers 

£ i) Boy's names beginning with the letter m 
i) Student’s own answers 

g i) Odd numbers 
ii) Student’s own answers 

i) Vowels 
ou 
Planes of the solar system 
Student’s own answers 
Numbers between 3 and 12 inclusive 
Student’s own answers 
Numbers between —5 and 5 inclusive 
Student’s own answers 

    

    

c1 d17 
£ Unquantifiably finite, though theoretically 

infinite 
hs5 i9 

Exercise 3.1.2 
1a Q=1{46810,121416,18,20,22,24, 

26,28} 
b R={1,3,57,9,11,13,1517,19,21,23,25, 

21,29} 
2,3,5,1,11,13,17,19,23,29} 
{1, 4,9, 16,25} 

e U={1,3,6,10,15,21,28} 
2 a B ={5560,65 

b C = (51,54, 57, 60, 63, 66, 69} 
c D={64) 

3 a {p,q,d.p,ah {p, th {q, o (p, fal, (0}, {} 
b {p,ah {p, o {a o (o o), ( 

4 a Tre b True ¢ Trie 
d False e False f Trie 
g Tre h False 

Exercise 3.2.1 
1a Tme b True c False 

d False e False £ Trie 
2a ANB={4,6 bANB={49 

o AN B = fyellow, green} 

3a AUB=(23,4,68,910, 13,18} 
b AUB=(1,4,56,78916 
& AUB = {red, orange, blue, indigo, violet, 

yellow, green, purple, pink}



400 ANSWERS TO EXERCISES AND STUDENT ASSESSMENTS 

=labpanstd 
=fa, b} 

U=1{1,2,34,56,78 
A'=11,4,6,8 
ANB={,3) 
AUB={1,2,3,4,571,8 
(ANB) ={1,4,56,7,8 
ANB' =7 

) A= leven numbers from 2 to 14} 

-
 

  

e
 

om
e 
e
 

  

   
   
   

i ANBNC={12} 
v) AUB={(2,3,4,6,8,9, 10, 12, 14, 15} 

  

(3,4,6,8,9,12, 15, 16, 20} 
={1,2,45617 

3,4,5,8,9) 
={1,2,3,4,5,8,9 

iv)ANB    
bz 

A B     
b i) AN B = (Egypt} 

i) A U B = [Libya, Morocco, Chad, Egypt, 
Iran, Iraq, Turkey} 

10ar 

bi) PNQ=({11,13,17 
i) PUQ=1{2,3,5,7,11,13,15,17, 19} 

11 A B 

Z 

13 P Q 

Exercise 3.2.2 

1ash b14 c 13 

245 

3al0 b 50



4a 

B 

b 100 c 15 d13 

% 95 

5a 16 b 10 c 56 

6a 45 b 65 c %0 

Exercise 3.3.1 

1 {HHH, THH, THT, TTH, HHT, HTH, HTT, 
Bevents 

2 {(1, 1)(1, 2)(1, 3)(1, 4)(1, 5)(1, 6) 
(2,1)(2,2)(2,3)(2, 4)(2, 5)(2, 6) 
(3, 1)3,2)(3,3)3, 4)(3,5)3, 6) 
(4 1)(4, 2)(4, 3)(4, 4)(4, 5)(4, 6) 
(5, 1)(5, 2)(5,3)(5, 4)(5, 5)(5, 6) 
(6, 1)(6, 2)(6,3)(6, 4)(6, 5)(6, 6)} 36 events 

3 {(H, D(H, 2)(H, 3)(H, 4)(H, 5)(H, 6) 
(T, 1)(T, 2)(T, 3)(T, 4)(T, 5)(T, 6)} 12 events 

4 ((MM)(MF)(EM)(F F)} 4 events 

5 {(MM)(F F)} 2 events 

6 a Pass or fail 
b (P P)(PE)(EP)(FF)} 

7 a Win or lose 
b {(2,0)(2,1)(1, 2)(0, 2)} 

8 a Win or lose 

b (3,003, 1)G, 2)(2,3)(1, 3)(0, 3)} 
Exercise 3.4.1 

1 Letter B 

2 CadE 

Topic3 401 

Exercise 3.5.1 

1 a No b Yes c Yes 

d No e Yes f Yes 

g Yes h No i Yes 
i Yes 

2 a Teresais a girl and Abenais agirl. (True) 

1 

b 
c 

d 

g 

—1<x<8 (True) 
A pentagon has five sides and a triangle has 
4 sides. (False) 
London is in England and England is in 
Europe. (True) 
x<y<z (Tre) 
5 is a prime number and 4is an even number. 
(True) 
A square is a rectangle and a triangle is a 
rectangle. (False) 

b Paris i the capital of France and Ghana is 

i 

in Asia. (False) 
37is a prime number and 51 is a prime 
number. (False) 
Parallelograms are rectangles and trapeziums 
are rectangles. (True) 

  

  

  

  

    

  

Exercise 3.5.2 

szp ol 

ajzp 4 v 

P ¥ 

@ 
Y p=q 

O      
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P 

    

  

@0     

    u 

    

  

  

  

  

  

  

  

  

  

P a 

Exercise 3.6.1 

e 
(T[T 

LR 

T[F[T 

TIF|F 

Flr|r 

FlT|F 

Fle|T 

FlF|F           

o 

4P 

p=>-q 

brq 

  

  

  

  

  

  

  

  

  

                  
  

  

  

  

  

          
  

  

  

              

  

2 

pla|r (Pvaal-pvn 

Tlrfre| T[T ¥ 

T[TlF[e| T [ ¢ F 
Tlefte| T [ 71 T 
Tlelele| T [ ¢ F 

Pl e el ® | @ T 
FlTe[r| T[T ¥ 

it T [T £ 
Flele[e| T[T F 

Exercise 3.6.2 

1 a Neither b Contradiction ¢ Neither 
d Tautology e Tautology 

2 a Neither 

Pla|p|-g -pr-g 

AN F 
TlE|F [T F 

FlTTF F 
il T T 

b Neither 

P || -tp | ~CRve 

TlE| T T 

FlTF F 

¢ Neither 

| qn-r 
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d Neither 

Plg | r|prg| Prqgar 

T[] 1 T 

T[T F 

TlE[T] F F 

elrlT] F F 

TlE[F] F F 

FlTlE ] F F 

TlE[F] F F 

FlElF] F F 

e Neither 

Plqg | r|prg| Prqguvr 

T[] T T 

T[] T T 

T[] F T 

Elr T F T 

TlE[E] F F 

FlT e F F 

TlE[F] F F 

FlElF ] F F 

Exercise 3.7.1 

1 a True b False ¢ True 
d True e False 

2 a Ithink so it follows that ] am. 
b ...does not exist. 

Exercise 3.7.2 

Note: The students may use different words but the 
sense will be the same. 

1 a If you donot have your mobile phone then 
you cannot send a text. 
f you have your phone you can send a text. 

b If you cannot travel a long way on 20 euros 
then you do not have a small car. 

If you do not have a small car then you 
cannot not travel a long way on 20 euros. 

¢ Ifyou can speak French then you will enjoy 
France more 

If you do enjoy France more then you do speak 
French, 

d Ifit ains then | do not play tennis. 
If it does not min then | do play tennis. 

e We scop playing golf if there is a threat of 
lightening. 
We do not stop plaing golf if there is not a 
threat of lightening. 

£ A tennis serve is easy if you practice it. 
If you do not practice it then a tennis serve is 
hard. 

g If apolygon has six sides then it is a hexagon. 
If a polygon is not a hexagon then it does not 
have six sides. 

B If you are less than 160 cm tall then I am 
taller than you. 

If you are not less than 160 cm tall then you 
are taller than me. 

i If the bus was full then I was late. 
If I was not late then the bus was not full. 

j If the road was greasy then the car skidded. 
If the car skidded then the road was greasy. 

a Statement: If a number is an odd number 
then itis a prime number. (False) 

. If a number i a prime number 
then itis an odd number. (False) 
Inverse : If a numberis not an odd number 
then it s not a prime number. (False) 
Contrapasitive: If a number is not a prime 
number then it is not an odd number. (False) 

b Statement. If a polygon has six sides then it is 
called an octagon. (False) 
Converse. If a polygon is called an octagon 
then it has six sides. (False) 
Inverse. If a polygon does not have six sides it 
is not called an octagon. (False) 
Contrapositive. If it is nor called an octagon 
then it does not have six sides. (False) 
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Statement. Ifit is an acute angled triangle 
then it has three acute angles. (True ) 
Converse. If it has three acute angles then it 
is called an acute angled triangle. (True) 
Inverse. Ifitis not called an acute angled 
triangle then it does not have three acute 
angles. (True) 
Contrapositive. Ifit does not have three acute 
angles then it is not called an acute angled 
triangle. (True) 
Statement. If two triangles are similar then 
they are congruent. (False) 
Converse. If two triangles are congruent then 
they are similar. (True) 
Inverse. If two triangles are not similar then 
they are not congruent. (True) 
Contrapositive. If two triangles are not 
congruent then they are not similar. (False) 
Statement. If two triangles are congruent 
then they are similar. (True) 
Converse. If two triangles are similar then 
they are congruent. (False) 
Inverse. If two triangles are not congruent 
then they are not similar. (False) 
Contrapositive. If two triangles are not 
similar then they are not congruent. (True) 
Statement. If a solid is a cuboid then it has 
six faces. (True) 
Converse. If a solid has six faces then itis a 
cuboid. (True) 
Inverse. If a solid is not a cuboid then it does 
not have six faces, (True) 
Contrapositive. If a solid does not have six 
faces then it is not a cuboid. (True) 
Statement. If a solid has eight faces then it is 
called a regular octahedron. (False) 
Converse. If a solid is called a regular 
octahedron then it has eight faces. (True) 
Inverse. Ifa solid does not have eight faces 
then itis not called a regular octahedron. 
(True) 
Contrapositive. Ifa solid is not called a regular 
octahedron then it does not have eight faces. 
(False) 

h Statement. Ifa number is a prime number 
then itis an even number. (False) 
Converse. If a numberis even then it is a 
prime number. (False) 
Inverse. If a number is not a prime number 
then itis not even. (False) 
Contrapositive. If a number is not even then 
icis not prime. (False) 

  

Exercise 3.8.1 
1 1 1 1al bl el 

d3 e 0 £ 

2ai) 7 ii)§ b Towl =1 
| 1 3a b el 

a0 
5 3 423} b3 

| s n 5a% b3 4 
d3 e Students own answers 

1 
6% 

7ai) 

bi) & 

1 1 1 8a L b1 B 
4L i L 

37 €3 n 
1 1 

85 b3 
9 a RCA RAC CRA CAR ARC ACR 

bi)F 3 ) i) o 
1 1 | 1 10al bl oL a4 L 
5 1 5 4 

e fgs s hog



  

  

  

  

                

  

Exercise 3.9.1 Exercise 3.9.2 
1a Dice 1 1a 

1 2 3 4 

1 | L1214 [31(40 
~ 1 
8|2 |n2(22|32(|42 & 

3 (1,3(23|33|43 

4 [1,4]24]34(a4 

1 1 5 
by ey 41 

2 
2 

Die 2 

3 

bi) % i) § 
oyl 5 W+ w3 

1 1 1 2. 
23 b © i B< 

1 1 3 
dg e £ B 

1 1 1 
€% hg   
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11 
12 
13 
121 
122 
123 
131 
132 
133 
211 
212 
213 
221 
222 
223 
231 
232 
233 
311 
312 
313 
321 
322 
323 
331 
332 
333
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w 
W<L 

D 
w 

w L<L 
D 
w 

D<L 
D 
w 

W<L 
D 
w 

L L<L 
D 
w 

D<L 
D 
w 

W<L 
D 
w 

D L<L 
D 
w 

D<L 
D 

b g i) 37 
o PE 

° 
= 

AN 
AN
 
A 

A 
o 

C
W
E
P
O
W
S
O
O
D
E
O
O
D
E
D
 

£ 5 

- 

  

WWL 
WWD 
wLW 
WLL 
WLD 
wow 
woL 
WwDD 
Lww 
LWL 
LwD 
Lw 
LLL 
LD 
Low 
LoL 
LbD 

DWL 
DWD 
DLW 
DLL 
DLD 
DDW 
DDL 
DDD 

i) 37 

  

s 8ix, Six 
Six " 

< ¢< Not six Six, Not six 

Exercise 3.9.3 

1a 
Roll 2 Outcomes 

    

ik NotsxSix 
Not s x 

T Notsix Notsix, Notsk §xi=8 

bi) & i) 1t 
w15 ) 2L 
W) ie v) 116 

¢ They add up to 1, because either iv or v. 
4 54 98 2a b3 B 5 

5 o | L L, 
L< g OT LLOT 

035 oL 
o L 

088 m%“% 
8 or 085 OT = 

  

bi) 0275 @012 i) 0.444 
v)0.718 

4 0027 
52 075 (056) b 0.75(042) 

¢ 0.75'° (0.06) 
Exercise 3.9.4 

25 16 0 lag b o 
© 

d5r 
5 1 s 

237y bg cxw 
43 

3a b 

s 1 4ak b1 

5.2 b o2



  

Exercise 3.9.5 

  

  

  
  

  

  

      

Exercise 3.10.1 

1 a No (mutually exclusive) 

  

Topic3 407 

3 gy if each month is equally likely, or 355 if 
taken as 30 days out of 365. (Leap years 
excluded — though this could be an extension.) 

4a Ve 
b i) 0.1 ii) 0.9 iii) 0.2 

iv) 04 
5 a 0675 b 02 c 0875 

4077 
6 093 

7 0.66 

8 ¢ Only 23 people are needed before the 
probability of two sharing the same birthday 
is greater than 50%. 

Student assessment 1 

1 a {odd numbersfrom 1 to 7} 
b {odd numbers) 
¢ {square numbers} 
d {oceans} 

7 b2 & 1 
Student’s own answer aw

 

  

A ] 

  

  

  

  

    
  

4 o, r, K}, {w, r, kl, {w, o, k}, {w, o, 1}, {w, 0, r, k} 

5P ={,3517 

6 {(rro)(brr)rbr)(rrb)(bbr)(brb)xbb)(bbb)}
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7 The Amazon river is not in Africa. 

8 p v qmeanseither p orq or both must be true 
for the statement to be true. 
PV g means either p orq but not both must 

be true for the statement to be true. 

  

  

  

                
  

1 1 | 9al b s 
1 

daa 
10 a 

1/2(3]/4|5|6 

H | 1H | 2H | 3H | 4H | 5H | 6H 

T [T | 2T | 3T | 4T | 5T | 6T 

bi) g i) g i) § 

Student assessment 2 

1 (2,4}, 12,6}, 2, 8}, {4, 6}, (4,8, {6, 8}, {2, 4, 6}, 
{2,4,8},12, 6,8}, (4,6, 8 
   

            

   
   
    

  

    
  

b X = fmulciples of 10} 

4 a Let the number liking only tennis be x. 
u 
  

T F 

      

  

  

  

  

  

b 15 c5 d 16 

5a5 b 35 c 40 
d 50 e 15 f12 
g 10 h 78 i 

6 pandg. 

7 
P|a | pra|pva 

Tt o1 T 

T[] F T 

FlT] ¢ T 

Fle| F F             

8 A sttement that s always true. Student’s 
example. 

n o 9a 1 s 
by e 

Student assessment 3 

  

      

1031 

2 u 

bi) i) 3 iii) 37 
i) % v)0
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3a u 

bi) &5 i) 5 
4053 

5088 

604 
7ai)08 i)0.7 i) 0.3 

b i) 006 i) 0.56 i) 038 

Topic 4 

Exercise 4.1.1 

a -1<x<3 :-3<f(x)<5 
b —4<x<0 10<f(x <2 
c —3<x<3 mnge2<f(x) <11 
d domain: y>3 rnge:0<g (y) <} 
e domain:t€ R mnge:h (t) ER 

f domain:y € R mange: f(y) = 4 
g domain: n € R range: f (n) €2 

Exercise 4.2.1 

1a 2375 b 05 e 0125 
d -4 

2a -1 b -6 e 35 
d -16 

3a -4 b -025 e5 
d 275 

4a 275 b 025 e 35 

5 a f(x) = 50 + 100x 
b 300€ 

6 a 

  

  

  

Exercise 4.2.2 
lax-3 bx+5 

43 e 233 

g2x-4  h2x-3) 
x+4 

1% 
2a6 b4 
3a2 b 05 
4a3 b 15 
5a4 b -2 

e 3x 

£ x+6   

x+24 
12
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Exercise 4.3.1 saToaTe T e 5T s 
la x|-al3|2(1|0|1|2]3 yl|of[ali]o[1]a]e 

y|wo[alo|2[2[0]a]n0 

5 10| 

1 sos b x=—4 (-0, - 2.25), minimum b x=2, (2, 0), minimum 
2a 

42 Talal2]-1]o1]2 
x[3[2[o[1[2]3]a]s 

y|-of-a[-1]o[-1]-a][-0 
y|-12[-s|ofs]af[3]o]|-s|2                                           

  

b x = -1,(~1, 0), maximum 

  

b x =1, (1, 4), maximum 

  

 



b x=1, (1, -16), minimum x|-2|-1|0 1|23 

6a 
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b x =4, (025, 6.125), maximum 

8a 
  

  

  y|12|o|-6[-6[0 |1                 
  

  

                
  

   
(0.5, -3.5), minimum 

b x =3 (05, ~6.75), minimum
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9a 

  

                

  

b x=1, (0.875, ~7.0625), minimum 
  

O TS e 1] 2 3 
  

y|-25)-9|-1|-1]-9               -2     

  

b x =1 (05,0), maximum 

Exercise 4.3.2 

1 -2and3 

2 -land1 

33 

4 —4and3 
52 

6 0.5and 3 

71 
8 —tand2 
Exercise 4.3.3 

—1.6and 2.6 

No solution 
2and 4 
-35and2.5 

03and3.7 

Oand 3.5 

-02and2.2 

~tand2 

Exercise 4.3.4 
1a (x+4)(x+3) 

¢ (x+ 12)(x+ 1) 
e (x—6)(x-2) 

2a (x+5)x+1) 
¢ (x+3) 
e e+ 112 

3a (x+12)(x+2) 
e (x-6)x-4) 
e (x+ 18)(x +2) 

42 (x+5)(x-3) 
e (x+4)x-3) 
e (x+6)(x-2) 

5a (x—4)(x+2) 
¢ (x+6)(x-5) 
e (x+N(x-9) 

6a e+ 1f 
¢ (x-3)(x+2) 
e (Bx+2)(x+2) 
g (x+37 
Gx+D(2x-1) 

® 
N
N
 

A
 
e
 
N
 
e
 

F
A
T
 

m
A
C
 

Mm
AC

T 
M
m
o
o
 

m
A
C
 

m
o
o
 (x+6)(x+2) 

(c-3)x-4) 
x-12)x-1) 
(x+4)(x+2) 
(x+5)? 
(x=6)(x-1) 

(x+8)(x+3) 
(x+12)(x+3) 
(x-6) 
(x=5)x+3) 
(x-4)x+3) 
(x-12)(x-3) 
(x=5)(x +4) 
(x+6)(x=17) 
(x+9)(x—6) 
(2x+3)(x +2) 
(x-3)x-2) 
Gr=D(x+4) 
Gr-1p
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Exercise 4.3.5 Exercise 4.4.1 

1a —4and-3 b ~2and -6 lai 
¢ ~5and2 d -2and5 
& “3and -2 £ 3 x|-3|-2|1|0|1]2]|3 

g ~2and4 h —4and 5 fn |00alottfoaa| 1 [ 39 |27 
i —6and5 j —6and7 

2a -3and3 b ~5and5 i 
¢ —12and12 d -25and 25 
e ~2and2 f —tandt 
g —4and -2 h2and4 
i —4and6 j —6and8 

3a -9and4 b -1 
¢ Oand8 d 0and7 
e —15and -1 f ~1and25 
g -12and0 h -9and -3 
i —6and6 j 10and 10 

4 —4and3 

52 
64 bi 

7 x = 6, height = 3cm, base length = 12em x|-3|-2|-1|o0 1 ]2]3 

8 x = 10, height = 20cm, base length = 2em IR R R 

9 x = 6, base = 6cm, height = 5cm i 

10 1lm x 6m 

Exercise 4.3.6 

1a -314and4.14 b -587and 187 
¢ ~614and1.14  d —4.73and =127 
e -689and189  f 338and 562 

2a -530and-170 b -592and 592 
e -379and0.79  d -1.14and6.14 
e -477and377  f -2.83and2.83 

3a -073and273 b -187and587 
e -179and279  d -3.83and 1.83 
e 038and2.62 £ 039and 7.61 

4a -085and235 b -140and0.90 
¢ 014and 146 d -2and -05 
e -039and172  f -154and 139
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fo) 3.125(325(35 | 4 | 5 | 7 |11                     

  

  

  

                    
  

  

                       
  

  

i 

3 

18 
di 

x o -2 |-1]0 1 2|3 

) | -2.875 | -175|-05| 1 361 

i 

¥ 

22 Tem b Ocm e 5hours 
e e = 5%hours 
x =B [ [ = o 1 2 3 

3a =25 b+ 
fix) (3125225 |-15| 1 1 2 5                     4 =43



Exercise 4.4.2 
1 Translation (2' 
2 Strecch parallel to y-axis of cale factor . 
3 Changes the slope of the curve. 
4 Reflection in the y-axis. 

Exercise 4.4.3 

1 16777216 

2 240000 years 
3 4900 million 

4 0.098g 
58 

6 a 358000km? 

b Tyeas 
720 

8 9% 

Exercise 4.5.1 

1 b The maximum and minimum height of the 
curve (the amplitude) is altered. The 
y-coordinate of the maximum and minimum 
points is multiplied by a. 

2 b The frequency with which the graph 

complees one cycle (a period) is 2o, 
3 b The graph is translated by an amount, c, 

vertically up or down, L. it is translated 
0 (2} 

4 b The maximum and minimum height of the 
curve (the amplitude) is altered. The 
y-coordinate of the maximum and minimum 
points is muliplied by a. 

5 b The frequency with which the graph 
compltes one cycle (a period) is 2o, 

  

6 b The graph is translated by an amount, ¢, 
vertically up or down, ie. it is translated 

(%) 
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Exercise 4.5.2 
1a05360° b2,360° ¢ 1,72° 

d1,1440° e 3,180°  f -1,120° 
g -2,720°  h -3,180° 

2 a 1,360° b 3,360° ¢ 2,360° 
d 1,720° e 1,180°  f —1,360° 
g -1,1080° h -1,180° 

Exercise 4.5.3 
1a x=30°150° 

b x=129.0° 331° 
© x=10° 50°, 130°, 170, 250°, 290° 
d x=0°988° 

2 a x=60° 300° 
b x=45°225° 
< 25°, 45°, 112.5°, 202.5°, 225°, 292.5° 
d x=30° 60°, 150°, 180, 270°, 300° 

Exercise 4.7.1 

1 The graph is stretched by a scale factor ‘@’ 
parallel to the y-axis. 

2 The graph s mmlmerl( ”'. 

  

  

Exercise 4.7.2 

1 a i) Vertical asymptote: x = ~1 
Horizontal asympote: 

ii) Graph intercepts y-axis at (0, 1) 

i) 

  

  

b i) Vertical asymptote: x = —3 
Horizontal asymptote: y = 0 

i) Graph intercepts y-axis at (0, ) 
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i) 

  

¢ i) Vertical asymptote: x = 4 

Horizontal asymptote: y = 0    

v 

  

[ T 
! 
  

  

[ 
Ji 
|| 

=] 
F=0 3 4 
  

  

  

                4 

d i) Vertical asymptote: x = 3 
Horizontal asymptote: y = 0 

i) Graph intercepts y-axis at (0, ) 
iii) ¥ 

  

      
          

  

iz 
0| 

T 

Ll_. 1] 
2 a i) Vertical asymptote: x = 0 

Horizontal asymptote: y = 2 
i) Graph intercepts x-axis at (1, 0 

i) v 
  

  

  

  

54 29 2 4 6 8 10x 

  

    

  

  

                  
  

b i) Vertical asymptote: x = 0 
Horizontal asymptote: y = 

ii) Graph intercepts x-axis at (5, 

i) ¥ 

    

  ¢ i) Vertical asymptote: x 
Horizontal asymptots 

i) Graph intercepts xaxis at (3, 0) and y-axis at 
0,3) 

i) v 

   

  

  

  
    

  

  

  

      

] e,k ’i‘ 

EEERLcEe 
i 
el B       

  

d i) Vertical asymptote: x = 
Horizontal asymptot 

ii) Graph intercepts x-axis at (-3, 0) and 
y-axis at (0, —3) 
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3 a i) Vertical asymptote: 
Horizontal asymptote: 

ii) Graph intercepts y-axis at (0, 1) 

i) ) 

    

b i) Vertical asymptote: 
Horizontal asymptote 

i) Graph intercepts axes at (0,0) 
i) 

    

    - 

¢ i) Vertical asymptote: 
Horizontal asymptote: y = 0 

i) Graph interceprs y-axis at (0, ~2) 

    

i) 
  

  

  

        

  

-2 
HEEE SR ) B               el 

d i) Vertical asymptote: x 
Horizontal asymptote: 

i) Graph intercepts x-axis at (3, 0) and the 
yeaxis at (0, 3) 

i) 

    

  

  

  

          

Exercise 4.7.3 
1 a i) Vertical asymptotes: x 

Horizontal asymptote: 

i) Graph intercepts y-axis at (0, 7) 
i) v 
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i) Graph intercepts y-axis at (0, ~75) 

iii) ¥ 
gt 

    

    Horizontal asymptote: y 
i) Graph intercepts x-axis at 

  

iii) ¥ 
  

  

  

  

[ | 
[ 
[ 

L1 | 
46-"—20 2 6 10 x 

[ 
| 

  

  

                  
  

d i) Vertical asymptote: x = 
Horizontal asymptote: y = ~3 

ii) Graph intercepts the x-axi 

and the y-axis at (0, - 
i) ¥ 

  

    

    

  

-i08 % 

[ 
2 a i) Vertical asymptotes: x = —4 and 1 

Horizontal asymptote: y = 0 
i) Graph intercepts the y-axis at 

  

  

  

i) Y 
  

  

  

  

  

  

  

                  
  

  

   
b 

Horizontal asymptote: 
ii) Graph intercepts the y-axis at 

i) ¥ 
  

  

  

  

  

2| | 
  

                  !   

¢ i) Vertical asymprote: x 
Horizontal asymptote: 

ii) Graph intercepts the y-axis at (0, 4) 

i) ¥, 

   

    

   

  

-0 

d i) Vertical asymptotes: 
Horizontal asymptote: y 

i) Graph intercepts the xaxis at 2 
and the y-axis at (0, )
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Exercise 4.7.4 

1ai) 7 

    1 

ii) Graph intercepts the y-axis at (0, 6) 

i) (x4 3)(x+2)(x+1) 

b i) ¥4 

  

i) Graph intercepts the y-axis at (0, 3) 
i) (x+088)(x— 1.35)(x~ 2.53) 

  

  

    

      
  

  

            

  

ii) Graph intercepts the y-axis at (0, 0) 

i) x(x+3)(x—4) 

  

  

ii) Graph intercepts the y-axis at (0, 0) 

i) x(x+2)(x-2) 

2R i 

  

   
     

| 

| 
564 pO0[ 2 

| 

I 
   

  

      

ii) Graph intercepts the y-axis at (0, 2) 

i) (x+2)(x=1)(x-1)
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b i) 

  

i) Graph intercepts the y-axis at (0, 0) 
i) (x— 2)(x-2) 

e i) 4 
  

  

  

    
  

  

          
  

  

    

  

  

          
ii) Graph intercepts the y-axis at (0, -40) 

i) ~(x+5)(x = 2)(x—4) 

  

e x=land} 
x=-2,1and 4 

x=02and 49 
x=-16and 1.0 
x=-05,0.7and 59 
x=-08and 1.3 
x=04and 2.2 
x=17.6° and 162.4° 0 < x <360 

Student assessment 1 
1 biisnota function as each input value should 

only produce one output value. 

  

e
 

o6
 

on
 

2 a domain: ~3<x<1 range: ~11<f(x)<1 
b domain: x € Rrange: f(x) 20 

3 3<flg)<27 

4a5 b -1 e AL 
5a f—‘(x)=3—§ 

bl =3x+6 

6a5s b2 

7234 bGS < 
8a y, 

220 

200 

180 

160 

140 
120 
100 

80 

60 

40 

20 

  

0 20 40 60 80 100 X 

b i) =50°F i) ~104°F iii) ~176°F
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9a Rn)=12n Student assessment 3 

b 1ab ) 
¥y 4 

30000 3 

25000 2 

20000 1 

15000 

10000 9 x 
5000 2 

0 5000 10000 15000 20000 25000 30000 X -3 

20000 copies 
d =24 million euros (Exact 2415000€) 2ab ) 

Student assessment 2 
1 

x -3[-2|-1{0|1]|2]3 
  

                       

  

- 3ab 
| 
| 
| 

¢ Range: ~1125 <f(x) <9 
22 fix) = (x-3)x-6) 

b h(y) = By - 2)(y + 1) 
¢ fix) = (x - 5)(x + 2) 
d h(x) = (2x - 1)(x + 4) 

3a x=—-4and-2 
c x=-5 

4 a x=0.191and 131 
b x=262and -0.228 

5 8244.13€ 

6 211.8x 

7 22 years 
8 17m 

    

4ab   
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5 x=20.9°and 69.1° 

6 x =109.5° and 250.5° 

7 a Vertical asymptote x = 3 
Horizontal asymptote y = 1 

b (0,4) and (1,0) 

& 4 
0     

8 a Vertical asymptote x = 2 
Horizontal asymptote y = ~1 

b (0,-3)and (3,0) 
= v 

  

9 a Vertical asymptotes x = —1 and 5 
Horizontal asymptote y = 0 

b (03) 
c v 

2     

10 a Vertical asymptotesx = 2 and 3 
Horizontal asymptote y = 2 

b (0,24) 

     

  

s   

Topic 5 

Exercise 5.1.1 

1 a ii) 566 units 
ii) 424 units 
ii) 5.66 units 
ii) 894 units 
ii) 632 units 
ii) 671 units 
ii) 825 units 
ii) 894 units 

i) (3, 4) 
i) (45, 2.5) 
i) (3, 6) 

    
ii) 825 units 
ii) 10.82 units 

a i) 425 units 
b i) 566units 
c i) 894 units 

d i) 894 units 

e i) 424unis 
£ 
g 
h 
i 

—
e
 
@ 

e
 

a6
 
o
 

  

i) (25,25 
ii) (5,4) 
i) (4,2) 
ii) (5,0) 

i) 447 units 
i) 721 units 
i) 721 units 

i d) 1237 units 
849 units 

k i) 11 units 
1 ) 825units 

Exercise 5.2.1 

1ai)l 
bi)l 
ci)l 
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¢ The constant being added/subtracted 

      
        

' 
=3 indicates where the line intersects the y-axis. 
(z 5 b Only the intercept c is different. 

T 6 The lines are parallel. 
a Exercise 5.2.3 

i) infinite 1 b 
i) 0 d 
i) —4 t 
i) -3 h 

1 
i) 1 2 bm 
)L dm 
0 2 fm 

e i) -1 i) 1 hm 
£1) -2 i) 5 
g2 Wl 3 bam 
Wit W -2 dos 
it e o 
-1 i) 1 " 

ki)o i) infinite 
1) -4 i) § 4 b 

Exercise 5.2.2 dm 
fm lay=7 

e x=1 b i 
g y=-x bm 

2ay=x+1 dm ¢ ymz-2 
1 fm e y=less 

hm 
3ay=-x+4 

y=-2-2 
e y=-+2 £ ym—disl 6a 

4a2a1 bl cl d2 e3 £} 

3a-lb-lc-2d-fe—3 f-4 4 
b The gradient s equal to the coefficient of x. i
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i) 2x-y-1 
i) 3x-y+1 
i) 2x-y+3 
ii) x-y-4=0 
i) 4x-y+2=0 
i) x+y-4=0 
i) 2x+y-2 
i) 3x+y+1 
i) x-2y=0 

i) x—Ty+26=0 

i) 6x—Ty+4=0 
i) 3x-2y+15=0 

0 

        

i) 9x—y— 1 
i) x+2y-5= 

i) 3x+13y-70=0 
#)y-2=0 
i) 3x+y=0 
i) x-6=0 

   
Exercise 5.2.5 

1a y
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Exercise 5.2.6 

1a 

S 

m
a
o
 

m
o
T
 

m
A
o
 

m
o
o
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3ailm=1c=1 ci)m=2c=4 

ii) ii) 

   
di)m=3c=4 

  

4ay=3x-4 by 
cy=2-5 dy 

=2x+7 
—4x+3 
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5a x=2y=2 
bx=1y=-1 
¢ x=2y=4 
dx=-2y=0 

Student assessment 2 

1a 40cm b 

d 39cm 

2a 37° b 

434 
3 a 50em b 

d 285cm 

Student assessment 3 

1 a 160.8km b 

20 o= b ¥ 
515 
X (x+16 

3 a 285m b 

4a 196kn b 
5a 403m b 
6 Students graph 
7 a sin130° b 

d —cos60° 
8 134° 

Stadent assesment 4 
1a 1.7em b 

2 a 108cm b 

d 49° 

3 Students graph 
4 a —cos52° b 

5a 98cm b 

6 a 6784m b 

Student assessment 5 

1a 180m b 

d 278m? 

2a 12.7em b 

d 147cm 

439cm ¢ 208cm 

56° e 31° 

6.6cm ¢ 93em 

177.5km 

_ 15 
tanf = Gr 16 

32m e 8.88° 

17 c 297° 

342km ¢ 357km 

1850 

sin30° ¢ —cos135° 

12.3cm c 29° 

11.9cm c 30° 

cos100° 

30° ¢ 19.6cm 

11.6° c 718.0m 

27° c 288m 

67° c 934cm? 

38°,322° b 106 254° 

  

4a 

b 6 =45°225° 

5 a 58cm b 6.7cm ¢ 78em 
d 47° e 19cm? £ 370 

6 a 31.2cm b 25.6cm ¢ 32.6cm 
d 14.6cm e 27.6cm 

Student assessment 6 

1 a 5309cm? b 11503 cm® 

2 a 1210.7cm? b 2897.9cm® 

3a 229em b 2292cm? ¢ 985.1cm? 
d 1833.5cm? 

4 a 904.8cm’ b 12.0cm ¢ 134cm 
d 958.2cm? 

5 a 100em b 821ecm’ ¢ 718cm’ 
d 30.8cm?® e 4llcm’ 

Topic 6 

Exercise 6.1.1 

Discrete 

Continuous 

Discrete 

Continuous 

1 

2 

3 

4 

5 Discrete 

6 Discrete 

7 Continuous 

8 Discrete 

9 Continuous 

10 Continuous
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Exercise 6.2.1 

la 
  

Number of chocolates Tally | Frequency 
  

35 
  

36 M 
  

    o
l
w
|
~
|
a
 

        

  

  

    
  

      
  

3 96 37 38 
Number of chocolates 

2 Student’s own results 

Exercise 6.3.1 

1a Class 12X 
  

Score Frequency 
  

31-40 
  

41-50 
  

51-60 
  

61-70 
  

71-80 
  

81-90 
  

91-100 w
l
o
l
o
|
s
|
w
l
e
 

  

Class 12Y 
  

Score 

31-40 

Frequency 

  

41-50 
  

51-60 
  

61-70 
  

71-80 
  

81-90 
    91-100   ol

 
a
|
n
|
w
|
o
|
o
|
w
 

  
  

  

  

  

  

  

  

  

  

          

  

  

  

  

  

                  

b Student’s own response 

2 
Number of apples Frequency 

1-20 9 

21-40 6 

41-60 7 

61-80 n 

81-100 7 

101-120 4 

121-140 4 

141-160 2 

Exercise 6.3.2 

1 

ok 
8 

AL 
> 6F 

g st 
B oar 

3 
2F - 

'L T 
o 1. 2 3 4 5 6 7 8 

Distance (km) 

2 

8 

7 
6 

g s 
§ 4 

Es 
2 
i 

   145 150 155 160 165 170 175 180 185 
Height (cm)



  

  

  

  

  

  

  

            

  

  

  

  

  

  

  

3a 
Time (min) | Frequency """i';" 

0si<10 6 06 

10se<15 3 06 
1550220 13 26 

20s1<25 7 14 
2551<30 3 06 
30s1<40 4 04 

4051<60 4 02 

b 

26 
24 
22 

£ 20 
g s 
$ 16 
714 
§ 12 

10 
Eos 

0 
04 
02 

0 5 10 15 20 25 30 35 40 45 50 55 60 
Time (min) 

4a F 
Age (years) | Frequency "““;;’ 

0sa<t 35 35 

15a<5 8 12 
5<a<10 140 3 

10€a<20 180 18 
20<a<40 260 13 

405a<60 280 14 
60<a<%0 150 5           
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0 10 20 30 40 50 60 70 80 90 
Age (years) 

Fr
eq
ue
nc
y 

de
ns
it
y 

   0 5 10 15 20 25 30 35 40 45 50 66 60 65 70 75 80 
Age (years) 

b Student’s own answers 

Exercise 6.3.3 

Lolo 
1456678 
112234677888 

033334667889 
6668 
2244588 
233578 
1246 
358 

4899 
1258 
233799 
00333889 
47 
04 

Key 2| 5means25 

Key 5 |2means52 

Key 5|8means58 

c
o
m
N
o
n
 

N
O
G
A
 

w
r
n
a
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Exercise 6.3.4 ¢ Median ~ 1.8 hours 
| Sudent’s own d As many mnners finished hefore as after the 

S own response ‘median. 
2 

2008 2009 28 
864 2 Key 5| 2means52 ClassA | CassB | ClassC 

65532 3 
821| 4 (6668 Score | Freq. |Cum. | Freq. | cum. | Freq. | cum. 

4| 5|2244588 freq. freq. freq. 
43| 6|233578 
82| 7(1246 0<x<20 2 1 o o 1 1 

86862 8358 
9 20<x<40 5 6 o o 2 3 

50|10 
40<x<60 6 12 4 4 & 5 

3 
A B 60<x<80 3 15 4 8 4 9 

89|09 
12224466788 | 1(1456678 Bsx<i0] 3 |8 42|87 
1122233589 (2[112234677888 
2334567899 (3|033334667889 

b Class A 
Key 2 |5means25 

18- 

Exercise 6.4.1 6l 
= 

1la 14 - 

§ 
Finishing E 
time (h) 0— |0.5—1.0—1.5—|2.0— (2.5—|3.0-3.5 o s 

Frequency | 0 | 0 | 6 |34 ] 16| 3 1 3 6l | 

Cumulative| 0 0| 6 |40 [ 56 | 59 60 g 4 3 
frequency 2F | 

i 
b 0 20 4 60 80 100 

Test score 

& Class B 

50 18 
16 

4 14 - 

30 12 

10 

8 

Cu
mu
la
ti
ve
 
fr
eq
ue
nc
y 

3 

Cu
mu
la
ti
ve
 
fr
eq
ue
nc
y 

  

N 
a
o
   05 10 15 20 25 30 35 

Finishing time (n) 

 



Topic6 437 

     
  

  

  

  

  

  

  

  

  

b 2007 

18 30 
1 % 
14 2 
2 2 

£ 10 2 
.é 8 3 20 

HR 8 
& . £l 

2 % “ 
i 3 n 

0 20 4 60 80 100 g 10 
Test score s 

¢ Class A median ~ 50 ¢ 
Class B median =~ 70 4 
Class C median ~ 78 2 

d As many students were above as below the - 
median. 150 155 160 165 170 175 180 185 

3a Height (cm) 

2008 

2007 2008 2000 20 
Height (cm) | Freq. | cum. | Freq. | Cum. | Freq. | cum. 28 

freq. freq. freq. 2 
150<h<t1ss| 6 | 6| 2| 2| 2| 2 24 

155<h<t160| 8 | 14| 9 |11 |6 | 8 5 zi 

160<h<165| 11 | 25 | 10 [21 | 9 |17 8 15 

165<h<170| 4 | 29| 4 |25 | 8 | 25 £ 

170sh<17s| 1 | 30 | 3 |28 | 2 |2 g 

1ssh<o| o |30 | 2 [30 [ 2 |2 E ‘i 
1 

180<h<185| 0 |30 | 0 |30 | 1 |30                 
  

a
0
 

  

150 155 160 165 170 175 180 185 

Height (cm)
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CQ
um
ul
at
iv
e 

fr
eq
ue
nc
y 

v
n
r
o
o
d
R
E
s
s
 
S
R
R
E
E
R
E
 

  

150 155 160 165 170 175 180 185 

Height (cm) 

© Median (2007) ~ 161cm 
Median (2008) ~ 162cm 
Median (2009) ~ 164cm 

d As many students are taller than the median 
as shorter than the median. 

Exercise 6.4.2 

1 a Clas A =30 

Class B = 30 

Class C= 40 
b Students own responses 

2 a 2007 = Tem 

  

  

2008 ~ 8cm. 
2009 = 8cm 

b Student's own responses 

3a 

Distance thrown (m) | 0— |20 | 40— | 60— | 80—100 

Frequency afofis]w0]| 2 
  

            Cumulative frequency | 4 | 13 | 28 | 38 | 40   
  

¢ Qualifying distance ~ 66m 
d Interquartile range ~ 28m 

CG
um
ul
at
iv
e 

fr
eq
ue
nc
y 

   
40 60 80 100 

Distance thrown (m) 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

e Median = 50m 

4a Tk 

Mass () | Frequency | Cum. freq. 
75— 4 4 

100— 7 n 

125— 15 26 

150— 32 58 

175— 14 72 

200— 6 78 

225-250 2 8 

Type B 

Mass (g) Frequency | Cum. freq. 

75~ o o 

100— 16 16 

125— 43 59 

150— 10 69 

175— 7 76 

200— a4 80 

225-250 o 80       
  

 



Topic6 439 

  

  

  

  

  

          
  

  

  

  

  

  

  

  

  

        
  

b Exercise 6.4.3 

La Goals scored | Goals let in 
80 B Mean 115 200 

5 & i) Median 1 2 

£ s i) a, o 1 
2 a0 
s v) a5 15 3 
3 % 
8= P 15 2 

10 b 

0 75 100 125 150 175 200 225 250 Goals letin 

Maea ) Goals scored 
Type B 

1 2 3 4 5 

80 g ¢ Student’s own report 

E— o 2a ResortA | ResortB 
50 

2 Mean 85 85 

i ® - 
3 30 ii) Median 8 8 

S i) q, 7 s 
© V) a; 10 9 

0 75 100 125 150 175 200 225 250 W R 3 1 
Mass (g) 

b 
¢ Median type A ~ 157¢ 
Median type B~ 137¢ T Aesana 

d i) Lowet quartile type A = 140g ] R 
Lower quartile type B ~ 127g 

ii) Upper quartile type A = 178¢ 12345678 9101112 
Upper quartile type B ~ 150g ) o 

) Tovenquatle type sange ype A = 38g 3 Studentsown explanation using the box and 
. whisker plots below. Interquartile type range type B ~ 23g 

¢ Student’s own report o 
5 a Student's own explanation s 

b Student’s own explanation 
01 2345867891011
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Exercise 6.5.1 

1 a Mean = 14 
Mode 

b Mean 
Mode 

¢ Mean 
Mode 

d Mean = 13955 
Mode = 13.8s 

2 9L1kg 
3 103 points 
Exercise 6.5.2 
1 Mean = 3.35 

Mode = 1'and 4 
2 Mean = 7.03 

Mode =7 
3 a Mean 

Mode = 
b The mode asit gives the highest number of 

flowers per bush. 
Exercise 6.5.3 

a 29.1 
b 30-39 

a 609 
b 60-69 

a 5mins 50secs 

b 0-4 
¢ Student’s own comments 

Median = 1    
Median = 6.5 

Median =27 

Median = 13.9s 

Median =3 

Median = 7 

   
.33 Median =7 

1 

  

i) 7 iii) 5 

i) 16 

i) 3.9 iii) 1.6 

i) 6 iii) 2 

    

3i) 7153 i) 8 iii) 1 

iv) 144 

41i) 212 i) 6 
iv) 1.69 

5a 8 b 1192 

6a 65 b 018 

Exercise 6.7.1 

1 Students’ answers may differ from those given 
below. 
a Possible positive correlation (strength 

depending on topics tested) 
No correlation 
Positive correlation (likely to be quite strong) 
Negative correlation (likely to be strong) 
Depends on age range investigated. 0 16 
years likely to be a positive correlation. Ages 
16+ little correlation. 

£ Strong positive correlation 

6
6
 

o 

2 a  sunshine and rainfall correlation 

  

5 10 ® 
Sunshine (hours) 

Graph shows a very weak negative 
correlation. Students answers as to whether 
this is what they expected. 

Ra
in
fa
ll
 (

mm
) 

o 
m
s
o
 

- 
w ® Adult illiteracy and infant mortality correlation 

e 
5100 
LS80 
3 60 
£ 40 
ém 

  

0 x w w & 
Adt ilteracy (%)



b Students answer, however it is important to 
stress that although there is a correlation, it 
doesn't imply that one variable affects the 
other. 

¢ Students's own explanations 
Female and male life expectancy correlation 

gwo 
g 80 
& oo 

40 
20 

  

Ma
le
 i

fe 

0w  © e 8 100 
Female life expectancy 

4ad Distance travelled and time 
‘taken correlation 

Ti
me

 
(mi

n) 
2
8
8
8
8
 

  

° 510 15 20 25 30 
Distance (k) 

b (Strong) positive correlation 
¢ Students's own explanations 
e =30mins 
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Exercise 6.7.2 

lac 

vy 
21 

20| 

o 
He
ig
ht
 j

um
pe

d 
(m

) 

& 

17 

  

0 Viz 18 19 % 
Height of competitor (m) 

b %=1%8m §=18m 
d r=079 

This implies a fairly good correlation, i.c. the 
taller the competicor, generally the greater 
the heightjumped. 
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2ac 

Fi
na
l % 

Mock % 

b T=643% 3=643% 
d r=0 

This implies a very strong correlation 
between the mock % and the final % for 
English. 

3ar=08 
This implies a strong correlation between the 
mock % and final % for mathematics. 

b Although both show a strong correlation 
between mock % and final %, the results 
appear to suggest that it is stronger for 
English. 

4 ab Students solutions and justifications 
5 a-d Srudent’s own data, graph and analysis. 

e ris likely to be lower for 11-year-old students 
than for 17-year-old students as children of 
11 are at different stages of development. 

    

Exercise 6.8.1 

1ar=-095 
y = ~1.468x +92.742 
3 = 66 minutes 

‘A valid estimate as 18 hours s within the 
data range collected. 

22 r=0970 b y=0866x - 24433 
1Q:95—5 1B:58%  IQ: 155 — IB: 110% 
The estimate for the IQ of 95 is valid as it 
flls in the range of the data collected. The 
estimation for the IQ of 155 is an 
extrapolation producing an IB result greater 
than 100% and is therefore invalid. 

3 a r=0.973 indicates a strong positive 
correlation between the salary and the 
number of years of experience. 

b y=000116x — 28,552 
© x=$33200 — thisis a valid estimate as 10 

years falls within the data range collected. 

a 
b 
c 
d 

o



d 87 years experience — this value fals outside 
the data range collected. The result implies a 
fire fighter approximately 100 years old, and is 
therefore invalid. 

= —0.946 indicates a strong negative 
correlation, i . as height increases, 
temperature decreases. 

b y=-000189 + 74 
¢ Height = 41000m — although ~70°C is 

slightly outside the data range, this is 
‘marginal and therefore the answer is likely to 
be valid. 

Exercise 6.9.1 
1 a H,: A person’s opinion regarding the 

wearing of safety helmets s independent of 
whether they are a cyclist or not. 
H, : A person's opinion regarding the 
wearing of safety helmets is dependent of 

  

  

  

            
  

whether they are a cyclist or not. 
b 

Helmet Helmet Total 
compulsory | voluntary 

Cyclist 125 175 300 

Non-cyclist 125 175 300 

Total 250 350 600 

c X2 =98.743 

d 1 degree of freedom 
e The tble gives a critical value of 3.841. 

98.743 > 3.841, therefore the null hypothesis 
is rejected. The opinions are dependent on 
whether they are cyclists or not. 
H : Being given the drug and living for more 
than 3 months are independent events. 
H,  Being given the drug does affect the 
chance of surviving for longer than 3 months. 

  

  

  

  

b 

Ao ater | MUY 
3months. 

Given drug 7881 61.19 140 

Given placebo 7319 56.81 130 

Total 152 18 270           
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© X = 4040 
d 1 degree of freedom 
e 4040< 6.635, thercfore the null hypothesis is 

valid. The drug does not affect the chances of 
survival 

3 a H: Beinga smoker does not cause high 

  

  

  

              

blood pressure. 
H, : Being a smoker does cause high blood 
pressure. 

b 
High blood | Normal blood | Total 
pressure | pressure 

Non-smoker 96.63 3337 130 

‘Smoker 34937 12063 470 

Total 446 154 600 

c X2=8215 

d 1 degree of freedom 
e 8.215 > 6.635 therefore the null hypothesis is 

rejected. Smoking does cause high blood 
pressure. 
H : Gender and holiday preference are 
independent events. 
H, : Holiday preference is affected by gender. 
  

  

  

                  
  

Beach | Walking | Cruise | Sail | Ski | Total 

Male | 6893 | 4017 |30.59 |26.93(43.37| 210 

Female| 82.07 | 47.83 | 36.41 |32.07 |51.63 | 250 

Total 151 88 67 59 95 | 460 

c X2=12233 

d 4 degrees of freedom 
e 12233 > 7.779 therefore the null hypothesis is 

rejected. Holiday preference is dependent upon 
gender. 
H : Age and musical preference are 
independent. 
H, : Musical preference is dependent on age. 

b X2 = 49077 
8 degrees of freedom 
49.077>15.507 therefore the null hypothesis 
is rejected. Musical preference is dependent 
upon age. 

a
n
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Student assessment 1 

  

  

  

  

  

  

            

  

1a Disrete b Discrete ¢ Continuous 
d Discrete ¢ Continuous f Continuous 
g Continuous 

2a 
Time (min) | Frequency | Frequency density 

0<:<30 8 03 

30<:<45 5 03 

455t <60 8 05 

< 
kb % o8 i) Median ~60% 
75<e<o0 10 07 i) Lower quartile ~ 52% 
90<:<120 2 04 Upper quartile ~ 74% 

s 4 i) IQR =~ 22% 
b 

    
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

            

  

Mark (%) | Frequency | Qumulative 
& frequency 

z 07 1-10 10 10 
2 o6 

11-20 30 40 
3 05 
g os 2130 ) 80 
E : 31-40 50 130 

41-50 70 200 

0 15 30 45 60 75 9 105 120 81260 100, 200 
Time (min) 61-70 20 540 

3 Key 413 means 4.3 T80 160 0 
Boforo training B Qfl%fniriru 81-90 70 770 
865421522334455689 
7773304356788 10 el 00 
988633 

943 B 
42 o) Frequency | Cumulative 

frequency 800 

31-40 2 2 700 
41-50 55 7% E”’ 

51-60 125 201 E50 
g 40 

61-70 74 275 § 300 

71-80 52 327 E 20( 

81-90 45 m 10 
91-100 28 400            
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c Agrade>72% d Fail <50% 

e 200 pupils failed. £ 200 pupils achieved an A grade. 
6a 

Time (mins) | 10 ¢<15 | 155¢<20 |20 =¢<25 | 25=£<30 | 30 t<35 |35 <t<40| 40 <45 

Matorway 3 5 7 2 1 1 1 frequency 
Motorway 

amulative 3 8 15 1 18 19 2 
frequency 

Country lanes o o s 10 1 o o frequency 
Country Lanes 
amulative o 0 9 19 2 2 2 

frequency 

b Country lanes times to get to work 
20 
181 

Sl 
14l 

Frof 
o 10 
e 
5o 3 4 o 

% 015 20 25 a0 3 
Time (mins) 

Motorway times to get to work 

  
5 0 1520 25 

Time (mins) 
¢ i) Motorway median =~ 21mins 

ii) Motorway lower quartile =~ 17 mins 
Motorway upper quartile = 25 mins 

i) Motorway IQR = 8 mins 
d Student’s explanations 
e Students explanations 

  

0 3% 40 & 

Country Lanes median =~ 26 mins 
Country lanes lower quartile ~ 23 mins 
Country lanes upper quartile ~ 28 mins 
Country lanes IQR = 5 mins 
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7 Box and whisker plot A islikely to belong o~ 12 a i 
mixed ability class + student’s explanation. Group g Frequency 
Box and whisker plot Bis likely to belong to 
‘maths set + student’s explanation. 0-19 95 o 

8 a Mean =54 Median =5 20-39 25 4 
Mode = 5 40-59 495 9 

b Mean = 75.4 Median = 72 
Mode = 72 5079 98 2 

€ Mean = 13.8 Median = 15 80-99 895 6 
Mode =18 

d Mean =61  Median =6 100113 1095 4 
Mode =3 120-139 1295 4 

9 6lkg b 755 

10 a 283 b3 3 5 
i Student assessment 2 

8| 
La & Mid-interval | 

i roup value requency 

E 10-19 145 3 

E- 4 20-29 245 7 

® . 30-39 345 9 

40-49 us 2 

0 123456 2050 545 4 
Numboriof pots 60-69 645 3 

11a 24 b2 3 . s = 

b 392 

238 

3a 205 b5 c 126 

4 Student's answers may differ from those give 
below. 
a Negative correlation (likely to be strong). 

Assume that motorcycles are not rare or 
vintage. 

b Factors such as social class, religion and 
income are likely o affect results. Therefore 
litdle correlation i likely. 

 



5a Gloves sold and outside 
temperature correlation 

N
u
m
b
e
r
 

of 
pa

ir
s o

f 
gl

ov
es

 

3
8
8
5
8
8
3
 

  

0 510 1520 25 30 
Mean outside temperature 

0y 

b The graph indicates a negative correlation. 
¢ Student’s own explanation 

y = 76241x + 3.76 x 10¢ 

b r=0277 
¢ There doesn't appear to be a correlation 

between a footballer' salary and his 
popularity. This gives some weight to the 
newspaper report. 
H : The drug has no effect on the dog's 
condition. 

H, : The drug improves the dog’s condition. 
  

  

  

              

Did not improved | L 0, | Toal 

Given drug 16868 91.32 260 

Notgivendrug | 9732 5268 150 

Total 266 144 410 

c X =2.061 
d 1 degree of freedom 
€ 2061 < 3841 therefore the null hypothesis s 

supported, i.¢. the drug does not significantly 
improve the dog's condition. 
H : The opinion on whether to ban fox 
hunting is independent of whether you live 
in the city or the country. 
H, : The opinion on whether to ban fox 
hunting is dependent of whether you live in 
the city or the country. 

Topic 7 447 

b X2 = 168301 
© 1683.01> 6.635 therefore the null hypothesis 

is rejected, i.c. the opinion to ban fox 
hunting is dependent on whether you live in 
the country or the city. 

  

  

  

  

  

  

  

  

  

  

  

Topic 7 

Exercise 7.1.1 

1a4 b6 ¢ -2 
d 2% 

2a4 b8 c -8 
d 4x 

3al b2 c3 
dx 

Exercise 7.1.2 

1aose pdoa 

c %=Zx+2 d :‘kl=zx 

B3 (Do 

2 | function f(x) | Gradient function fx) 
* 2% 

2 « 

1% x 

Rax 21 

» ¥ 
S 6 

P+ 2 Ax+2 

x-2 2% 

3x-3 3 

22 -x+1 ax-1       
  

4 If then f(x) =md,en%xl=mw-l. 
Exercise 7.1.3 

1a4d b 5¢ c bx 
d 158 e 182 £ 562
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2ax 

d 28 

w
 

o s 
@
 

s R | = 

| W ¥ ~ R 

w ® ! o ¥ L + 

e 
| 5 + ~ 

aw
 

~ | ES 

- o 5 | w g 
o 

® 
= 

6 
= 

o
o
 

6
o
 

8
-
 

6
o
 

2 el 
5 3 
e 3 

14x c 145 

45 £ 
6 i0 

b 15— 4x 
d 182 - 6x+1 
£ 2-x+1 
h -30¢+ 126 -1 

4 e bx+1 

6x+3 f 62— 8x 

4x+17 i3d-4x-3 

It e 4 
ot £ 2 
2a! v 3t 
3 2 

b 4x-x? 
d -3t 32 
faoxt 

66+ 2t c 158 -2t 
-3 f 40+ 2 

“u?-1 ¢ -k34r? 

I I S 
1-2¢ 3 
x-x?  f 3 

b4 
4382447 
£ -9+ By 

  

1222-1 ¢ 10 
1 L £0 

b 6x4+ 6x 
d 4t 
£ 12x4 - 2x73 

3a6e-6 b 62+ 3x 
¢ 242 d 12x4 -2 
e 200 £ 121 - x) 

Exercise 7.3.1 
1a6 b -3 <0 
do e —fand5 f 6 

L 2t b -2 
¢ 3% d-3 

31 e 3d £ -36 and -68 

3ai) 4 i) 314 iii) 72 
)0 

N 3 b =02 

ci) 8 i) 161 i) 6 
iv) =50 
The graph increases during the first 67 
seconds, hence number of new infections 
increases. When ¢ = 10 the graph is at zero, 
hence number of new infections is zero. 

The rate is initially increasing, i.e. the 
gradient of the graph is increasing. After 
approximately 4 seconds, the rate of increase 
starts to decrease, i.¢. the gradient of curve is 
less steep. After L0 seconds the gradient is 
negative, hence the rate of increase is 
negative too. 

D23m i) 2000m 
;lfi =60c-3¢ 

i) 108mh! i) 225mh! 
The steepness of the graph indicates the rate 
atwhich the balloon is ascending. After 20 
hours the graph has peaked therefore the rate 

of ascentis Omh-. 
The steepest part of the graph occurs when 
¢ = 10 hours. Therefore this represents when 
the balloon is climbing atis fastest. 
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Exercise 7.3.2 
1a (3,6) b (25,19.75) 

¢ (2,10 d (0,-1) 
e (3,15 £ (-5,-14) 

2 ()25 
b (-1, -43) and (-3, -9) 

e -5 
d (1,4)and (-4, -18) 

3adogiin b Lecconds 
e Ssoconds 4 5m 

4a 20°C b %=Z4:—3z1 
e i) 21°Chuin 

ii) 48°C/min 
iii) 0°C/min 

d t=2or6minutes e 236°C 

Exercise 7.3.3 
laf()=2x-3 

1 

  

2a4 
3a -4 
4a -4 
cy=5 

5a 2x+1 b (=6, 10) 
c (-4,10) 

6a f()=-x-1 b -3 
¢ (@2,-8) 

Exercise 7.4.1 
Lai)f()=2x 
bi)f(x)=2x-3 
¢ i) f(x) = -2x+10 

  

ii)x>0 
x> 
i)x<s 

d i) £(x) =32 — 24c + 48 
i) x<4and x> 4 

e i) flx)=-32 +125 
i) = <x< 
33 

D)) =2-x 
i) ~l<x<Oandx>1 

a x<0 b x<3 e x<5 
d never   € xc—ands 

3 3 
f x<-landO<x<1 

afx)=2+1 
2 = 0 for all values of x, = x2 + § > 0forall 
values of x 
Therefore f/(x) is an increasing function for 
all values of x. 

bf)=x-l-x=2(l-2)-1 
Whenx<—lorx>1- (1 - ) <0 

thercfore f/(x) < 0 
When ~1<x<1-0<2 (1 -2)<1 
thercfore f/(x) < 0 
Hence f (x) is a decreasing function for all 
values of x. 

  

4 k< 

Exercise 7.5.1 
Taif()=2-3 (,4) 

bi) f()=2x+12 (-6, -1) 
c i) f)=-2c+8 i) (43) 
di) flx)=-6 ii) no stationary points 

20 i) f(x) =3¢ -Ux+48 
ii) (4, 6) 

bi) f(x)=3d-12 
i) (=2, 16) and (2, ~16) 

¢ i) f(x) =32 —6x—45 
i) (=3, 89) and (5, ~167) 

di) fx)=x+3x-4 
(-4 13 nd 1, %) 

B f()=—4-2x 
(=2,5) 
(=2, 5)is a maximum 

iv) (0,1) 
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v) v, iv) (0,0) 
v) 

    75 

— 
— di) f(x=32-%-30 

| i) (2,38) and (5, 133%) 
il iii) (=2, 38) is a maximum point, (5, ~1331) 

A is a minimum point 
1 iv) (0,4) 

bi) f)=F-8es 12 2= 
i) (2, 73) and (6, -3) 

iii) (2, 72)is a maximum, (6, ~3)isa 
minimum 

i) (0, -3) 

v) 
¥     

  

4 

e i) f()=-22+6:-4 
i) (1, -12) and (2, -13) 

iii) (1, ~12) is 2 minimum point, (2, - 13) 
is a maximum point !  



4ai) fix 

  

2~ 18x+27 i) (3,-3) 
iii) (3, -3) is a point of inflexion 
iv) (0,-30) 

ST 
v) 

  

  

  

               | 

Jie 

b i) fx)=4°-122+16 
ii) (=1, ~11) and (2, 16) 
iii) (—1, -11) is a minimum point, (2, 16) is 

a point of inflexion 
i) (0,0) 
v 
s 

|20 
| 10| 

TR e 
\I\Lflw Il 

Student assessment 1 

  

  

  

    
        

  

  

4af(1)=2 

e rl-3)=0 
5a v=%=mz 

© i) 4.2 seconds 

bf(0)=1 

drtd)=sr 
b v=30ms! 

ii) 88.2m 

Topic 7 451 

Student assessment 2 

1 a f(x)=32+2x 

b A5 ) 
Q(0, -1) c 

d Pisamaximum and Q a minimum 

a Substituting (1, 1) into the equation gives 
1=P-1+151=1 

b2 
cy=2x-1 
af(=2x-4 
b x<2 
a f() = 40 - 4x 
b (0,0),(1,~1) and (-1, -1) 
¢ (0,0) is a maximum, (1, —1) and (=1, —1) 

are both minimum points 
d i) (0,0) 

i) (0, 0), (4/2, 0) and (=12, 0) 

  

      

  

Topic 8 

Exercise 8.1.1 

1 

2 

3 

4+ 

5 

6 

0 

8 

9 

10 

334,69 francs 
77500 drachmas 
141.86 schillings 
9036.14 escudos 
164 francs 
753164557 markkas 
1711340 pesetas 
1266.60 punts 
4948980 lire 
15636.36 schillings
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Exercise 8.1.2 
1a £781 b 7711 rand 
2 a £282258 b £256598 
3a 1¥=3$001 b $1=100¥ 
4 a 1 rouble = 0.15 shekel 

b 1 shekel = 6.86 roubles 
5 a $33331200 b 1366579200 rupees 

© 20665344€ d 1734 ounces 
Exercise 8.2.1 
1a NZ§3485 b £420 © 102¥ 

d 252baht e HK$369.60 
2a Syeas b 4lyears  c 5years 

d 8yeas e 6years  f 7years 
3a 7% b 4% © 35% 

d 75% e 8% £ 1% 
4a 400Ft b NZ§200 ¢ 850€ 

d 1200baht e 40006 f US$1200 
5 4% 
6 2 years 
7 45% 
895% 
9 AUS315 

10 6% 
Exercise 8.3.1 

1 £11033750 
2 520875€ 
3 $10368 
4 1331 students 
5 3276800 tonnes 
6 2 years 
7 5 years 
8 3 years 
9 a $525 b $537.75 ¢ $549.02 

10 a €14940 b €15230 ¢ €154.84 

Exercise 8.4.1 
1 $447600 

2% 
3 £250000 
4 $250000 
5 a 21 years 

b 11 years 
6 ~15% 

7 $8027 
Student assessment 1 

1 ~164% 
2 £561167 
3 50% 
4 2001 
5 a 4800006 b 4992006 
6 4years 
7 8days 
8 9550806 
9 5yeans 

10 a $201250 b $483000 
Student assessment 2 

1 13.6% 

$1782000 
81% 

< $1062000 

2 
3 
4 10years 
5 a 3000006 b 900000€ 
6 6years 
7 1l years 
8 a $1000020 b $1109000 
9 11 years 

c $1148000 

10 a $3146.50 b $566370 ¢ $1675000



  

abacus 16 
acceleration 311 
adjacent side, of a triangle 

180-1 
A-Karkhi 108, 109 
Al-Khwarizmi, Abu J'far 

Muhammad bn Musa 
19 

altemative hypothesis (H,) 
286 

ancient Greeks see Aristotle; 
Pythagoras 

angle 
between a line and a 

plane 202-6 
of depression 1834 
of elevation 1834 

apex, of a pyramid 212 
approximation 20-6, 302-3 
Arab mathematicians 19, 

108, 109, 328 
arcof acircle, length 217 
area, of atriangle 194-6 

see also surface area 
arguments, valid 77 

see also logic 
Avistotle 74-5 
arithmetic sequences 36-9 
arithmetic series 40-4 
asymptotes 130, 143 
averages 257 
axes, of a coordinate system 

155, 157 
axiomatic system 230 
ais of symmetry 115 

back-to-back diagrams 
246-7 

Basic (computer language) 
16 

Bertrand's box paradox 106 
biometry 277 
bivariate data 269 
bounds, upper and lower 

239 
box and whisker plots 

254-7 
brackets 60 
Brahmi numerals 19 
brain, hemispheres 230 
Bretton Woods 345 

calculus 
easy to do? 328, 329 
further study 301, 328 
historical aspects 301, 

328 

Index 

real-ife applications 328, 
329 

terminology 328 
Cantor, Georg 60, 63 
apital’ 334 
Cardano, Girolamo 108-9 
Cartesian coordinates 157 
ash flow 155 
@use and effect 209 
charts see data, displaying 
Chinese philosophy 75 
chi-squared 72 test for 

independence 286-93 
dircular prism (cylinder) 206 
dass intervals 241, 242 
‘commission, for currency 

exchange 331, 344 
ommodities 345 
commodity money 330 
ommon difference 38, 44 
ommon ratio 44 
complementary events 73, 

80, 88 
complement of a set 65 
compound interest 45, 132, 

337-40, 384 
ompound statement 76 
‘onch shells, as money 330 
‘onditional probabilty 

1003 
‘one, volume and strface 

area 216-23 
‘onic sections 231 
njunction 76, 80, 81 
contingency table (two-way 

table) 286 
ontinuous data 233 
ontrapositive 86 
onverse 76, 85 
ordinate, calculating from 

gradient function 
316-18 

ordinate systems 157-60 
correlation 269-70, 274-82, 

299 
cosine (cos), ratio 182-3 
cosine curve 136, 183-9 
cosine function, general 

equation 136 
cosine rule 1912 
st and revenue functions 

155 
Credit Crunch 344 
aitical values 288 
Croesus 330 
boid, properties 206 

cumlative frequency 
247-57 

cuneiform 19 
currency conversion 3314, 

344 
currency exchange market 

333 
cylinder, properties 206 

data 
bivariate 269 
discrete and continuous 

23 
dispersion 254 
displaying 233-8, 209 
grouped 23847, 262-4 
farge amounts 260-2 

decimal places, 
approximating to_20-2 

decreasing functions 320-2 
Dedekind, Richard 63 
degrees of freedom () 287 
depreciation 132 
derivative 306 

financial 345 
of polynomials with 

negative powers of x 
308-311 

see also gradient 
function; second 
derivative 

Descartes, René 155, 157 
differentiation 306-12 
discrete data 233 

displaying 233-8 
disjoint sets 78 
disjunction 77 
distance between two 

points, calculating 
1589 

domains 110, 111 
meaning of term 154 
notation 111 

doodles, mathematical 
properties 230 

drawing straight-line graphs 
1712 

economics 154 
Egyptian mathematics 180, 

196-7 
Einstein, Albert 230, 301 
elements of a set 63 
empty set 64, 106 
Enigma machine 16 

equation 
of a line through two 

points 170-1 
of a straight line 160, 

163-9 
of the tangent at a given 

point 319-20 
equivalence 80, 85 
errors 61 
estimation 

abllity 17 
of answers to calculations 

235 
of the mean 263 

Euler, Leonhard 108, 155 
Euler’s formula 231 
Eurozone 331-2 
events 

combined 90-100 
complementary 73, 80, 

88 
independent 99-100 
mutually exclusive 73, 

97-8 
probability of 83-9 

exchange rate see currency 
onversion 

exclusive disjunction 77, 80, 
81 

expected frequencies 286-7 
exponential functions 130-3 
exponential growth and 

decay 131-3 

Fermat, Pierre de 87, 300 
Fermat's last theorem 

300-1, 329 
Fibonacci sequence 60 
frequency density 241 
frequency histogram 234 

for grouped data 240-2 
frequency polygon 234 
frequency table 233 

grouped 238-9 
functions 

historical concept 108 
increasing and decreasing 
3202 

as mappings 109-12 
meaning of term 154 
unfamiliar 141-52, 155 

futures, financial 345 

Galleo 27 
Gauss, Carl Friedrich 87, 

155
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general relativity 230 
genius, definition 329 
geometric sequences 44-6 
‘geometric series 46-9 

infinite 48-9 
geometry 

Euciidean and non- 
Euclidean 230, 231 

three-dimensional 
196223 

gitts 345 
gold 330, 344 
goods, scarce 330, 344 
gradient 301-6 

approximating 302-3 
of a cuve at a given 

point 31320 
of increasing and 

decreasing functions 
3201 

positive/negative 161 
of astraight line 160-3, 

168 
gradient function 304-6, 

313 
zer0 3223 

gradient-intercept form 
168 

graphical solution 
of equations 49-57, 

14952 
of linear equations 

49-53 
of quadratic equations 

547, 1203 
of simuitaneous 

equations 174-8 
of trigonometric 

equations 138-40 
‘graphic display calculator 

(GDC) 
in calculus 329 
computing power 17 
using 1-15 

graphs 
drawing/plotting 6-9, 

120, 140, 141-9 
vertex 115 
see also data, displaying 

grouped data 
discrete or continuous 
23847 

mean and mode 2624 
median 247 

hedge funds 345 
Hein, Piet 231 
Hellegouach, Eves 301 
Hex 231 
Hipparchus of Rhodes 180 
Huygens, Christiaan 87 

hypotenuse 180 
hypothesis testing 286-90 

Ibn al Haytham 328 
imaginary numbers 20 
implication 76, 80, 84-5 
inclusive disjunction 80, 81 
increasing functions 320-2 
independence, chi-squared 

() test 286-93 
independent events 99-100 
independent observations 

286 
Indian mathematics 19 
indices 

negative 30-1, 308-11 
positive 27-30 

inference, valid 75 
infiniy, value(s) of 106 
inflation 341-2 
integers 19, 60 
interest see compound 

interest; simple interest 
interquarti range 251-4, 

264 
intersection 

CGC ‘Trace! facility 9-10 
of sets 66, 78 

inventions and discoveries 
301, 328 

inverse 85, 114-15 
[ T 
irrational numbers 20 

Juno Moneta 330 

Keynes, John Maynard 344 
knight's move 61 
knowledge, truth and belief 

17,106 

law of diminishing returns 
17 

Leibiz, Gottfried Wilhelm 
108, 301, 328 

linear equations, graphical 
solution 49-53 

linear functions 11215 
line of best fit 270-1 

optimum 282 
loans and repayments 

3402 
local maxima/minima 323 
logic 

applications 75 
historical aspects 63, 74 
and set theory 78 
symbolic notation 80 
terminology 76-7 

logical contradiction 82 
logical equivalence see 

equivalence 

logical fallacy 107 
longitude 1567 

many-to-one mapping 110 
mappings 109-12, 154 
mathematical tables 16, 17 
mathematics 

frontiers of knowledge 
329 

historical context 155, 
328 

important areas 230, 
329 

limit to knowledge? 231 
of the stock market 345 
maxima/minima, local 323 
mean 

estimating 263 
finding 258-60 
for grouped data 262-4 

meastres of central 
tendency 257-64 

measures of dispersion 
264-9 

median 
definition 257 
finding 258-60 
of grouped data 247 
of large data sets 260-2 

Mesopotamia 18-19 
midpoint of a line segment 

159-60 
mode 

definition 257 
finding 258-60 
for grouped data 262-4 

monetary system 345 
money 

historical aspects 330-1 
importance in poliics 

299 
investing 344 
management 340 

Moscow Papyrus 196-7 
Mozi (Father Mo) 75 

natural numbers 19 
negation 76, 80, 81 
Newton, lsaac 155, 301, 

328 
non-inear functions, 

gradient 301-3 
Normal distribution, 

historical aspects 87 
notation 

domains 60, 111 
logic 80 
probablity 88 
scientific 27-31 
set theory 63, 64, 66, 67 

null hypothess (HO) 286 

numbers, natural 19-21 
number system, historical 

aspects 18-19 
numerical solution, exact 61 
numismatics 330 

observations, independent 
286 

one-to-one mapping 110 
opinion polls 298 
opposite side, of a triangle 

180-1 
origin, of a coordinate 

system 157 
outcomes 80, 88, 90 

see also events 

pandemics, calculating 
spread 329 

paper money 330-1 
parabola 54, 115 
paradores 106, 107 
parallelism, defining 155 
parallel lines, have the same 

gradient 161-2 
Pascal, Blaise 63, 87 
Pearson, Karl 277 
Pearson’s product-moment 

corelation coefficient 
0 27782 

percentage error 25-6 
percentage interest 334 
percentiles 251 
perpendicularity, defining 

155 
point of inflexion 323 
polynomials 

derivative 308-11 
gradient functions 306 
higher-order 147-9 

population predictions 328 
premises, in logic 75 
prime numbers 61 
prisms, volume and surface 

area 206-9 
probability 87-103 

of combined events 
90-100 

experimental 107 
historical aspects 63 
laws 97-103 
notation 88 
problems with and 

without replacement 
946 

projection, of aline ona 
plane 203 

propositions 
equivalent 77 

‘see also equivalence 
logical 74-5, 76
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punch cards 16 
pyramid, volume and 

surface area 212-16 
Pythagoras' theorem 158, 

183,230 

quadratic equations 
‘graphical solution 54-7, 

120-3 
and prime numbers 61 

quadratic expressions 
algebraic solution 125-8 
factorization 123-5 

quadratic formula 128-30 
quadratic functions 115-30 
quartiles 251-4 
questionnaires 298 

radians 135 
radioactive decay 131, 154 
range 111-12, 264 
meaning of term 154 

rational numbers 20 
real numbers 20, 60 
reciprocal function 141-6 
rectangular prism (cuboid) 

206 
recurrence relation 36 
red ochre, as money 330 
regression line for y on x 

282-286 
representative money 

330-1 
reserve currency 333 
results 

onsistency 247 
observed 286 

Retai Price Index 341 
fetur on investments 345 
rights issue 345 
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